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It is shown by a rigorous development from first principles that a relatively simple form for the partition 
function of an imperfect Bose-Einstein gas can be obtained. This form is that of a 3N-dimensional integral 
(N being the total number of particles) the integrand of which can be completely determined for any given 
interparticle interaction provided certain, in general small, many-body quantum mechanical effects are 
ignored. The final evaluation of the partition function in closed form requires that this integrand be approxi- 
mated by functions sufficiently tractable that the 3N-dimensional integral can be performed. 





I, INTRODUCTION 


HE derivation of the thermodynamic properties 
of a system of ideal (noninteracting) Bose- 
Einstein particles is well known.’-* Treatment of the 
physical case, however, where interparticle interactions 
are included, is in general much more difficult and the 
partition function for such a system has as yet been 
accurately evaluated only under very special circum- 
stances, e.g., for temperatures sufficiently high that an 
expansion of the interaction terms in inverse powers of 
the temperature is rapidly convergent, or for very low 
densities (virial coefficient expansion). 

In this paper we will show, by a rigorous development 
from first principles, that a relatively quite simple form 
for the partition function can be obtained. This form is 
that of a 3N-dimensional integral (N being the total 
number of particles) the integrand of which can be 
completely determined for any given interparticle inter- 
action provided certain, in general small, many-body 
quantum mechanical effects are ignored. The final 
evaluation of the partition function in-closed form then 
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1A. Einstein, Ber. Berl. Akad. 261 (1924); 3 (1925). 

*F. London, Phys. Rev. 54, 947 (1938). 

*B. Kahn and G. E. Uhlenbeck, Physica 5, 399 (1938). 


requires that this integrand be approximated by func- 
tions sufficiently tractable that the 3N-dimensional 
integration can be performed. 

It is seen that the above-mentioned many-body effects 
contribute only to the long-range density fluctuations 
discussed, e.g., by Feynman,‘ and are therefore im- 
portant only for temperatures sufficiently low so that 
the average particle wavelength is greater than the 
average interparticle separation. We hope to give a 
more detailed discussion of these effects in a subsequent 
publication. 

A discussion of the application of these results to the 
case of Het is given in the last section, and a preliminary 
rather crude model, similar to that recently proposed by 
Feynman,® which approximates to some of the more 
important features of the partition function in this case, 
is set up. The results of this model are evaluated in 
the succeeding paper (hereafter called II). 


II. DEFINITIONS OF THE PARTITION FUNCTION 
The partition function to be evaluated is defined by 


Z=); exp(—BU)), (1) 


where B=1/kT, and U; are the energy levels of the 
system. This may, alternatively, be written as the 
Slater sum: 


Z=)> (Va; exp— {8(Hot+H’)}¥,), (2) 


4R. P. Feynman, Phys. Rev. 91, 1301 (1953). 
5 R. P. Feynman, Phys. Rev. 91, 1291 (1953). 
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where Hy is the kinetic energy operator for the N-par- 
ticles, H’ is the interaction energy of the complete 
system, and the V, are any appropriately symmetrized 
wave functions which form a complete and orthonormal 
set over the volume of the container of the system. 
Equation (2) is, of course, quite general irrespective 
of the type of statistics holding. The wave functions V, 
must merely be chosen in accord with whatever sta- 
tistics are being dealt with. In this paper we will be 
concerned exclusively with Bose-Einstein statistics. 
For this case it is easy to show that (2) takes the form 


Z=(1/N!)YrLj(8;?, exp{—B(Hot H’)}®;), (3) 


where N is the number of particles in the system, and 
the @; are any complete and normalized set of un- 
symmetrized (Boltzmann) wave functions. The symbol 
P denotes some permutation of the set of coordinates 
T1, T2, + * Iw of the particles, and >) p implies a summa- 
tion over all permutations. Thus ®,? is the same as 9%; 
except that a certain interchange of coordinates is 
effected by the P. Because of the summation on P any 
set of wave functions ®; for a Boltzmann system is 
permissible—it is irrelevant in which way the wave 
functions describing states of the same energy, for 
example, are constructed. 

Equation (3) forms our starting point for evaluation 
of Z. 


Ill. EVALUATION OF THE PARTITION FUNCTION 


In this section, we discuss the question of the evalua- 
tion of (3). We will first considet very briefly the case 
of the ideal gas, since the form then taken by (3) will 
be interesting for the purpose of comparison when we 
come to interacting systems. 


1. Perfect Gas 


Here we may write 


1 iN 
$;= re exp(~ > Px: n), (4) 


$;= a exp(-p-r), (4a) 


the state 7 now referring to a particular set of the 
momenta” pi, ---pw. In (4a) we introduce, for con- 
venience of notation, the 3N-dimensional vectors p 
and r. ; 

If we insert this in (3), and replace the summation 
over Boltzmann states 7 by an integration over mo- 


menta, i.e., 
VX 
F (24h)®% 


we find, after integrating over the momenta, that 


re | T 
= ‘ital ams 2 
zZ saw hn | arem| —(e—4e) , (5) 
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Here 
\?= 2rh’B/m, (6) 


and rp is that position vector which replaces r in the 
permutation P. 

This is the partition function as obtained by Kahn 
and Uhlenbeck® and yields the well-known properties 
of the perfect gas, including the Bose-Einstein con- 
densation. The replacement of the summation over the 
states of the Boltzmann system by an integration is a 
legitimate procedure as long as the subsequent integra- 
tion over coordinates is correctly limited by the volume 
of the container.® 


2. Interacting Particles 


Because of the simplicity of the wave functions (4) it 
is tempting to try to evaluate (3) in the general case 
also by continuing to choose the @; to be plane waves. 
The difficulty then is clearly the evaluation of exp 
X{—B(Hot+ BH’) }4;. 

Two methods which have been developed to tackle 
this problem may be summarized as follows: Let us 
introduce an operator S(8) such that 


exp{ —8(Ho+H’)} =S(8) exp(—BH). (7) 
Then the operation of exp(—BHo) on 9; is trivial 
[assuming the %; to be plane waves—Eq. (4) ]. In 
order to evaluate S(8), we note that this operator must 
satisfy the equation: , 


85/d8= —S(8)H’ (6), - @ 
where 
H'(8)=exp(—8Ho)H’ exp(+8H). 


Equation (8) is subject, of course, to the boundary 
condition S— 1 as B— 0. 

Equation (8) may now be solved by an iteration 
procedure in a manner familiar from electrodynamics 
and yields for S the ordered exponential : 


Ps B Bi Bn-1 
s@=1+d (af af ase f 
XdB,H' (Bn): ‘ - H' (8). (9) 


Moreover, it is possible to carry out the operation of 
each term of (9) on the plane-wave 9,’s. 

This expression, derived by Goldberger and Adams,’ 
is of use however only at temperatures sufficiently high 
that the interaction involved in H’ can be considered as 
weak. It is essentially an expansion in powers of the 
ratio of the potential to kinetic energies. But in most 
physical systems of interest the interaction between 


6 Kahn and Uhlenbeck (reference 3) actually let these limits be 
infinite, but devise a prescription for obtaining the partition func- 
tion below the condensation point. When the true limits of integra- 
tion are retained, however, the evaluation of the integral (5) yields 
a form for the partition function identical to that obtained by 
London (reference 2), and the thermodynamic properties both 
above and below the transition point can immediately be derived 
(see Appendix, paper IT). 
asa L. Goldberger and E. N. Adams, J. Chem. Phys. 20, 240 





par 
pul 
to € 


alte 


whe 
now 
ign 
side 


S(B 


We | 


Appe 
nota 


exp( 


INTERACTING BOSE-EINSTEIN PARTICLES 


particles is extremely strong (e.g., very strongly re- 
pulsive at short distances) and it is hopeless to attempt 
to employ (9) at anything but high temperatures. 

Another approach is to note that, instead of (8), an 
alternative equation for S is 


dS/dB= — H'S(8)+[S(8),Ho], (10) 


where [ ] signifies that the commutator be taken. If 
now (10) be solved by iteration, the first step being to 
ignore the commutator of S and Hp on the right-hand 
side, we obtain 


si)=exp(—60"){ 1+ fa 


X {Ho—exp(+61H’) Ho exp(—61H’)}+--- (11) 


Here we have derived the semiclassical expansion of 
Wigner’—as extended by’ Mayer and Band.° The conse- 
quences of the first term of (11) have, of course, been 
studied by many workers, particularly as applied to 
He! (e.g., Matsubara”). As we will see later, this term 
gives Z accurately for temperatures sufficiently high 
that Aro, where ro is the range of the interparticle 
interaction. In the case of He‘, for example, this means 
temperatures >80°K. 

The evaluation of higher terms in (11), operating on 
the plane-wave ®,’s, can in principle be carried out. 
However, they become prohibitively complicated after 
the first two or three. But a very large number of terms 
of (11) become important at the low temperatures of 
so much physical interest (e.g., the vicinity of the \- 
transition in He‘). The expansion (11) cannot be em- 
ployed therefore for a study of this low-temperature 
| Tegion. 

The method which we will now develop differs radi- 
cally from the above approaches. Rather than expand- 
ing in an infinite series and being troubled by conver- 
gence problems, we will deal with an infinite product 
which may be employed for evaluation of the partition 
function not only for high temperatures but also for low. 

Let us write 


exp(—B(Ho+H’)) =lim[exp(—BH’/n) exp(—BHe/n) 
= lim exp(—8H'/n) exp(—BHo/n) 
Xexp(—8H'/n)---exp(—BHo/n). (12) 


We also make use of the theorem, established in the 
Appendix, that (we retain the 3N-dimensional vector 


notation) : 
ty 
A 


Xf(r—8), (13) 
where \,2=)?/n. Thus the effect of the operator 
exp(—BH /n) is merely to “smear” or average the 


*E. P. Wigner, Phys. Rev. 40, 749 (1932). 
* J. Mayer and W. Band, J. Chem. Phys. 15, 191 (1947). 
”T, Matsubara, Progr. Theoret. Phys. Pace 6, 714 (1951). 
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function f(r) over small displacements of each co- 
ordinate by amounts Xz. 

On substituting (12) in (3), making use of (13), and 
performing the integration over momenta exactly as in 
the case of the perfect gas, we obtain for the partition 
function: 


Z=lim — a. f drdbds®- - da-D 
neo NT! {r,2"}* Vv 


T 2 
Xexp| — rp— 9 ~— §°) coe §(-D) 


n 


n 


XVn(r—-8 —§).-- 


XVn(r—-8—§®-- GY), (14) 


Here we have let 


Vn(r)=II expl—B0(rs)/n], 


i>7 


U denoting the interaction between any two particles. 
By completing the squares on the 6’s in the ex- 

ponential of (14) and transforming to the resulting 

variables of integration, this equation now becomes 


Za 2 f n exp| —" ee re} Q(rrr), (15) 


where 


1 
~~ en Wiss 
QO(r,rp)= lim 9m oar a 


x dar) exp| —* i” = @oyly|r— Auer) 
n vl 


— (1/28)§0)—4(2)1§@...-—2 1(3) 450) 


” ee —(" *) aly of Aster) 


— (2)48@ — 2(2)18@.. rm ou aaa 
sais 


ial 


one ee ) wooly, (r). (16) 


n 
Here the coefficients A,, are given by the series: 
n—l—m 1 


=0 (ut m) (u-+m-+1) nls} si 


We see that in Eq. (15) we have an exact expression 
for Z which is of a form very similar to the first term 
of the semiclassical expansion—Eq. (11). Indeed the 
partion function (15) is the same as that of a “‘classical” 
Bose-Einstein gas, with an equivalent temperature- 
dependent interaction (which actually includes some 
many-body forces—see later). When m is taken to be 
merely unity, (15) is precisely the “classical” result. 
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Also in the limit of no interaction (V,=1), we have 
Q=1 and (15) immediately passes into (5). 

We shall now show that, on the basis of an approxi- 
mation which is justified at all temperatures except 
those very close to absolute zero, (16) can be put in a 
form which enables Q to be evaluated for any given 
interparticle interaction. 

Consider first, for simplicity, the evaluation of Q 
when rp=r [the identity permutation P=1 (say) ]. 
Let us go through the steps by which Qp_; would be 
calculated. The first operation is that of “smearing” 
the function V(r), i.e., (we forego the 3N-dimensional 
notation here) we have to perform 


1 T 
nite ee wis 
ke dw II exp( ) 


3;= 3;-— 5;, 
Vn (Ti) =exp{ —BU(ri;)/n}. 


Now since we are interested in the limit n— © (i.e., 
An — 0), it is correct to expand the function 2, of (18) 
to second order in the 6’s. On omitting terms which 
vanish on integration, (18) then becomes 


TT 
dd,---diy | II exp( - “*) 
# An 


557 Von(r53) 
XX} 1+3 Ze se 


i>i 2! Vn (155) 
{5,;- rete Se) 


Un ae 


V0n(r5 ') 
Lt 2° ; 
i>j Vn(1:3) 
. 
nig 
4a 


XII 


i>7 


1 
tyes 


), as) 


riy= Ti ¥j, 
and 


“<1 0n(ris)} 


i>j 


| 


+45 


i>j>k 


= {TT 22 (ri3)} 


i>j 


ad 





Von(ri3)° Vn (rsx) 





| (19) 


i>i>k Un(1ij)Pn (75x) 





1 
ra) =lim a abu du ex 


Aw? =I 


a 


1 
—8,;94+3(2)18,,4-- ——( 
pen t8@) o~s 
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xs,| ¥4j—V2 


n 


Xn} Piz—V2 


v+1 
y+2 


v 


v+1 








= 
L\v+1 


( 


n—1 


2 sn—-1 
BuO +3 (2)48;; 31... = 
‘on! 


n 


): 8,04... 
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The second and third terms of (19) give the changes 
which have been affected by the operation exp(—8H/n) 
on the function [][v,. The third term represents three- 
body interactions, and shows that the final form for Q 
must involve many-body interactions of all orders up 
to NV. However, on ip this term of (19) in the form 


AF 
a mall Un(ris)} ae 


wT >i iD>I>k VP jx 
. {Ld0n(15;)/drij]X [don (rjx)/dr x} 
Un (Tis) Un (15x) 


we see that it should be small compared to the second 
(two-body) correction term of (19) provided we can as- 
sume the end result that the most probable distribution 
of particles in the gas"! is one of uniformity throughout 
the container. In this event, those particles which are 
interacting with any given particle are on the average 
symmetrically disposed around this particle, and (14) 
would depend on fluctuations from this average for its 
contributions. It should therefore be much less im- 
portant than the second term of (19), in which all 
terms of the summation are additive for the average 
distribution. 

If we assume, therefore, that for physical systems of 
interest the third term of (19) is unimportant, we then 
find that, to second order in the expansion of 2, (18) 
is identical to the re 


oiiniadinsbiiitittesaonnpiniites 2 ae 


ti on the foregoing approximation, the result of 
operation (18) is again a product of the form 


II on’(r:i). 

>i 
In this manner we can work right through expression 
(16). We have, then, that 


Qp-1= II q(rsi), 


i>j 





(21) 


-=E 


Js} 
Js] 


n—1 


Ja] 


n—1\3 
xo4{ry-va(—) 6st? late, (22) 
n 


ot nN 


11 That is that distribution which contributes most to the integral of (15). 
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Although the limit of » going to infinity has to be 
taken to get g(r;;) exactly, in practice it is possible to 
choose a sufficiently large but finite ” such that q is 
obtained to a desired accuracy. Even so, the amount 





p 4(rij)=lim QD 


ne v=1 


1 
xta| ry v2] — 840-4 (2)38,, +4 coe 


X on 14;—V2[ (3) 485; + (3)48,, +--+} 


v \3} v+1\! 
Xeu{y—V9|( ) 54°04 ( ) 6,074 sek 
v+1 v+2 


The reason for this is that in each 2, of Eqs. (22) or 
(23) only the first few “smearing” variables 6,;“ are 
important, and (except for the very first v,) it is largely 
) irrelevant whether the smearing variables’ are the 
| square-bracketed terms of Eqs. (22) or (23). 

Thus, from Eq. (23), g may be evaluated by per- 
| forming (n—1) operations of the form 


“ fesex|—e]fIu—as)). 28 


' For the first step the function f is to be merely 2,. The 
integral (24) (with a=1) then yields a new function 
» which is to be multiplied by v, and again averaged by 
| the integration of (24) [with a now (4/3)*] and so on. 
After (n—1) such steps have been performed, we 
multiply for the last time by v,(7;;) to get g. 
For a given interaction and temperature, therefore, 
§ ¢ can be obtained by performing m numerical integra- 
| tions for each value of the argument 7;;. [The angle 
integrations of (24) are done analytically.] We note 
; that, in computing g for a certain low temperature 
| T/n, the various steps involved also give it for the 
temperatures T, T/2, T/3---T/n. 
A convenient way of obtaining an estimate of the 
accuracy involved by using a certain number of steps 
nis the following: instead of (12) we could equally well 


” Indeed, for all actual calculations which have been performed, 
the results for g obtained by taking only the first 5 variable in 
each v, differs very little from the results obtained from Eq. (23). 
For example, curves which are given in the next section for the 
case of He‘, obtained from Eq. (23) have the heights of their 
maxima above unity increased by less than 20 percent, when 
computed by the above much cruder approximation. The actual 
curve will lie between the two results, and should be much closer 
to the results of (23). 
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of numerical work necessary to evaluate g(r;;) from 
(22) is, of course, extremely large. For this purpose, 
however, the following approximation to (22) is quite 
adequate: 


T n-1 
fase. + dd," exp| -—> coum) } 


n—1 


Xtal r-a(—) ‘By? fra). (23) 





write: 


exp{ —8(Ho+H’)}=lim [ex»(—“1) 
no n 


xe(-“1’) . exo(-=1’) | (25) 


Equation (25) gives precisely the same results as (12) 
except that in obtaining g one more smearing process 
[Eq. (22) ] is performed after multiplying by the last 
vn. Thus n should be sufficiently large that the differ- 
ence between the two results obtained by carrying out 
the nth smearing and not doing so can be tolerated. 
Computations which we have performed indicate that 
the two curves thus obtained for g actually bracket the 
true curve, and of course tend closer to each other the 
larger n. 

In the case of the general function Q, precisely the 
same considerations apply in expressing it in the form 


Q=]I qp(tii,Ti?), (26) 


i>7 
where 
qp(¥43,0) = (753). 


Also, even when r;;4 133, gp(rij,tij7?) may be evaluated 
by going through the same steps described above for 
obtaining q(r;;) from Eq. (23). Much more numerical 
work is now required, of course, since (n—1) integra- 
tions have to be performed not only for various values 
of r;;, but also for various values of both r;;”, and the 
angle between r,; and r;;?."* Once this has been carried 


13 This work is not necessary if \/4/z is considerably less than 
the range ro of U; in this event the added arguments A »(r;;— rij”) 
will produce only a small smearing effect to q(rij) and may be 
ignored. 
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Fic. 1. Curves of g(rij) for T=4°, computed by taking n=5S. 
Curve (5) is that obtained when the last smearing is not per- 
formed, and curve (a) is that obtained from (b) by performing the 
last smearing process. The dotted curve is a compromise between 
(a) and (6), estimating the actual behavior of g. 


out for a given interaction U however, the Q of (15) is 
completely known. 

A more detailed discussion of the many-body quan- 
tum-mechanical effects which are ignored in the above 
will be made in a subsequent publication. It will be 
shown that they are associated with the long range 
density fluctuations, which are important only for 
temperatures such that \/2\/r2ra, where rq is the 
average interparticle spacing. 


III. APPLICATION TO He! 


In this section we give a preliminary discussion of the 
application of our results to the case of He* at low 
temperatures. We have made numerical calculations of 
the function q(r;;) for this case, the interaction U used 
being that of Slater and Kirkwood.":!> The magnitude 
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Fic. 2. Curves of q(ri;) for a number of temperatures. 


4 J. C. Slater and J. G. Kirkwood, Phys. Rev. 37, 682 (1931). 

18 The precise behavior of U for small interparticle distances 
(<2 Bohr radii) was found to be completely irrelevant to our 
results as long as it remained strongly repulsive. 


of each of the steps used was such that 8/n corresponded 
to a temperature of 20°. Thus, for example, 5 steps 
were taken for T=4°, 10 for T=2°, and 20 for T=1°. 

In Fig. 1 we see the behavior thus found for q(r;;) at 
T=4°. Curve (6) is that obtained when the last smear- 
ing is not performed, and this passes into curve (a) by 
means of the last smearing process. The differences be- 
tween the two curves show that, for a really precise 
determination of g(r,;) at all points, we should have 
taken smaller intervals 8/n. These curves are adequate 
for our present discussion, however, and we consider 
the actual behavior of g(r;;) to be not far from a com- 
promise between (a) and (6), such as the dotted curve. 

Similar compromise curves for a number of other 
temperatures are given in Fig. 2. 

It is interesting to see what a vast improvement is 
obtained by using the above rather small number of 
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Fic. 3. The curves obtained for g at T=4° when n=1, (qa) being 
the unsmeared and (bd) the smeared curve. The differences between 
these curves and those of Fig. 1 are to be noted. 


steps over the crudest approximation of using only one 
step (n=1). At 4° the two curves for n= 1 are shown in 
Fig. 3, (a) being the unsmeared and (0) the smeared 
curve. It is seen that the two are completely different 
from each other, and allow of no reasonable estimate of 
the actual behavior of g(r;;). With increase of from 
1 to 5, however, these two curves pass into those of 
Fig. 1. 

In this connection it is worthwhile to note how in- 
correct it is at these low temperatures to neglect all 
quantum-mechanical effects other than the statistics— 
ie., to use only the first term of (11). This would give 
the result 

q (rij) =exp{ —BV(ris)}. (27) 


At 4° this is just the curve (a) of Fig. 3 which differs 
radically from the actual curve of Fig. 1. The differ- 
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ence is even more pronounced for lower temperatures. 
At 2° for example (i.e., the vicinity of the \ transition) 
Eq. (25) would give a peak due to the attractive por- 
tion’ of U of order of magnitude 100, instead of about 
1.8 (Fig. 2). 

The curves of Figs. 1 and 2 show clearly the char- 
acteristics of the function q(r;;). Its most important 
property is that, at the low temperatures being con- 
sidered, it is always very small for small interparticle 
separation. Thus the contribution to (15) from con- 
figurations in which two or more particles (whose co- 
ordinates are unaffected by the permutation P) are 
close together will be quite small. 

It can easily be seen that the general function 
gp(tij,%iz?) for ri;?Ariyz also behaves in the above 
manner as a function of 7;;. The fact that for all the 
final steps of (16) the coefficients A, [Eq. (17) ] are 
very small ensures that ¢p(rjj,ri;”) has the same quali- 
tative behavior as a function of r,; as g(ri;). We now 
have merely that the precise small value of gp for small 
r;; is dependent on r,;”, and also that the precise height 
of the subsequent rise above unity is dependent on r;;?. 

A very simple model which approximates the above 
| features is to ignore the difference between gp(ri;,r;;?) 
and g(r;;), and to replace q(r;;) by a step function which 
| is zero for all r;; up to some distance ro, and unity 
| thereafter.'® The results of this model are evaluated in 
II, ro being taken to be 3.3a9 (where ao is the Bohr 
radius). It will be seen in II that (15) then yields a 
Bose-Einstein condensation point in quite good agree- 
ment with the A-point of liquid helium. Moreover, the 
» thermodynamic properties in the vicinity of the transi- 
» tion point are similar to those observed experimentally 
» for liquid helium. 
| Of course in ignoring as it does the effect of the 
| attractive part of U, exhibited in q(7;;) as a rise above 
| unity in the vicinity of 7a9, the above model does not 
_ yield the normal gas-liquid transition, and speaks of a 

gas rather than a liquid at the low temperatures. We 
| consider it very probable that the remaining differences 
f between the results of II and experiment are due to 
this neglect. 


16 Equation (15) is then very similar to the form for Z recently 
proposed by Feynman (see reference 5). 
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Since it is possible to numerically evaluate gp(rjj,r:;”) 
very accurately by the methods of Sec. III, however, 
it should be possible for the finer details to be calcu- 
lated. What is required for this is that a function be 
found which simulates the behavior of gp(rj;,ri;?) in 
some detail but which is still sufficiently tractable for 
the integral of (15) to be evaluated. This question is 
being investigated. 

The authors are indebted to Professor Bethe, Pro- 
fessor Dyson, Professor Placzek, and Professor Salpeter 
for discussions on the subject of this paper. 


APPENDIX 
We wish to prove Eq. (13), viz., 


B 1 7 
exp(—“H0) (0) =, fae exp(—*) se 5). 


Let 
f(r)= f akg(k) exp(ik-r). 
Then 


exp(—"110) (0)= fake exp(ik- r) ep(-—"#), 


On introduction of the new variables q and R this 
may be written 


her 
faRdgaks() exp(- —¢) exp(iq-r) 
(21)8% An 


1 
Xexp{iR- (k—a)}=—, f aRake( exp(ik- R) 


1 


hn 


xexp| = R) | -— farm 


us 
xexp| ——(r- R)'}. 
Ag 


On changing the variable of integration from R to 
3=r—R, we immediately obtain Eq. (13). 
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I. INTRODUCTION 


N the preceding paper,! the partition function for a 
system of Bose-Einstein particles has been shown 
to take on a relatively simple form for sufficiently low 
temperatures—(although not so low that the thermal 
wavelength exceeds the average interparticle distance). 
In this paper we shall develop a method whereby 
this partition function may be treated approximately, 
and will show that it then leads to a transition analogous 
to that for the perfect Bose-Einstein gas. We shall also 
be interested in examining the thermodynamic proper- 
ties of this system in the neighborhood of the transition 
point, both above and below, comparing these results 
with those experimentally obtained for liquid helium. 


II. REDUCTION OF THE PARTITION FUNCTION 


For the sake of convenience we here rewrite the form 
of the partition function developed in reference 1. 


ee | 2 
Z=——)> dry: --dty exp] —~ ¥ [r;—1p;|? 


a! 


Nix” 
XQ(n---tw), (1) 


where the function (Q is to be taken as a product of step 
functions (one for each interparticle distance). If we 
were dealing with the ideal gas, Q would be identically 
unity everywhere. Under these circumstances, for a 
given permutation P, the Gaussians of the integrand 
of Eq. (1) breaks up into a product of factors, each 
factor involving a particular set of particles and no 
others.? The coordinates appearing in each factor may 
be diagrammatically thought of as being linked into a 
cycle by the terms exp[ — (2/A?)|r;—rp;|?]. Since the 
coordinates in each of these factors appear nowhere 
else, the integrand of Eq. (1) becomes a product of 
integrals, one for each factor. In reference 2 it is then 


* Supported in part by the Office of Naval Research. 

{ This work was commenced when the authors were together 
at the Laboratory of Nuclear Studies, Cornell University, Ithaca, 
New York. One of us (M.H.F.) then held a National Science 
Foundation Post-Doctoral Fellowship. A preliminary report of 
this work was given at the 1953 Washington Meeting of the 
American Physical Society [Phys. Rev. 91, 465 (1953) ]. 

1S. T. Butler and M. H. Friedman, preceding paper [Phys. 
Rev. 98, 287 (1955) ]. 

? B. Kahn and G. E. Uhlenbeck, Physica 5, 399 (1938). 


noted that the resulting situation bears a close re- 
semblance to that of Mayer’s imperfect gas theory if 
one regards these integrals as analogous to his cluster 
integrals. 

In the present case, however, there is an additional 
linking of the coordinates to one another through Q. 
Thus, although the Gaussian will still break up into a 
product of clusters (or cycles), the integral does not 
reduce to a product of integrals, and hence it becomes 
necessary to make some approximations as regards 0). 
We shall refer to the linking of the coordinates through 
the Gaussian factors as the d linking, while that through 
the function Q as the Q linking. 

Now, since Q=[].>;9(|r:—1;|) where g(|r:—1;|) is 
a step function! of width ro, its sole effect is to exclude 
regions of integration. We now note that A*>>r¢? in the 
region of temperature of interest (namely, the )- 
transition point of He‘). Hence, the Gaussians essen- 
tially remain constant over this excluded region. If 
we now restrict ourselves to the consideration of those 
circumstances in which the density is sufficiently low, 
so that on the average a particle can be moved between 
its neighbors and not be trapped in position, we may 
well approximate Q by 


Q=JI [1—2A(rs) ]. (2) 


i>j 


Here v= (47/3)rc? is the volume of the excluded 
region, and r;;=1r;—r;. The function A(r;,;) is similar to J 
a Dirac delta function except that we replace [vA (r;;) |" 
by vA(r;;) whenever it occurs. The above condition 
that the density be sufficiently low is the requirement 
that vo be less than or about 2/2, where » is the average 
volume per particle, i.e., ox=V/N. 

We will now consider a particular permutation in 
the sum >°p of Eq. (1). This then corresponds to the 
N particles being divided among some given number 
of clusters. We shall describe this number by saying 
that there are m, clusters each containing / particles. 
We of course require >> m= N. 


(a) Removal of the External Links 


Let us now write the function Q as a product of two 
parts, one involving interactions between particles 0 
the same cluster and one involving interactions be- 
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tween particles of different clusters. We then have for 
the integral of Eq. (1): 


Sp= Lim Sp’ (9,00) 
v9’—>v0 
4 f dt,-+-dty TL GiOuloe) TE [1—ve'Ar)]. (3) 
i ext. 


Here Gi; represents the A linking in a particular cluster 
i of size 1, while Q:;(v0) represents the Q linking. The 
| last product in the integrand of Eq. (3) denotes all the 
external Q linkings, and hence describes the interactions 
between the clusters. We now consider 0S p’/dv9’. Thus 


ext. 
aS p'/dv9'=— >> | dri-- ‘drwA(ris)IT GiQu I] 


>i ext. 


X[1—'A(rox)], (4) 


where the sum is to be taken over all pairs of particles 
not in the same cluster. 

We would now like to show that the integral in Eq. 
(4) is to good approximations equal to Sp’/V. 

Consider Eq. (3). Let us take two clusters, I and II 
(say), with particle m a member of the first and m the 
second. We choose a new set of coordinates of which 
one shall be X=rm—r,; the other (V—1) may be 
obtained by first letting one particle from each cluster 
transform into itself (except for cluster II), and taking 
the other (/—1) coordinates for each cluster to be the 
relative coordinates between a particle and its pre- 
ceding one in the ring. [There are of course / of these 
latter for each cluster, but we may only choose (/—1) 
of them. ] Let this set be called yi,---yw_1. If we now 
neglect external Q linkings involving the particles in 
cluster II, with the exception of g(X)=q(rmn), we have 


sym f ule -ys))/( f 1(X)dX)) 


=(V—0) f Lin mk © 


where Im, is some function independent of X. 

Similarly, going over to Eq. (4), we see that if 
particles ¢ and j under the summation are taken to 
correspond to m and m of the preceding paragraph, and 
if in addition we neglect the same interactions that we 
did there, then the integral of Eq. (4) becomes, 


( frmtrs-+-ys- )( facoax) 
= f Imn(Y1,***Yn-1), (6) 


which on comparison with Eq. (5) may be taken as 
Sp'/(V—19'), where the v9’ is of course negligible com- 
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pared to V (since we shall eventually go to the limit 
V9 — 9). Making this substitution, the sum in Eq. (4) 
may now be evaluated by multiplying by the total 
number of external links, so that 


9S p' /dv0' = —3{N(N—1)—Lomil(l— 1} Sp'/V. (7) 


On solving (7) and taking the limit as 1’ — 1%, we 
obtain 
Sp=A p exp(—}pN2) exp(S mmil?n/2V), — (8) 


where p is the density of the particles. Ap is the con- 
stant of integration and is the integral of Eq. (3) with 
all external Q linkings omitted. 

The error involved in the right-hand side of (7) due 
to the neglect of the external links of cluster II is of 
order one as compared to the total number of external 
links [i.e., the coefficient of Sp’/V on the right-hand 
side of (7) ]. This is so, because the neglect leads to an 
error of order {/(—/)/(total number of external links) } 
in each term of the summation of (4), where / is the 
size of cluster IT. However, 


4 > mil (N—1) = 3{N(N- 1) —> mi (l— 1)}. (9) 


Thus the resulting Eq. (8) is actually quite accurate. 

We will later demonstrate that to first order the term 
exp(mil’v9/2V) in (8) is cancelled by the internal 
interactions. This is quite reasonable since the ex- 
ponentials represent a “packing” effect due to contain- 
ing the particles in a limited volume, and we might 
expect that interactions between particles in the same 
cluster should have as much of an effect on the packing 
as those between particles of different clusters. In 
other words, we expect the exponential term not to be 
dependent on / or m:. 


(b) Evaluation of the Internal Links 


We now consider the factor A p. Since all external Q 
linkings have been removed it breaks up into a product 
of integrals, one for each cluster. A typical one would 
be 


Ver f ary ° -dr, 
Xexp{— (4/d*) [112+ - - rn? JOi(11,- + -1)}. 


(10) 


For the present we shall forget that the limits of 
integration are really restricted to within a volume V 


. and extend them out to infinity. In the following we 


shall be interested in obtaining an asymptotic expres- 
sion for large /. 
Performing 0C;/dv, we find 


OC; 1 T 
—=-y— dr,:+-dr; exp| ——[nier+:--rn?] 
Ov >i Vi 4 Xe 

XA(rij) I’ [1-204 (72:1). 


k>l 


(11) 
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If in the integral we do the integration over r,, then 
as a result of A(r;;) we obtain a result that looks as if 
we had two clusters, one of size (I—) and one of size n 
joined at the point r;. If we ignore the Q linkings that 
occur between the two clusters, the result reduces to 
the product Cy_nyC,. At first glance one might object 
to this on the grounds that for (—n)~n the number 
of interactions neglected is of the same order as the 
number retained. The justification lies in examining 
the final result and noting that the major contribution 
to the right-hand side of Eq. (12) comes from terms 
with n<i, for which the neglect is valid. 

Assuming for simplicity that / is odd, we have 


ac (I-1)/2 
—=—-—H{Cwsat a C.C wn), 


Ov n=2 


(12) 


subject to the boundary condition that 


Ci(v9=0) =vA2(E-Y/T, (13) 


We attempt a solution by assuming 
Cr= (A3(1—y00/A*) ]'/[3 (1+-800/A)A?], 


where y and 6 are to be determined. We require that 
the form Eq. (14) satisfy Eq. (12), to order 1//. Sub- 
stituting into the right-hand side and performing the 
sum to order 1//*/? (by means of the Euler expansion), 
we obtain 


aC; 


OV 


(14) 


a (7-1)! 
(1+00/d3) FF 


1.61 15 
x| 1. —| (15) 


Substitution into the left-hand side yields 

aC, yl(l—1)? &(1—1)* (1—y0/A*) 

——— si hed 

= Cur. (16) 

OV Li Bi (1+620/A*) : 
Equating terms of order unity from Eqs. (15) and (16) 
we get 

(1—-yv0/A*) 


(1+600/d3) 





(l—-1) 





y=1+1.61 (17) 


while order 1// gives, 
(1—~yv0/A*) (1—~yv0/A*) 
SpE ene, 
(1+620/A*) (1+-629/A*) 


Equation (17) is satisfied by putting y= —6=2.61. 
If we put y= —6 in Eq. (18) we find y= 2.44. Thus we 
may say that to within 7 percent, 

Cr= (1/18) {48(1—2.6100/d8)} 


is a solution of Eq. (12) for large /. : 
We see that v in Eq. (17) is multiplied_by 2.61. 


(18) 


(19) 
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This number arises as a result of the summation >> 1//!, 
which receives contributions from a large number of 
terms. What has happened is that the A linking be- 
tween two adjacent particles is not only affected by 
the Q linking directly between them but by those 
through other particles as well, since the particles are 
correlated in position by the Gaussian factors. It is 
true that this correlation drops off fairly rapidly as we 
move away from a given particle to its neighbor, next 
nearest neighbor, etc., but only in the ratio as the 
terms of the series 1//}. 

In the above calculation C; has been evaluated in 
the limit of infinite volume (and zero “packing’’). Thus 
the only effect which has been taken account of has 
been that of the repulsive core in opposing the attractive 
force of the statistics. The modification to (19) asa 
result of the packing effect is considered in subsection 
(c). 

(c) Statistical Method 

We would now like to verify, at least to first order, 
the previously obtained result for Sp, and furthermore 
show that the term exp(>>/?myo/2V) appearing in it, 
should be cancelled if the complete packing effect is 
considered. That is to say that C; would have been 
multiplied by exp(—/x0/2V) if we had not computed 
it in the limit of zero packing. 

We thus return to the consideration of Sp, but now 
divide Q into two products, one involving interactions 
between those particles of the same cluster that are 
significantly correlated by the statistics, as discussed 
above, and the other involving ali other interactions. 
We furthermore make a transformation of coordinates 
as follows. In each cluster let some particle be number 
1, then r;= R. The other (/—1) coordinates are chosen 
by letting Ni— Te= 1, °° *Tau-1p— T= Y_n, Cte. It is 
convenient to introduce one additional coordinate for 
each cluster yx=r;—1r1. To do this we must introduce 
the Dirac delta function, 


1 
fend exp{ip:(yityet---+yri-y)}, 
(2r)* 


if we are not to overspecify the transformation. Thus, 


clusters 


Sp=] [I dpydRodyi---dyw 
¢ 


Xexp{ips: (yi*+---+yz*)} 


Tv 
xexp| hut aa 


N correlated 
xII II q(|y:+X,;|) 


uncorrelated 


Xx II [1—mA(| y¥it+X,s|)J, (20) 
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where we have used the index ¢ to designate the clusters. 
The vector X,, is the sum of the y’s and R’s necessary 
to locate the wth particle, so that y,+ X,; is the relative 
position vector between the wth and ith particles 
We note that the index w designates those particles 
correlated to the ith particle by the statistics while yi 
refers to all the others. Furthermore, since the index i 
runs from one to N, u may take on at most (V—1)/2 
values so as not to repeat an interaction twice. 

On carrying out the product J], to first order in 2 
we find, 


TL.[1—%A(| y+ Xyi])]— 1-0 DA(|y:+X,ys]). (21) 


We now argue that for almost all values of the set of 
coordinates {y1,--:yw,R,}, the coordinates X,; will be 
randomly distributed since there is no correlation be- 
tween the ith and uth particles. Hence we may take 


E fui) into f dn,f Be) = f AX yif(Xq:)- 


We take p since the number of particles correlated to 7 
is finite and negligible compared to NV. The factor 2 
arises because of the previously mentioned restriction 
on w. Thus 2). ,A(| y+ Xyi| )—0p/2. 

At this point we note that we need not have used the 
Dirac delta function approximation for this part of the 
problem, but could have let g(r,;) =1—g(r.;), where g is 
any function whose volume integral is 1. However, we 
needed this approximation for evaluating the C;’s. We 
also see that for this statistical approximation to be 
valid we require that pv/2<1, which is consistent with 
the requirement on the delta function approximation. 

The term (1—pv0/2) may now be taken out from 

N 


under the product J] to give 


t=1 


Sp= (1—tom)* [TI dpgdRgdyi---dyn 
r) 


Xexp{ips: (yi*+- + -)} expl— (w/A*){ (19)?+- ++} 
xII IL g(ly:+X,:|). (22) 


The integral of (22) is the same as Ap, except that 
now any one particle is linked by Q only to the finite 
number of particles with which it is significantly corre- 
lated by the statistics. The remainder of the internal 
linkings, which occur for very large clusters, have been 
| taken into account and, as is to be expected, have 
resulted in the elimination of the multiplying factor 
exp{>. vol?m,/2v} of Eq. (8). The factor (1—}pv0)* of 
(22) is of course the same as the factor exp(—4pv0JV) 
of (8) to first order (since we shall eventually be inter- 
ested in its logarithm). 

The main effects of the finite volume V of the con- 
tainer have now been taken care of, and have produced 
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the factor (1—4pv)* of (22) [or exp(—4pv0") of (8) ]. 
In general the limits of the remaining integral of (22) 
may now be made infinite and its evaluation then pro- 
ceeds exactly as carried out in II (b). To facilitate the 
discussion of very low temperatures (below the Bose- 
Einstein condensation point) however, it is convenient 
to evaluate the volume dependence of this integral to 
order 1/V. This applies also to the case of the perfect 
gas, and has been carried out in the Appendix. It is there 
found that C; becomes proportional to 


{1/B+ (\8—2.6100)/V} 
rather than merely 1//! as derived in (b) [Eq. (19) ]. 


III. EVALUATION OF THE PARTITION FUNCTION AND 
THERMODYNAMIC PROPERTIES 


The partition function has now been reduced to the 


form 
Z=([1/(N !A**) JX pSp, (23) 


where Sp is characterized by the number of clusters 
m, of size 1: 


Sp= exp{ = ZovoN}[T(VC)™. 
It is convenient to define a quantity 5; given by 


lb;= Ci= {1/+ (A3— 2.6109)/V} 
X {A3(1—2.610/d8)} 1. 


(24) 


(25) 
One now sees? that Eq. (23) becomes: 

N [b.V jm 
> I ——. 


{mi} 7-1 My: 


Po exp(— 2pv0V) 


V3 


(26) 


The sum in Eq. (26) is over all sets of numbers {m} 
such that }> /m,=N. This sum may now be evaluated 
by the method of reference 2.3 However, the results 
will differ from those of this latter paper in that we 
will always obtain an equation for the density N/V, 
and furthermore this equation will always have solu- 
tions. This of course is due to the fact that we have 
included the volume dependence of C;. In the limit as 
% goes to zero (ideal gas), this treatment is identical 
to that of London.‘ 

Having obtained the partition function, one may 
determine the thermodynamic properties in the usual 
way. They are found to be continuous functions of the 
temperature 7. However, an examination of the specific 
heat C, shows that there exists a point T, for which it 
exhibits a discontinuity in its slope. This point is 
identified as a transition point. It occurs at a lower 
temperature than the corresponding transition for the 
ideal gas. 


3 Since we have derived a general form for C; [Eq. (25) ] which 
is valid for large / only, corrections must also be made to the 
Ci’s for small /. Such corrections can of course quite readily be 
evaluated but turn out to be surprisingly small and may in general 
be ignored. 

4 F. London, Phys. Rev. 54, 947 (1938). 
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One also finds that here the pressure is dependent 
upon the volume below as well as above the transition 
point. This occurs because of the factor exp(—3p20V) 
which appears as a coefficient in the expression for Z. 

Both the partition function and the specific heat 
take on simple forms [Eqs. (27) and (28) below] below 
the transition point. Above the transition point these 


functions are expressed in the usual type of series form, 
Thus for T<T., 
N—)o? 
+N in| | (27) 
Age r3 


obtained by solving the density equation for the 
fugacity, and inserting this result into InZ. 
puV 1.31V 
InZ=— + 
: 2 4x 
(-—)+1--=a-z9], (28) 
X% Me 5 Xe 





6 


C= on 
5 


# 


where (C,); is the specific heat of the ideal Bose- 
Einstein gas, Ac?= 2.619, and x= (1—d0*/A*) ; x, is the 
same quantity evaluated at the condensation tempera- 
ture. The simple factors 6/5 and 4/5 arise because we 
have set 

> 1/P? 2.61 


rw 


~?2. (29) 
DiA/P? 1.31 
We would again like to caution the reader that the 
above results are not valid for temperatures so low that 
the long-range density fluctuations become important,! 
nor for densities so high that pr >}. 
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Fic. 1. The specific heat of He* at constant volume. Curve (a) 
shows the experimental results for liquid helium, (0) is obtained 
from the present theory, while (c) is obtained from the ideal gas 
theory. 
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IV. COMPARISON WITH LIQUID HELIUM 
AND THE IDEAL GAS 

The above results have been applied using a value 
of ro of 1.8 A. Inserting the density of liquid helium at 
the A-point, we obtain a curve for the specific heat at 
constant volume as shown in Fig. 1. For purposes of 
comparison we have also included the curve for the 
ideal gas and that experimentally obtained for the 
specific heat of liquid helium under its saturated vapor 
pressure. It is seen that the transition temperature ob- 
tained here is very much closer to that observed than 
is predicted by the treatment of the perfect Bose- 
Einstein gas. The rate of decrease immediately below 
the transition point approximately follows a T® law. 
For temperatures near zero, however, it has become a 
T? law. 

APPENDIX 

We now wish to show that the 1//! that occurs as a 
coefficient in Eq. (19) for C; should be replaced by 
{1/+ (8—2.61)/V}. We shall first consider the case 
of the ideal gas (i.e., »=0) where the same situation 
arises. 

The integral to be evaluated is 


VC,P= VCi(t0=0)= f dr ° dr 


Xexp{— (a/N’) [712+ + +++? J}. (1A) 


For small values of / one may extend the limits of 
integration to infinity which gives, 


1 
ites ih (2A) 


We shall now attempt to evaluate the integral of 
Eg. (1A) to lowest order in \*/V for the case \?/V>>1/I}. 
The limits of integration are now such that each co- 
ordinate is restricted to within the volume V. Let us 
first make the transformation yi;=1", yo=fre—N, 
°° ° Ye=Fi— Fr. 

The new limits of integration will actually be func- 
tions of the coordinates themselves, but since we are 
only interested in the lowest order in \*/V, we may 
take them so that each of the y,’s is independently re- 
stricted to within the volume V. This permits us to 
immediately integrate over yj. 


VC,P= v f ay. --dyz exp{ — (a/02)[yoP-t ye? -- 
+y?+|yo-+>+yz|?J}. 


It is now convenient to replace the position vector 
Ye": :-+y: occurring in the bracket by a new coordinate 
x. To do this we must introduce the Dirac delta func- 
tion 6(y2::--+y:+x), integrating x over the volume V. 
However, we must be careful to correctly represent 
the delta function. The closure theorem here requires 


(3A) 





BOSE-EINSTEIN CONDENSATION OF IMPERFECT GAS 


the use of plane waves normalized in a box of volume 
V, since these obey boundary conditions appropriate 
to the limits of integration. Thus we set 5(y2+-:--x) 
= (1/V)>o x exp{ik- (yo+---x)}. Substituting these re- 
sults into Eq. (3A), we find 


C,P= : | f dy exp[ik- y— nog) (4A) 


We may now take >°xf(k) into [V/(2r)*] /f(kK)dk 
+f(0). The term f(0) must be added because the in- 
tegral form gives the state k=O zero weight, thereby 
throwing away its contributions. Thus, 


ara fey expt- nays} 


oe ak f sy ext y— or (SA) 


Upon evaluation, the first term becomes (A*!/V) 
X{P(xtV4/2d)}*", where P(x) is the probability in- 
tegral so normalized that P(«)=1. 

It is quite straightforward to show that the second 
integral can be rewritten as 


r2! 


= J texo(— 7/46) 


2 
x (Peivya+— exp(—2V1/4)?) 
Tv 


ky/24 


x f dx exp(x?) sin (3? V4x/ »)) . 


The second term in the brackets may be dropped. The 
integral itself has a very small value because of the 
highly oscillatory nature of the integrand, in addition 
to which it is multiplied by an exponential which is 
extremely small in value. Hence this term becomes 
(A8-D /]4) { P(t V4/2)) }#4, Thus, 


CPP=[AP(4tV¥/2n) PO P8(tV2/2n) 


X {\2/V+1/)}. (6A) 


299 


Now since V’#/) is very large, we may set P=1. Its only 
effect otherwise is to multiply \® by a number very 
slightly less than unity. Hence, we may take 


CP =r8-) 3/41/13). 


This form of C;? is to be used for large / as well as small 
since in the latter case \®/V<1//}, The use of Eq. (7A) 
is identical to the procedure employed by London.* 

We shall now return to a consideration of Eq. (10), 
using the results obtained for the perfect gas as a guide. 
Let us again introduce new coordinates along with the 
Dirac delta function (appropriately expressed) to 
obtain 


(7A) 


1 
Cm f dys---dy: exp(—(x/)LyP-+s +92) 


1 
XQi'(y1,°° wtf ak fare - dyn 


Xexp{ — (a/d)[y2+---y2] 
+ik- (yit+---y,)}Q’. 


Here Q’(yi,---yz) is the same as Q(m,---1r,) but ex- 
pressed in terms of the y’s. We now recall that in the 
case of the ideal gas the fact that the y’s were re- 
stricted to within a volume V made no difference in 
the final result (to the order in which we were inter- 
ested) as far as the second term of (5A) was concerned. 
There is no reason to believe that the same should not 
be true of the analogous second term of (8A) once the 
contribution to the “packing effect” has been con- 
sidered. We therefore extend the limits of integration 
to ©. The integration over k then becomes a delta 
function and this term gives (1//!)[\3(1—2.6119/A*) |“ 
as previously obtained. 

In treating the first term, we make use of the ob- 
servation that Q(1,:--r;) behaves very much as if it 
operated only between neighboring particles in the 
cycle formed by the A linkings, but with an effective 
excluded volume of 2.61v9. This term then becomes 
(1/V) {LP (ar! V3/2d)A_#— 2.6100}! which on taking P—> 1 
gives (1/V) {\?(1—2.6100/A*)}*. Thus finally, 


1 (3— 2.6109) 2.6129 1 
cm |-+ I [w(a- )} . ay 
i V 3 


(8A) 
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The ranges of Po a particles in water and five other liquids have been measured with a new method 
involving a steel surface as support for the a source and a CaWQ, crystal surface as detector for the a 
particles. The surfaces are optically plane and parallel and constitute the walls of a microcell for the liquid. 
The range obtained at 25°C in water was 39.9 microns, 2.7 percent /onger than the value 38.8 microns, 
computed with the Bragg law from range measurements in gaseous hydrogen and oxygen. In the other five 
liquids the ranges obtained also were longer (2.3—4.6 percent) than the correspondingly computed Bragg 


law values. 





HE range of RaC’ a particles (energy: 7.68 Mev) 
in water was reported by Philipp’ in 1923 to be 
13 percent shorter than what could be computed from 
the measured range in water vapor. This was supposed 
to be caused by the strong association of the water 
molecules in the liquid state. Nonassociative liquids 
such as benzene and pyridine showed similar effects of 
only 5 percent when measured in the same apparatus. 
MichI? in 1914 reported measurements with a photo- 
graphic method on Po a-particle (energy: 5.30 Mev) 
ranges in several liquids. The range obtained for water 
was 32 microns, which is 17 percent less than the value 
38.7 microns given by the Bragg law when one uses 
for hydrogen the stopping power value 0.224 and for 
oxygen 1.060 relative to air? and a mean range in air 
of 38.42 mm at 15°C and 1 atmos.‘ More recent measure- 
ments by Appleyard’ and de Carvalho* on Po a 
particles gave 33.2 and 38.1 microns respectively as 
the range in water. Appleyard’s value is 14 percent and 
de Carvalho’s value 1.5 percent smaller than that 
predicted by Bragg’s law. A redetermination of the 
a-particle range in water and other liquids would 
therefore seem to be of interest. 

The new method?’ is built on the following principle. 
The liquid is placed between two plane, parallel 
surfaces constituting the walls of a microcell. One wall 
is the support of an a-particle source located at its 
center and of negligibly small thickness while the other 
is a scintillation crystal. Those a particles which are 
sent out within a certain angle to the normal reach the 
scintillation crystal and give light flashes which are 
counted by a photomultiplier. 

The counting rate versus the distance between the 


1K. Philipp, Z. Physik 17, 23 (1923). 

2 W. Michl, Sitzber. Akad. Wiss. Wien, Math. naturw. KI]. 123, 
1965 (1914). 

3L. H. Gray, Proc. Cambridge Phil. Soc. 40, 87 (1944). 
( — G. Holloway and M. S. Livingston, Phys. Rev. 54, 18 
1938). 

SR. K. Pus Oss) Nature 163, 527 (1949); Proc. Cambridge 
Phil. Soc. 47, 443 (1951 

¢H. G. de “pking ‘Phys. Rev. 78, 330 (1950); H. G. de 
Carvalho and H. Yagoda, Phys. Rev. 88, 273 (1952). 

7G. Aniansson, Report .at the Instruments and Measurements 
Conference, Stockholm, 1952 [Arkiv Fysik 7, 74 (1954)]. 


surfaces is given by the following formula: 


co) No 
N= f 
2 2ar/r 


where No is the total number of disintegrations per 
unit time in the source, x the distance between the 
surfaces, Ro the mean range, a the straggling parameter, 
and R the variable in the (Gaussian) straggling function 
(1/2a,/m) exp[ — (R—Ro)*/a*] assumed to be valid. 

In the limit as a/Ro—0, i.e., for a vanishingly small 
straggling, Eq. (1) reduces to 


=3N (1—x/Ro) for x< Ry and N=0 forx>Ro, (2) 


ie., V as a function of x tends to a straight line inter- 
secting the x-axis at Ro. For values of a of one or a few 
percent of Ro, the same will be very nearly true for (1) 
except for x-values within Rop—a and Ro+a, where the 
sharp bend at «= Rp is replaced by a gradual change in 
the slope of the curve. The value of V at x= Rp is toa 
good approximation given by (Noa/4Ro\/m), from 
which a may be obtained.® 

The experimental arrangement is shown schematically 
in Fig. 1. A piston of 7-mm diameter was ground to a 
very good fit into a cylinder body, both being made from 
a type of steel used for gauge blocks. The end surfaces 
of the cylinder and the piston were ground plane’ to 
within about one-tenth of a micron and controlled in a 


exp[ — (R-Rai/atI( 1 ~— ar, (1) 


8It may be remarked that instead of (1), one may write in 
general: 


v=f  ANS(R)(1—F)aR, (3) 
where S(R) is any straggling function. With given N(x), one 
obtains S(R) from 

S(R)= (2x/No)(@N/dz*). (4) 


With the aid of a differential discriminator, one may also select 
pulses under a certain amplitude for counting, resulting in a 
relation between’ the count rate m and the distance x of the form 


n= ik CS(R) gad; C=a constant (5) 
and 


s(R)=2 a -27). 6) 


Equation (6) has the advantage over (4) that the derivative is of 
only first order. 
°C. E. Johansson, AB, Eskilstuna, Sweden. 
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a-PARTICLE RANGE AND STRAGGLING IN LIQUIDS 


Michelson interferometer. The parallelepipedal (3X3 
=15 mm) CaWO, scintillation crystal was ground 
plane on one side to the same tolerance.” The crystal 
is slid on to the cylinder end surface to close contact 
which could be controlled by the light interference 
fringes that appear. The upper surface of the crystal 
is coarse-ground to diminish the trapping of light 
through total reflection. A glass-covered conical light 
collector brings the light to the photocathode of an 
EMI 6260 multiplier tube and serves as a container 
for the liquid which has free access to the space between 
the crystal and the piston (the piston diameter is 7 mm, 
the crystal breadth 3 mm). 

The piston is moved by a lever connected to the 
cylinder and the piston by two plane metal springs. 
The displacement is read on a “mikrokator’" calibrated 
to within 0.05 micron.” The distance between the 
piston and cylinder end surfaces at the zero point of 
the “mikrokator” was determined with a second 
“mikrokator.” The crystal, light collector and photo- 
multiplier were removed during this operation. The 
polonium a source was evaporated from a platinum 
support on to the center of the piston end surface. An 
autoradiograph showed that the polonium was evenly 
deposited on a circular area of about 1 mm diameter 
in the center of the piston end surface. 

The pulses from the multiplier were amplified 30 
times, passed through a discriminator which excluded 
pulses under a certain amplitude—among them 
thermionic pulses from the phototube—and counted 
with a scaler. The higher the discriminator level is, 
the longer must the a particle travel in the scintillation 
crystal to produce the necessary light amount. This 
results in a correspondingly smaller apparent range, and 
thus range measurements were made with different 
discriminator levels and the ranges obtained were 
extrapolated to zero discriminator level. 

Figure 2 shows the results obtained with absolute 
ethyl alcohol with discirminator settings of 5, 10, 15, 
20, and 40 volts. The curves are straight lines except 
in a small region near the apparent range as predicted 
by (1). The plot of apparent range versus discriminator 
level is also a straight line, which facilitates the extra- 
polation to zero level. 

With the same crystal, light collector, and counting 
equipment, the apparent mean range in dry air was 
determined for different discriminator levels and extra- 
polated to zero level. The result, obtained at 25.0°C 
and 748.4 mm Hg, was 39.80 mm which at the normal 
temperature 15°C and pressure 760 mm Hg would 
correspond to 37.87 mm. This is 0.55 mm or 1.4 percent 


z n Junser, AB, Stockholm, Sweden. 

09-7, manufactured by C. E. Johansson, AB. 

3 Wea’ still higher accuracy is sought, interference or other 
optical methods may be used. The distance between the piston 
end and the crystal surface might for example be directly measured 
through the interference of monochromatic light rays reflected at 
the two surfaces. 
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Fic. 1. The experimental arrangement. (1) Scintillation crystal, 
CaWO,, 3X3X15 mm. (2) Metal spring pressing the crystal 
against the cylinder end surface. (3) Liquid. (4) Gasket. (5) 
Piston. (6) ““Mikrokator” measuring arm. (7) Lever. (8) Plane 
metal springs. (9) Cylinder. (10) Base plate. (11) Light collector 
and liquid container. (12) Glass plate. (13) EMI 6260 photo- 
multiplier tube. (14) Po a source, diameter 1 mm. 


shorter than the accepted standard value 38.42 mm 
obtained with ionization methods and is caused partly 
by the thin aluminum layer which for reasons given 
below was evaporated onto the middle part of the 
ground surface of the crystal. The rest of this dis- 
crepancy may be caused by a thin insensitive surface 
layer which has probably melted during the grinding 
process. 

According to present theories'*-* of the scintillation 
process in solutions in liquid, the energetic particle 
gives off its energy to the solvent from which by some 
mechanism it is transferred to the solute molecules. 
If this transfer mechanism were efficient over distances 
of some tenths of a micron for the particular system, 


Boao OG Lev 





Fic. 2. Counting rate versus distance curves for absolute ethy] 
alcohol. The parallel, vertical displacements of the curves are 
proportional to the discriminator level. 


13S. C. Curran, Luminescence and the Sciniillation Counter 
(Butterworths Scientific Publications, London, 1953). 

be ‘ B. Birks, Scintillation Counters (Pergamon Press, London, 
1953). 
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TABLE I. Experimental values, corrections, and 
comparison with the Bragg law. 








Apparent 
mean 
range Stheor 
extrapol. Corrected 

to zero mean 
discr. 
level 

microns 


Sexptl 

Stopping Stopping Rexptl 
power power =—— 
exptl theor® 


range 
(average) 
microns 


Density 


Liquid gcm-3 Rtheo, 


Water 





39.88 0.9969 1.469 1.508 1.027 


Ethyl 
alcohol 46.53 0.7866 4.07 4.198 1.030 


Benzene 44.09 0.8727 6.56 6.714 1.023 


Pyridine 40.97 0.9775 6.39 6.585 1.031 


n-heptane 0.6790 
0.6792> 


50.48 


50.45 1.042 


9.46 9.849 


Iso-octane 50.27 0.6871 10.70 11.19 1.046 


trimethyl 
pentane) 








® so =1.060, so =0.224, and sc =0.895 according to reference 3. 
> From a different source. 


liquid—CaWO,, it would lead to a noticeable increase 
in the apparent range. Measurements were therefore 
made on two liquids, water and benzene, (a) with 
the crystal uncovered and (b) with the crystal covered 
by a thin but opaque aluminum film which would 
greatly reduce any energy transfer from the liquid to 


the crystal. The ranges found under (a) were 0.3 to 
0.5 micron longer than those found under (b). Allowing 
for the contributing effect of the, aluminum film, the 
differences become still smaller and completely within 
the limits of experimental error. For safety the film 
was, however, allowed to remain in the subsequent 
measurements and all the results reported have been 
obtained with this film on the crystal. 

There is thus only one correction to apply to the 
“zero-level” ranges obtained, i.e., the one caused by 
the thin aluminum film and the insensitive layer on the 
crystal surface. In air the reduction in range caused by 
these layers is 1.4 percent and the same reduction 
applies for the ranges in the liquids provided the altera- 
tion with a-particle energy of the stopping power of 
the liquids relative to air may be neglected. There is 
no reason to take such an alteration into account in 
this case since the correction is almost as small as the 
experimental error. 


In Table I are given the results obtained for six 
liquids at 25°C. The densities were determined with a 
pycnometer at the same temperature. The stopping 
power was computed from the formula 


s= (38.42 1.226X 10-*/14.56)X(M/pRo), (7) 


where 38.42 mm is the standard range in air of density 
1.226X10-* g cm™ and mean atomic weight 14.56, M 
is the molecular weight of the liquid, p its density in 
g cm™*, and Rp is the corrected range in the liquid 
in mm. 

It is seen that the largest difference between any two 
experimental values for the range for the same liquid 
is less than 1 percent which is the assumed value for the 
uncertainty in the measurements. 

The ranges are all /onger than those computed from 
the Bragg law and measurements on gases, thus giving 
the impression of a general density effect.!® In contrast 
to this the aforementioned results by Michl, Philipp, 
Appleyard, and de Carvalho were all Jower than the 
values predicted by the Bragg law. The differences 
between their results for water and that in the present 
work are 20 percent, 16 percent, 17 percent, and 4 
percent respectively, clearly outside the assumed limit 
of accuracy of the present method. 

Of the six compounds listed in Table I, only water 
has been subject to range measurements in the gas- 
eous state with Po a particles. For water vapor, 
Forster'® obtained a 3 percent longer range than that 
predicted by the Bragg law, in agreement with the 
present result, whereas de Carvalho and Yagoda'® in a 
single measurement obtained a range 2.5 percent lower 
than that predicted by the Bragg law, in approximate 
agreement with Philipp’s! result for RaC’ a particles. 
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The mechanisms responsible for the termination of the Geiger 
counter plateau region at its high-voltage end were investigated 
by a direct experimental method. Geiger counters were operated 
in a normal manner and counting rate versus voltage and number 
of positive ions per pulse versus voltage were measured in the 
breakdown region. Analysis of the data indicated that spurious 
counts could result from two phenomena: (1) Secondary electrons 
created by positive-ion bombardment of the cathode; and 
(2) metastable atom and molecule decay in the gas. The rate of 
spurious counts caused by positive-ion bombardment was found 


to be proportional to the rate of positive ions striking the cathode 
and, therefore, proportional to the voltage. This accounted for 
the plateau slope, if present, and the slight increase in slope at 
the beginning of the breakdown region. It is shown that the 
exponential rise in counting rate in the breakdown region can be 
explained by the decay of metastable atoms and molecules that 
exist after the deadtime of the primary pulses. Experimental 
results indicate that metastable atoms were dominantly re- 
sponsible for spurious counts at low pressures (about 40 mm Hg) 
and metastable molecules at high pressures (200 mm Hg). 





1. INTRODUCTION 


PURIOUS pulses in Geiger counters conceivably 
may be caused by positive ions, negative ions, or 
photons. The theory of positive-ion bombardment of 
the cathode as a source of spurious counts has been 
presented by Korff and Present.! However, their theory 
could not explain the relatively sudden onset of spurious 
counts with the increase of applied voltage. Willard and 
Montgomery’s explanation that spurious counts were 
caused by negative ions could not be accepted for the 
breakdown region where the counting rate was rapid. 
Colli and Facchini reported photon bombardment of 
the cathode to be responsible for the continuous dis- 
charges seen in their counters.’ Their counters, however, 
had no plateau region and were operated at voltages 
that would have been well above the start of the break- 
down region had there been plateaus. DuToit conducted 
two different experiments in an attempt to settle the 
controversy, but his results were indecisive, one experi- 
ment favoring the positive-ion theory and the second 
favoring the photon theory.‘ In the present study a 
direct experimental approach was used for the purpose 
of allowing the experiment itself to provide data to 
resolve this dilemma. Geiger counters were operated in 
a normal manner and counting rate versus voltage and 
number of positive ions per pulse versus voltage were 
determined in the breakdown region at small increments 
of applied voltage. 


II. APPARATUS AND EXPERIMENTAL PROCEDURE 


Demountable counters were used throughout. The 
whole counter, shown in Fig. 1, was encased in an 
evacuated glass chamber and filled with appropriate 
gases at the desired pressures. The cathodes, shown in 


‘ Supported by U. S. Bureau of Ships. The information con- 
tained in this paper is part of a thesis submitted by one of the 
authors, H. L. Wiser, in partial fulfillment of the requirements 
for the Ph.D. degree at the University of Maryland. 

1S. A. Korff and R. D. Present, Phys. Rev. 65, 274 (1944). 
se. Willard and C. G. Montgomery, Rev. Sci. Instr. 21, 520 


°L. Colli and U. Facchini, Phys. Rev. 88, 987 (1952). 
4S. J. DuToit, Phys. Rev. 73, 1473 (1948). 


Fig. 2, were designed so as to maintain the same sur- 
faces for various radii, thereby eliminating surface 
structure as a variable parameter. This had been a 
parameter of unknown behavior responsible for dis- 
crepancies in the results of different experimenters.® 
A width of brass sheet (0.002 in. thick) was cut to equal 
the circumference of the largest of the desired cathodes, 
so that, when rolled into a cylinder, the springy brass 
held itself firmly against the inside of a glass tube of 
equal circumference, forming a closed metal surface. 
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Fic. 1. Geiger counter assembly. 


5L. B. Loeb, Fundamental Processes of Electrical Discharges in 
Gases (John Wiley and Sons, Inc., New York, 1939), p. 378, 
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CONTACT 


CATHODE 


Case Tees Fic. 2. Cathode assembly. 


When the counters were disassembled for experiments 
with smaller cathode radii, the same piece of brass 
sheet was cut to fit the inner diameter of the next 
smaller glass tube. This process was continued for 


subsequent runs with still smaller cathode radii. 

The tungsten anode wires, which were 3, 4, or 8 mils 
in diameter, were changed after only two or three runs 
because their surfaces were damaged by the intense 
electron bombardment, giving rise to erratic counter 
behavior and nonreproducible results in the breakdown 
region. 

Each experimental run was preceded by the cleaning, 
evacuating, and filling of the Geiger counters. The 
vacuum system of conventional design was evacuated 
for a minimum of 10 hours at pressures less than 
0.001 mm Hg. The system then remained static for 
several hours, and a change in pressure no larger than 
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Fic. 3. Block diagram of the experimental arrangement. 


0.001 mm Hg was an indication of sufficient outgassing. 

Quenching vapor was then admitted to the counter 
manifold system to the desired pressure, which ranged 
from 2 to 20 mm Hg. Spectroscopically pure argon gas 
was introduced into the counters until the desired total 
pressure was attained. The counters were not used for 
about an hour after being filled, allowing quenching and 
vehicle gases to mix uniformly throughout the volume 
of the counters. 

The high-voltage supply design given by Strong 
served as the basis for the circuit employed.® His 
circuit and component values were modified slightly to 
produce a regulated, stabilized voltage of 2000 volts 
with a drift of less than half a volt per hour. The error 
in voltage reading was less than 0.1 percent. 

Spurious pulses in the breakdown region were of 
random height, mostly smaller than the primary pulse, 
and occurred at randomly rapid rates. Since the time 
interval between pulses was an important factor in 
counting all pulses, an RCA interval timer capable of 
counting pulses separated by as little as 1 microsecond 
was used. An ordinary preamplifier and pulse-shaping 
circuit converted the Geiger counter pulses to the 
required pulse height and rise time necessary to trigger 
the interval timer. 

The number of ions per pulse could not be measured 
directly ; therefore the average number of ions per pulse 
was measured instead. The simplest method was to 
store charge equal to the charge of the ions as they 
were collected at the cathode. This was performed by a 
bank of condensers placed between the cathode of the 
counter and ground. A bank of condensers totalling 
100 microfarads was used inasmuch as it was not 
desirable to have a voltage drop across the condensers 
greater than 0.5 volt. 

The system of switches, schematized as part of the 
complete operating circuit in Fig. 3, was designed to 
synchronize the time interval, pulses counted, and 
charge collected for a given period of data collection. 
The systems were coordinated to act simultaneously 
with an error of less than 0.01 second. The coordinated 
apparatus were the register, the stopwatch, the con- 
denser bank, and an auxiliary current meter in parallel 
with the condenser bank. Four switches were operated 
simultaneously by one master lever. An electric stop- 
watch recorded the total time interval to within a 
tenth of a second. 

Termination of the breakdown region was signified by 
three factors: (a) extremely rapid counting at a con- 
tinuous rate even with the radioactive source removed; 
(b) arcing inside the counter between the electrodes, 
visible if the laboratory was darkened; and (c) an in- 
creasing current through the 5-ua microammeter driving 
the needle of the meter off scale. 

Four types of data were tabulated: (a) counts 


6 J. Strong, Procedures 7 * alata Physics (Prentice-Hall, 
Inc., New York, 1946), p. 
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recorded; (b) time of counting interval; (c) total 
charge collected in the counting interval; and (d) ap- 
plied voltage. 

From these data, plots were made of counting rate 
versus voltage and average number of ions per pulse 
versus voltage. 

III. RESULTS 


(a) Counting Rate versus Voltage 


The characteristic plot of Geiger counter operation, 
counting rate versus voltage, is shown in Fig. 4. This 
plot established the plateau region in which the counting 
rate was constant with increasing voltage, or had a 
slight slope, and within which the Geiger counter 
normally would be operated for counting purposes. This 
experiment, however, was concerned with the high- 
voltage end of the graph where the counting rate 
increased sharply with small increases in voltage. 
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Fic. 4. Total counting rate vs voltage. 


A straight line drawn through the plateau region gave 
the average counting rate. The rate of spurious counts 
was then defined as the difference between the total 
counting rate and the counting rate on the plateau. 


(b) Charge per Pulse versus Voltage 


A plot of the average number of ions per pulse versus 
voltage, shown in Fig. 5, was composed of two straight- 
line sections plus a portion which deviated from a 
straight line at the high-voltage end. Section I rose 
from zero ions per pulse at V, to a point designated on 
the voltage scale as Vz. Section II then continued the 
straight-line rise from V,, but with half the slope of 
Sec. I. This behavior was expected, having been ex- 
plained by Wilkinson.” V, is defined as the starting 
voltage, and may also be determined by passing a 
straight line through the proportional region in Fig. 4, 
the intercept on the voltage axis for zero counting rate 
giving V,. Vz is the voltage at which the charge de- 
veloped per pulse is equal to the charge across the 
counter necessary to bring the counter up to the applied 
voltage. 


"D. H. Wilkinson, Ionization Chambers and Counters (Cam- 
bridge University Press, Cambridge, 1950), p. 182. 
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Fic. 5. Average number of ions per pulse vs voltage. 


A deviation from the straight line of Sec. II was seen 
at the high-voltage end of Fig. 5, the experimentally 
determined points dropping toward values of lower ions 
per pulse. This implied that in this region although 
secondary pulses contributed to the total counting rate, 
some were too small to add appreciably to the total 
charge collected, thereby decreasing the average num- 
ber of ions per pulse. 


IV. DISCUSSION OF RESULTS 
(a) Poisitive-Ion Bombardment 


To determine whether the rate of spurious counts was 
related to the plateau counting rate, their ratio was 
plotted versus voltage (Fig. 6). Of course this ratio was 
zero on the plateau because, within the standard 
deviation, no spurious counts were detectable in this 
region. The graph was a straight line over a voltage 
range depending on the Geiger counter parameters, 
with a slope that varied from counter to counter. At 
the high-voltage end of the graph, the straight line 
changed rapidly into an exponentially rising curve. 

The theory of positive-ion bombardment as a source 
of spurious counts in Geiger counters, as presented by 
Korff and Present, depended on the probability of a 
positive ion liberating a secondary electron at the 
cathode.! The ratio, secondary counts per positive ion, 
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Fic. 6. Plot of the ratio of the number of spurious counts per 
second to the number of plateau counts per second vs voltage. 
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Fic. 7. LogN vs deadtime, a composite graph. 


was obtained by dividing the slope of Fig. 6 by the 
slope of Sec. II, Fig. 5, because the ratio secondary 
counts per plateau count was linear with voltage over 
the region considered, and ions per count was also 
linear with voltage over the same region. This ratio, 
secondary counts per positive ion, gave values in the 
range 1.8X10-" to 5X10-" secondary counts per ion, 
averaging 2.5X10-" secondary counts per ion for all 
pressures and electrode diameters used, for argon and 
ethyl alcohol (since the ions bombarding the cathode 
are believed to be alcohol ions), and for brass cathodes. 
This agrees fairly well with the value 3.3X10-" re- 
ported by Beretta and Rostagni for the same gases on 
brass cathodes.® It also agrees to order of magnitude 
with the value given by Korff and Present.' 
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Fic. 8. LogN vs deadtime for a total pressure of 40 mm Hg. 


8 FE. Beretta and A. Rostagni, Nuovo cimento 6, 391 (1949). 


The deviation, in Fig. 5, of the experimental points 
from the theoretically expected straight line at the high- 
voltage end of the plot was correlated with the onset of 
secondary counts at the beginning of the breakdown 
region in Fig. 4. The deviation in Fig. 5 did not occur 
exactly at the voltage at which secondary counts were 
first noticed in Fig. 4, but at a higher voltage. This 
voltage difference can be interpreted in the light of the 
fact that the graph of Fig. 6 was linear over a voltage 
region corresponding to the beginning of the break- 
down region, implying, therefore, that the secondary 
pulses observed in this region are full-size pulses. Be- 
cause of the continuation of straight line II over this 
voltage region, the pulses must have originated near or 
at the cathode since, only in this way, is a secondary 
electron capable of traversing the full electric field 
between the electrodes, giving rise to the full possible 
amplification on its flight to the anode and therefore to 
a full-size pulse. Thus, the term “secondary counts per 
plateau count” is more meaningful when expressed as 
secondary electrons emitted from the cathode per 
bombarding positive ion. 


(b) Metastable Decay 


Other results of this experiment indicate, however, 
that positive-ion bombardment was not the dominant 
responsible process, for it could not explain the rapid 
exponential rise in counting rate or in spurious counts 
per plateau count at the high-voltage end of the graphs. 
Some other cause must have been responsible for the 
remaining secondary counts. That these secondary 
counts were not of full size was illustrated in Fig. 5, 
where the number of ions per pulse decreased sharply at 
high voltages though the counting rate and total charge 
collected per second continued to increase. Although 
many secondary pulses were added to the total counting 
rate, they were too small to add appreciably to the 
charge collected, thereby decreasing the average number 
of ions per pulse. Furthermore, the rapid deviation from 
the straight line at high voltages in Fig. 6 implied that 
there were secondary counts originating in a region 
other than that near the cathode. Finally, a view of 
the pulses on a cathode-ray oscilloscope showed pulses 
in the breakdown region of various heights. Pulses of 
about 0.1 volt were seen, as small as could be detected 
by the counting apparatus. The height of pulses on the 
plateau was in the neighborhood of 7-10 volts. 

These clues suggested that pulses were formed be- 
tween the deadtime and recovery time of the Geiger 
counter, the smallest pulses having been formed immedi- 
ately after the deadtime period, and the full-size 
secondaries from the cathode having been initiated 
after the recovery time. The small pulses formed close 
to the end of the deadtime period must have originated 
somewhere in the gas near the wire because the positive- 
ion sheath was still traveling across the counter at this 
time. Therefore, the possible role of metastable atom 
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and/or molecule decay through collision with other gas 
particles was investigated as a cause of these spurious 
counts. 

Let us define WN as the ratio of spurious counts (non- 
full-size) to full-size pulses. The“nonfull-size spurious 
counts will be shown to arise from metastable atom and 
molecule decay. The full-size pulses include both 
primary pulses and spurious pulses initiated by positive- 
ion bombardment of the cathode. Figure 7 is a com- 
posite plot of logN versus the deadtime of the counter. 
The deadtime varied roughly as the reciprocal of the 
voltage, and it was calculated by using the formula 
given by Wilkinson whereby the deadtime is a function 
of the applied voltage V, V,, Vz, anode radius, cathode 
radius, total pressure of the gases, and ion mobility®: 


m 


logb/o] 


Bb In(b/a) exo 





(1) 
2K(P/Po)V[1+3m ] 
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Fic. 9. LogN vs deadtime for a total pressure of 200 mm Hg. 


where m is equal to the ratio of the charge generated by 
the discharge per unit length of the wire to the charge 
per unit length of the counter required to charge it to 
its operating potential V. 

Figure 7 is composed, on the whole, of two straight- 
line sections, A and C, connected by transition curve B. 
The slope of Sec. A is approximately four times the 
slope of Sec. C for argon-ethyl alcohol mixtures, when- 
ever both are present in one graph. For low total 
pressures of 40 mm Hg (argon plus 10 percent alcohol), 
only the straight line A is present (Fig. 8). For high 
total pressures of 200 mm Hg, line C is the highly 
dominant portion (Fig. 9). At intervening pressures, 
60 and 100 mm Hg, the transition curve B dominates 
the plot with traces of one or both straight-line portions, 
depending on counter parameters (Figs. 10 and 11). 

The resultant theory, developed in this section, makes 
use of Meyerott’s hypothesis that the proportion of 
metastable molecules to metastable atoms increases 


*D. H. Wilkinson, see reference 7, p. 206. 
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Fic. 10. LogN vs deadtime for a total pressure of 60 mm Hg. 


with the square of the pressure.” Inasmuch as meta- 
stable molecules are formed from metastable atom 
collisions, straight line A, dominant at low pressures, 
may be considered to represent collisions and sub- 
sequent secondary counts initiated by metastable atom 
decay ; and straight line C, dominant at high pressures, 
may be considered to represent metastable molecule 
collision and decay. The term J, previously defined, is, 
of course, not the number of metastables decaying, but 
it does indicate that metastables existed and subse- 
quently decayed after the deadtime of the initial 
primary pulse. The following theory shows the de- 
pendence of NV on time, where time is measured from 
the initiation of the primary pulse as time zero which, 
within an infinitesimal time difference, is also the time 
of the formation of the large number of metastable 
atoms formed in the initial primary pulse. 

Assume that Mo metastable atoms were formed at 
time zero. Kruithof reported the ratio of metastable 
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atoms to ions as approximately 1:1 for argon in the 
E/p range employed in this research." Because only 
the number of positive ions could be measured experi- 
mentally, this was the only available method of esti- 
mating Mo. At any subsequent time /, the number of 
metastable atoms existing, M, is given by 


M=Me*, (2) 


where 8 is the decay constant, the reciprocal of the mean 
life of the metastable atoms. This equation is shown 
plotted in Fig. 12. 

The intercept on the time axis is the time 7, statisti- 
cally speaking, when the last metastable exists. When 
the deadtime of the primary pulse is larger than 7, 
it can be expected, on the average, that no spurious 
pulse will be initiated. If the deadtime is decreased by 
increasing the applied voltage, until it coincides with T, 
then, on the average, one metastable exists that will 
initiate a spurious pulse, i.e., at this value of the dead- 
time, V=1. If the deadtime is decreased further, be- 
coming less than 7, then many metastables exist that 
may initiate spurious pulses. Only the metastables 
existing after the deadtime may initiate spurious pulses. 
However, not all metastables existing after the dead- 
time may do so, because some may decay during the 
deadtime of subsequent spurious pulses. Mo, the number 
of metastables per pulse, also shows an increase, al- 
though a slow one, with increasing voltage (Fig. 5). 
Figure 12 involves logMo, however; therefore, the 
increase in logM, and in T, with increasing voltage, is 
very slow and not too important to this theory. 

For metastable atoms, at the pressures used in this 
work, @ is given in the form’. 


B=AptBP+Cpi, (3) 


where Ap represents decay through two-body collision 
with neutral vehicle gas atoms, Bp’ represents decay 
through three-body collision with two neutral vehicle 


1 A. A. Kruithof, Physics 7, 519 (1950). 


12 A. V. Phelps and J. P. Molnar, Phys. Rev. 89, 1202 (1953). 
13M. A. Biondi, Phys. Rev. 82, 453 (1951). 


gas atoms, resulting in the formation of metastable 
molecules, and Cp; represents decay through two-body 
collision with quenching gas molecules. The terms in 
Eq. (3) giving rise to spurious pulses through loss of 
excess energy by the metastable atom, probably by 
photon emission, are Ap and Cp;. The quenching gas 
molecules, excited by collisions with metastable atoms, 
have a strong tendency to dissociate rather than re- 
radiate, the fraction of excited molecules reradiating 
being only about 1 in 10°. The rate of spurious counts 
per full-size pulse initiated by metastable atom decay 
is given, therefore, as 


U 


d 
a 10-5(A p+10-*Cp,) Moe **, (4) 
t 


where V=N’+N”, N’ is the portion of N initiated by 
metastable atom decay, N” is the portion of N initiated 
by metastable molecule decay, and the coefficient 10~> 
is the efficiency for electron emission by a photon 
striking the cathode. Integration of this equation gives 
N’ after a time ¢ as 


N’=10-*(Ap+10-°Cp,) Mve#*/B. (5) 


For argon metastable atoms, Phelps and Molnar gave 
values of A=40/mm-sec and B=9/mm*-sec.! These 
results for pure argon have recently been substantiated 
in this laboratory by A. Futch and F. A. Grant: 

Using Eq. (3) for 8 in Eq. (5), and setting Mp= 10", 
N=1, and t=deadtime=9.1 microseconds (¢ obtained 
from Fig. 10 at the point on the curve where V=1), the 
value 1X105/mm-sec for C was obtained. This result 
shows the dominance of the Cp; term in Eq. (3) al- 
though, at 200 mm Hg pressure, Bp” may attain values 
of about 10 percent of Cp;. It also indicates that Ap is 
dominant over 10-* Cp; in Eq. (4) even for 20 percent 
quenching vapor, the largest used. 

Equation (4) can now be rewritten as 

10-5A pM 0 
sla expl— (Bp?-+Cp,)t]. (6) 


+ 


The term Bp’ was retained in the exponent because it 
may have a value as much as 10 percent of Cp,—of 
possible significance in an exponent. 

The formation of metastable molecules in the decay 
of metastable atoms is expressed by the Bp? term. The 
dominant decay of the metastable molecules is believed 
to be both by spontaneous decay and by collision with 
quenching gas molecules. Colli and Facchini reported a 
spontaneous-decay mean life of 3 microseconds for pure 
argon.’ Therefore the rate of change of the number of 
metastable molecules with time can be expressed as 


dM" /dt=BpM—(k+Dp)M", (7) 


where M”’ is the number of metastable molecules exist- 
ing at any time #, k is the reciprocal of the spontaneous- 
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decay mean life, and D is a coefficient representing 
the number of collisions with quenching molecules lead- 
ing to decay. Substituting for M from Eq. (2) and 
integrating, gives 


BPM 
M"= {expL— (k+Dp,)t] 


Cpi— (k+-Dpi) 
—expl—(Bp?+Cp,)t]}. (8) 
Here again Bf’ in conjunction with C9; is retained only 
in the exponent. 

N" is the ratio of spurious pulses to full-size primary 
pulses where the spurious pulses are initiated by meta- 
stable molecule decay after a time ¢. The decay term in 
Eq. (7) is (k+Dp,)M”; therefore, with the fraction of 
quenching molecules reradiating equal to 1 in 10°, and 
with the photon efficiency equal to 10~°, 


dN" /dt=10-5(k+10-°Dp,)M". (9) 


Inserting Eq. (8) for M”’, neglecting the term 10-° Dp; 
in comparison with k, and integrating, we find 


10-°kBp’My rexpl— (k+Dp,)t ] 
Coi—(k+Dp)L REDD; 
expl— (Bp?+Cp,) ] 
Chi 











| (10) 


The graphs of Fig. 7 that contained some portions of 
both Secs. A and C, for many combinations of gas 


TABLE I. Summary of results, argon-ethy] alcohol, 
7.14 mm cathode radius. 








Quenching 
Total gas 
pressure pressure 
(mm Hg) (mm Hg) ; 
p pi (for N =1) 
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Deadtime 
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TABLE II. Summary of results, argon-ethy] alcohol, 
25.6 mm cathode radius. 








Quenching 
Total gas 
pressure pressure 
(mm Hg) (mm Hg) 
d pi (for N =1) 


100 5 22 
24 
25 


14 
15 


21 
25 


Deadtime 
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pressures, gave a ratio of the slope of A to the slope 
of C of about 4:1 for argon-ethyl alcohol mixtures. 
Since Fig. 7 was a semilogarithmic plot, this ratio of the 
slopes was interpreted as being the ratio of the coeffi- 
cients (Bp?-+Cp,;) to (k+Dp,) in the exponents of the 
equations. This signifies that the mean life of meta- 
stable molecules is approximately 4 times the mean 
life of metastable atoms with ethyl alcohol as the 
quenching agent in the range of gas pressures used. 
Therefore the term 


expl — (k-+Dp,)t]/ (k+Dp)) 
is dominant over 
expl— (Bp?-+Cp,)t]/Cp; 


for the pressures and deadtimes involved in the experi- 
ments. Therefore, 


10-°kBp?M 9 fexpL— oe (a1) 
Cpi—(k+Dp)L = k+ Dp, 


Solving Eq. (11), setting Mo= 10", V’’=1, and ¢=dead- 
time=25 microseconds (¢ obtained from Fig. 7, for 
5 mm Hg alcohol and 200 mm total pressure, at the 
point on the curve where V=1), the value 2X 10‘/mm- 
sec for D was obtained. This means that ethyl alcohol 
as a quenching agent is approximately 5 times as 
effective on argon metastable atoms as on argon meta- 
stable molecules, since C=5D. Furthermore, k= 3X 10° 
indicates that spontaneous metastable molecule decay 
is of the same order of magnitude as Dp;, the decay 
through collisions with the quenching vapor molecules. 

Experimental results using Eqs. (5) and (11) are 
tabulated in Table I for counters with 7.14 mm cathode 
radius and in Table II for counters with 25.6 mm 
cathode radius, for argon and ethyl alcohol mixtures. 
At the dead time, the expected value for N is unity, 
since when 7={, (Fig. 12) only one spurious count is 
expected to be initiated by metastable decay. That 
most of the results are of the same order of magnitude 
as unity, is considered good agreement because factors 
such as the efficiency of a photon liberating a secondary 
electron at the cathode, and the proportion of ethyl 
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alcohol”excited molecules reradiating are known only 
to an order of magnitude. 


(c) Argon-Ethyl Acetate 


Argon-ethyl acetate results at 40 mm Hg and 200 
mm Hg total pressures, with 10 percent quenching 
vapor, show longer plateaus that those for the argon- 
ethyl alcohol mixtures. For example, at 40 mm Hg, the 
ethyl alcohol plateau is only about 5 volts wide, whereas 
the acetate plateau is about 40 volts wide. The value 
of C, determined for ethyl acetate from the preceding 
equations, was about 1.110°, or approximately the 
same as C for ethyl] alcohol, where C was 1X10°. To 
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explain the difference in plateau widths obtained be- 
tween ethyl alcohol and ethy! acetate, a difference of 
only 10 percent in the value of C is required. However, 
this is within the experimental error, and, therefore, 
further conclusions cannot be made. The value of D was 
the same for ethyl acetate as for ethyl alcohol, within 
the experimental error. 
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The high-frequency electric field required to maintain a hydrogen plasma has been measured as a function 
of pressure and plasma electron density. A theory of the plasma based on a solution of the Boltzmann 
transport equation has been developed to predict this field; it agrees satisfactorily with experiment. The 
theory has no adjustable parameters, and uses only the probabilities of collision, excitation, and ionization 


of the gas by electrons, and the ionic mobility. 


I. INTRODUCTION 


ACDONALD and Brown! developed a theory of 
the mechanism of breakdown in hydrogen at 
high frequencies that is based on a solution of the 
Boltzmann transport equation. Calculated breakdown 
fields agree well with their experimental results. More 
recently, Allis and Brown? (A-B) simplified the method 
of solution and calculation of the high-pressure case, 
in which electrons diffusing from the discharge do not 
remove an appreciable fraction of the total energy. 
This simplified method may also be applied to the 
calculation of breakdown in certain other gases. The 
present paper generalizes these theories by taking into 
account the effect of space charge, so that it will be 
possible to compute from first principles the microwave 
field strength required to maintain certain simple 
plasmas in the steady state. Calculations made on this 
basis will be compared with experimental measurements 
obtained for hydrogen. 
The theory presupposes that the following additional 


* This work was supported in part by the Signal Corps; the 
Office of Scientific Research, Air Research and Development 
Command; and the Office of Naval Research. 

1A. D. MacDonald and S. C. Brown, Phys. Rev. 76, 1634 
(1949). 4 

2 W. P. Allis and S. C. Brown, Phys. Rev. 87, 419 (1952). 


nonlinear phenomena peculiar to some plasmas and not 
to breakdown may be neglected: (a) cumulative ion- 
ization, (b) electron-ion recombination, (c) formation 
of negative ions in appreciable numbers, (d) electron- 
electron interactions, (e) plasma resonance. These 
restrictions place an upper limit on the plasma electron 
density for which the theory is applicable. Limits 
arising from (a), (b), and (c) may be readily calculated. 
Regarding limit (d), the work of Haseltine*® shows that 
the electron-electron interaction has least effect in 
gases in which the collision frequency of electrons is 
independent of electron energy. A posteriori calculations 
show that for hydrogen limit (e) actually controls in 
our experiments, at frequencies of about 3000 Mc/sec, 
above a density limit of about 10"/cm*, a value well 
above those experimentally obtained here. 

The physical process is the following: Electrons gain 
energy from the applied field, and lose energy by elastic 
and inelastic collisions. Ionization of gas molecules 
provides a source of new electrons, and flow to the 
tube walls in the presence of density and space-charge 
potential gradients provides the sink. The Boltzmann 
transport equation in phase space expresses these 
balances both in energy and in number; correspond- 


3 W. R. Haseltine, J. Math. Phys. 18, 174 (1939). 
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ingly, a solution is obtained by splitting it into two 
parts. 

The energy part will contain certain constant spatial 
parameters describing the space-charge field and diffu- 
sion length, and will yield the electron velocity distri- 
bution. The spatial part will contain other constant 
energy parameters (electron diffusion, mobility, and 
ionization rate), and will give the current and space 
distributions. The complete solution is obtained by 
making these various parameters self-consistent. 

The problem of the spatial distributions and current 
flow have been treated by Allis and Rose* (A-R) and 
these results will be used here. The effect of the space- 
charge field upon the energy distribution, from which 
the ionization rate is to be computed, must now be 
considered. 


II. THE BOLTZMANN EQUATION 


The development of the Boltzmann equation will 
follow the work of A-B as closely as possible, and their 
notation will be used. The only difference is that a dc 
space-charge field EZ, must be superimposed on the 
high-frequency field so that 


E=E,+E, exp(ju!), (1) 


where E, varies with position, but EZ, is assumed 
constant. The distribution F of electrons in velocity 
and configuration space is then determined by the 
Boltzmann equation 


OF /dt=C—V--VF+V»-eEF/m. (2) 


Here, C represents the effect of collisions; V, and V, 
are the gradient operators in configuration and velocity 
space; and v, e, and m are the velocity, charge, and 
mass of the electron. Following A-B, F is expanded in 
spherical harmonics in velocity space and a Fourier 
series in time: 


F=>01 > F;!P:(cos8) exp(jkwt), 
=F(+v-[Fo’+ Fy’ exp(jut) ]/». 


It may be shown that the three indicated items suffice 
for the expansion discussed by Allis and Brown, even 
if space charge is present, provided that the electron 
density is sufficiently low that plasma resonance is not 
encountered. 

Allis and Brown have evaluated the collision terms, 
and have separated the various harmonic terms of the 
distribution. There are one scalar and two vector 
equations: 


(vet ri—Q) Fo = — (0/3) V+ Fo’ + (1/2)?0{ Lev?/6m ] 
Xx L(E,- Fy’) reart 2E, Fy] 
+[m/M]v.*F°}/dv, (4) 
veF 9’ = —0V -F 0+ (e/m) E,0F °/d0, (5) 
(ve+ jw) Fy’ = (e€E,/m) dF °/d0. (6) 
‘W. P. Allis and D. J. Rose, Phys. Rev. 93, 84 (1954). 


(3) 


311 


Here, »-, vz, and y; are the collision frequencies of an 
electron for momentum transfer, excitation, and ion- 
ization, respectively. The quantity gFo° is the rate of 
appearance of new electrons at low energies as a result 
of excitation and ionization; it is permissible to set it 
equal to a delta function at the origin of velocity space. 
Except for the additional field E,, these equations are 
identical with Eqs. (5), (6), and (7) of A-B. 


Ill. SEPARATION OF F IN SPACE AND ENERGY 

A solution of Eqs. (4)—(6) is possible if F may be 
separated into spatial and energy parts, F= NV (r) f(v). 
This means, in effect, that the velocity distribution 
must be the same everywhere in the discharge, and 
therefore that the diffusion coefficient and mobility 
are constant. 

It is possible to obtain the set of spatial equations 
by integrating Eqs. (4) and (5) over velocity space. 
The dc electron particle current, 


r= J "Fy (4n0*/3)do=—y,(D_N)—p_E,N, (7) 
0 


is determined by Fo’ from Eq. (5). Here N is the 
electron spatial density, and the diffusion and mobility 
coefficients are 


nite J (08/3v,)Fo'4mv%do; (8) 
0 


gle f (4/3) (¢/m)F°C8(0*/v.)/d0]jde. (9) 
0 
The total excitation and ionization rates are 


N(v.)= f v2 4rv7dv, (10) 
0 


(11) 


Nv) = { vi 0°4rv"dv ; 
0 


N ((v.)+2(v)) = f oF 4av%do (12) 
0 


represents the appearance of all new electrons. Equation 
(4) may be multiplied by 41v*dv and integrated over all 
velocities. The term in braces vanishes at both limits, 


leaving 
(13) 


There is, in addition, an equation for the ion particle 
current which in the steady state also equals I: 


=—V,(D,P)+n,+E,P, (14) 
where P is the ion density. Finally, Poisson’s equation 
Vr E,=e(P—N)/e (15) 


Ni») = V-Ir. 





312 DB. §. 


must hold. Equations (7), (13)—-(15) determine the 
spatial distributions from which the average ionization 
frequency per electron (v;) is determined as a character- 
istic value. It is these equations, with constant D’s and 
u’s, that have been treated by Allis and Rose. 

The presence of certain crossed space and velocity 
terms in Eqs. (4)—(6) indicate that the separation of 
F into a product N(r)F(v) is not quite correct. It will 
now be shown, however, that the dependence of f(z) 
on space is weak, so that the separation is a good 
approximation. First, the magnitudes of the terms 
(E,- Fy’) rea, and 2E,- Fo’ are compared. The first repre- 
sents the energy gain of the electrons from the applied 
alternating field, and the second their energy loss in 
flowing against the space-charge field. At values of 
pA>1 each electron gains energy from E, sufficient for 
many exciting collisions and one ionizing collision, in 
addition to that required to overcome the elastic recoil 
losses. This total energy is many times the wall po- 
tential, so that the space-charge term in Eq. (4) is 
negligible. The E, term in Eq. (5), however, cannot be 
dismissed, for it represents an inward mobility flow 
that almost cancels the outward diffusion term. 

Equations (5) and (6) are substituted in Eq. (4), 
giving 
(vet Vi— q) Fo = (v°/3v.) VPP eo 

— (ev/3my,)V ,* (E,dF (°/d2) 
+ (1/0)?d[_ (eu-/3m)v_0? (AF 0°/d0) 
+myv°F°/M \/dv, (16) 


(17) 


The terms of Eq. (16) represent, in order, the excitation 
and ionization processes, diffusion, the counteracting 
space-charge mobility, energy gain from the applied 
field, and elastic recoil. 

In cases where the electron density is low, E, is 
small, and only the diffusion term contains spatial 
derivatives. Equation (16) then separates with VF 9° 
= — F,°/A*, where A is the cavity diffusion length. The 
spatial distribution is determined by the diffusion 
equation. On the other hand, when N and E, are large, 
the mobility and diffusion terms nearly cancel, and 
their difference is small compared to the other terms 
in the equation; an approximation for the small differ- 
ence will therefore suffice. A separation is still possible 
provided only that E,V~V,N, in which case V?N 
= — N/A’ as before. This solution of the space equations 
is the constant ratio approximation discussed by Allis 
and Rose. It is correct both at very low and very high 
electron densities, but is somewhat in error at inter- 
mediate densities. 

We assume, then, that 


E,=—4,VN/N, 


where 
ue=eE,?/2m(v2+w’). 


(18) 


where “, is a measure of the space charge. We shall 
also define the electron energy “= mv"/2e in electron- 
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volts; from Eq. (16), one then obtains 


(vet vi—Q) f+ (2eu/3mv,A*) (f+ usd f/du) 
= (2/3\/u)dluly, (ued f/du+3m f/M) |/du. 


Let an effective field E, be defined as 
E?= veE,*/2 (v2-+w") : 


When the specific dependences of vz, »;, and v, are 
inserted, Eq. (19) may be solved to yield a relation 
between the three parameters ~/E., EA, and 4%,. 
Furthermore, Eq. (19) may be multiplied by 42v"d» 
and integrated over all velocities. The right side 
vanishes, and from Eqs. (8)—(12) 


D_—up_=(v)V=D,, (21) 


which defines D,, the effective diffusion coefficient. The 
escape frequency of electrons, measured by D,/A?, is 
reduced from the free diffusion frequency D_/A? on 
account of the space-charge field measured by 4,; 
(v;) is correspondingly reduced, and so is the field E, 
which maintains the ionization. Thus p/E, rises in the 
steady state over the breakdown value. 

From the solution of Eqs. (19) and (21), D_, uw_ and 
D,/D_ may be computed as functions of p/E, and 
E.A. Since Allis and Rose give D,/D_ as a function of 
NoA’u_/D_, where No is the electron density at the 
center of a parallel plane cavity, it is possible to plot 
contours of constant NoA? on the p/E.—£-.A plane. 
The special case NpA?=0, whence D,/D_=1 and u,=0, 
corresponds to breakdown. 


(19) 


(20) 


IV. SOLUTION OF THE ENERGY DISTRIBUTION 


It is convenient to consider solutions of Eq. (19) for 
the case of large pA (greater than 1 mm HgXcm) and 
small pA (between 0.1 and 1.0 mm HgXcm) separately. 
All of the experimental measurements were taken 
within the limit of validity of diffusion theory.® 

At large values of pA, hence also of Z.A, the escape 
frequency is low, and the effect of the current flow on 
the energy distribution becomes small. Correspond- 
ingly, the second term of Eq. (19), being in ratio 1/(pA)? 
to the remaining terms, is small. In this range, f is 
determined principally by the balance between energy 
gain and elastic recoil loss, since there are few electrons 
in the inelastic range. If v, is independent of electron 
energy, as is approximately the case with hydrogen, 
f is close to Maxwellian. The small second term of 
Eq. (19) can then be approximated by replacing df/du 
by —yp_f/D_, which is true in the average in any case. 
With the aid of Eq. (21), Eq. (19) becomes 


(vetvi-—q) ft (2eu/3mvA?)f 
= (2/3y/u)d[ubv.(u_d f/du+3mf/M) |du, 
A2Z=A°D_/D, (23) 


5S. C. Brown and A. D. MacDonald, Phys. Rev. 76, 1629 
(1949). 


(22) 
where 
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defines an effective diffusion length that is larger than 
the actual cavity diffusion length when the space-charge 
field is important. Equation (22) is the breakdown 
equation of A-B for a cavity of diffusion length A., and 
the existing methods of solution may be applied directly. 
Steady-state values of E.A vs p/E, will be replicas of 
the breakdown values, shifted to lower E.A by the 
ratio (D,/D_)}. 

At lower values of pA, hence also of E.A and p/E., 
the diffusion term is not negligible, and simple approxi- 
mations cannot be made for it. It is then necessary to 
develop solutions of the general sort derived in reference 
1. This has been done for the case of constant x. 
Define the parameter 


o= (2m/M)— (2eu,/3mv2A?), (24) 


which is positive at large pA, and negative at small pA 
and large u,. Different solutions are required, depending 
on the sign of o. They differ only in slight mathematical 
detail; thus, in the following, let c=|c|. Then the 
upper and lower signs, where applied, represent the 
positive and the negative cases, respectively. The 
special case ¢=0 has no particular significance. 
Define the additional parameters: 


(25) 
(26) 
(27) 


Ue= 2u,/ 30, 
1/6?=1+ (2u./EA)’, 
Q=6(2m/cM—1), 
and a new energy variable 
s=u/uUeB. (28) 


The quantity g in Eq. (19) will be set equal to a delta 
function at the origin, and the excitation plus ionization 
rate will be approximated by 


Vetvs=vhz(U—Uz), (29) 


where 1, is the first excitation potential. Equation (19) 
is now expressed in normal form in terms of the variable 
2, so that 

(30) 


(31) 


f=otg exp(F62/2), 
d°g/d2?=[A2+ B/z—3/162 |g, 
(32) 
(33) 


A?= (0+ 4h,u,6")/40, 
B=[(Q+3)08+4h,u.622 |/40. 


The body of the distribution function is that part 
lying below #,; in that region v,=»;=0, and one must 
set hz=0 in Eqs. (31)—(33). The solution in the body 
is then 


f=exp[—2(1+6)/2][—CMi(z)+M2(2)], 


where 


(34) 


(35) 
(36) 


M,=M{[3— (Q+3)8]/4; 3/2; 3}, 
M2=z2M{[1—(Q43)6)/4; 1/2; 3}, 
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and M(a;7;2z) is the confluent hypergeometric func- 
tion.® The constant C will be determined later. 

The tail of the distribution lies above uz, and the 
function is given by Eqs. (31)—(33) directly. Rather 
than solving exactly, it is much simpler to use the 
asymptotic expansion 


g=exp(—Az)2°(1—d/z+ ---). 
The invariant I of Eq. (37) is 
I= A?—2Ab/z— (1/2)*Lb—B+2Ad/(1—d/z) 
— 2bd/2z(1—d/z)+2d/z(1—d/z) ], 


which is to be fitted as well as possible to the invariant 
of Eq. (31). Thus 


(37) 


(38) 


b=B/2A, (39) 


satisfying the term in 1/z. The remaining term in 1/2? 
will be set equal to 3% at z=2,, so that 
1/d=[2A —2(6—1)/22]/Lb(6—1) +36 ]4+1/z:z. 
Above u;, we have, then, 
f=R[exp(—Sz) }:"(1—d/2), 


S=A+ (6/2), (42) 
T=b-3. (43) 


Here, R and C are determined by matching value and 
slope of f at z,. The derivative M»’(z) can be eliminated 
by use of the Wronskian 


W (z)=M1/M2— M2! M,=[exp(z) ]/2z!. 
exp[z.(1—8)/2] expSz, 
~ Qee¥ (1—d/z2)[Mi' (22) + K Miz) ) 


C={M/_! (zz)— (expzz)/222[ M1’ (zz) 
+KM (zz) }}/Mi(z2), 


(40) 


(41) 
where 


(44) 
Then 





(45) 


(46) 
where 


K=A—}—[T+d/2,(1—d/zz) ]/22. (48) 


The distribution function f is now determined. 
There are two methods at hand for completing the 
solution. One method consists, first, of computing D_ 
and w— from Egs. (8) and (9), the integration being 
performed numerically. 


One may set, similarly to Eq. (29), 
y;z= vhi(u— Ui), (49) 


where 4; is the ionization potential. Then 


(v= rahe f (uu) fart 


= 2mv.h:R(2e/m)3(u.8)*? 


x [ lens» s7(1—d/z)(z—2z,)dz. (50) 


6 A. D. MacDonald, J. Math. Phys. 28, 183 (1949). 
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y= Sz. (51) 
The integral in Eq. (50) may be performed by parts 
and expressed in terms of the incomplete gamma 
function’ J(y;; V). Then 


(v;)= 2x RI i(2e/m)*(ueB)?/S™, (52) 


where 


J=h{(1—Sd/V—y,/V 
+Sdy,/V (V1) T1—H(ys; VY PV +1) 
— (ys"/expy,) LSdy,/V (V—1) 
— (yi/V)+Sd/V(V—1)]}. (53) 


The values of D_, u_, and (»;) are now substituted in 
Eq. (21), which is a transcendental equation involving 
p/E., E.A, and u,. By this method D_/y_ is also 
determined ; it can thus be demonstrated that D_/y_ is 
practically independent of #,, and is a function of p/E. 
alone, as is shown in reference 2. 

Once this fact is established, a second and somewhat 
less laborious method may be used. It consists in 
evaluating Eq. (12), after insertion of f. The integral 
has a value at the lower limit, and one obtains 


(vzi)+(vi) =m (2e/m)5? (u-8) 1E2/3., (54) 


where (vz:)=(vz)+(v;). In principle the two methods 
are related through integration by parts; but the 
approximation made in Eq. (37) will, in practice, 
introduce small and different errors. (v;) is given in 
Eq. (52); (vz) and J, are identical with Eqs. (52) and 
(53), with the subscript x rather than 7. Equation (54) 
becomes 

2ueBR(J2+Ji)/oSV4=1. 


This is again a transcendental equation in p/E,, E.A, 
and #,. Through Eq. (21), and A-R, one obtains the 
desired relation between p/E., E.A and NoA?. 


(55) 


V. EXPERIMENTAL PROCEDURE 
A block diagram of the experimental apparatus is 
shown in Fig. 1. The discharge cavity is constructed of 
OFHC copper. It is a right circular cylinder with a 
radius of 3.57 cm and a height of 0.635 cm that gives a 
resonant wavelength of 9.4 cm in the 7Mo10 mode, and 
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Fic. 1. Block diagram of the microwave system. 


7K. Pearson, Table of the Incomplete Gamma Function (Cam- 
bridge University Press, Cambridge, 1946). 


a diffusion length of 0.200 cm. Hydrogen can be 
admitted either through a heated palladium leak tube 
or directly from flasks of spectroscopically pure gas. 
A liquid nitrogen trap isolates the cavity and leak tube 
from all parts of the vacuum system which cannot be 
outgassed at temperatures above 300°C. The vacuum 
system can be pumped to pressures of the order of 
10-* mm Hg. 

Experiments were performed in hydrogen in the 
pressure range 0.5-20 mm Hg. The procedure for each 
run was as follows: The gas was admitted to the 
desired pressure, and the discharge was initiated by 
adjusting the incident power level with the power 
divider. The light output of the discharge, monitored 
by a photocell, was noted. The magnetron frequency 
was then varied, the incident power being adjusted so 
that the light output was the same. At each frequency, 
the standing wave ratio and position of the voltage 
minimum on the slotted section, and the incident 
power, as read on the thermistor bridge, were recorded. 
In this way, a part of the resonance curve of the cavity 
plus discharge was determined. The electron density 
(and light output) was then set to a new value by 
changing input power, and the measurements were 
repeated. These measurements, plus the known char- 
acteristics of the empty cavity, suffice to determine the 
maintaining electric field and electron density.® 

The measurements give both the discharge conduc- 
tance gq and susceptance by. The ratio is 


ot as, 
ba (v2+w?) dis 


as can be seen from the integral over the velocities of 
Eq. (6). This gives the ac current which, in turn, is 
directly related to the complex conductivity of the 
plasma through Eq. (8) of Part III of reference 8. The 
right side of Eq. (56) is a weighted average (v-)/w. The 
present measurements yield, for hydrogen, 


Uke 


~ (56) 
(v2+w*) du 


(v.)=4.85 X 10°p sec1+-2 percent. 


The value is constant over the range 0.01<p/E,<0.10 
cmXmm Hg/volt covered in this experiment. The 
probability of collision P,=v./pv for hydrogen, above 
4 ev is proportional to 1/2, and in that region ».~5.9 
X 10°; below this value it is approximately constant. 
If the actual value of »,(v) is averaged over the distri- 
bution functions of Sec. IV, a value close to 4.85 10°» 
results for all values of E./p experimentally realized. 
The experimental results, obtained in a TMo19 mode 
cavity, do not correspond exactly to results that would 
be obtained in a plane-parallel system of infinite extent. 
Two corrections must be made. The first takes into 
account the radial variation of the applied field. The 


field varies with radius r as Jo(2.4057/R), where Jo is 


8S. C. Brown and D. J. Rose, J. Appl. Phys. 23, 711, 719, 
1028 (1952). ™ 
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Fic. 2. Theoretical calculation of the a D,/D_ and 
(D,)/D_ as a function of NoA2u_/D_ 


the zero-order Bessel function, and R is the cavity 
radius. The measured field at the center must be 
decreased slightly to correspond to the equivalent 
constant field throughout the cavity. The data are 
therefore corrected according to the theory of Herlin 
and Brown,’ the correction amounting to no more than 
5 percent. 

The second correction arises because the plasma 
density itself has a radial variation, and this introduces 
a variable D, for diffusion to the ends of the cylinder. 
If the field were uniform, a radial dependence of NV 
and P, 


"I “ [ | r(2-4057/R), (57) 


would be correct at both the free and ambipolar limits, 
and approximately correct in the transition region. 
Since the height of the cavity is much less than its 
radius, it is possible to define an average (D,) for the 
discharge. It is 


(Total electron flow to the walls) 





(Total number of electrons present) 


R R 
= dwn ()onrd N(p)2erdr. (58) 
J (W)N()aerdr [J (r)Qerdr 


Allis and Rose give the quantity D,/D_. The integration 
can be performed graphically, to give (D.)/D_ vs No, 
the electron density at the center of the cavity both 
radially and longitudinally. Figure 2 shows the quanti- 
ties D,/D_ and (D,)/D_ vs NoA®*u_/D_ computed in 
this manner. 

The theoretical results for hydrogen are shown in 
Fig. 3, where contours of constant NA? are plotted on 


9M. A. Herlin and S. C. Brown, Phys. Rev. 74, 1650 (1948). 


the p/E.—E.A plane. The contour NoA?=0 represents 
breakdown, and the contour NoA?= © represents ambi- 
polar diffusion. At large values of NoA? (2108) and 
intermediate to small values of ~/E. (<0.05) the 
calculations have not been made sufficiently exactly to 
warrant their inclusion in this figure. The difficulty 
may be traced to the approximation Eq. (37) made in 
solving the tail of the distribution function. The 
following parameters pertaining to hydrogen have been 
used in the calculation: 


(a) »-=4.85X 10% sec"! (p=mm Hg); 

(b) #z=8.9 ev. This choice is explained by Ramien"® 
on a quantum-mechanical basis. 

(c) u;= 16.2 ev. 

(d) hz=h;=1.1X10~ (volts). These quantities 
are adjusted so that the products ».h.(u—uz) and 
v-h;(u—u;) are in agreement with the published values 
of the probabilities of excitation and ionization. 

(e) w,/u_=32. The value u,=14.7 cm?/volt-sec at 
760 mm Hg and 18°C given by Tyndall" is used. This 
value is constant over the dc range 0< E/p<20 volts/ 
cm-mm Hg, and should be independent of the micro- 
wave field. Allis and Rose show that the dc space 
charge E/p is less than the upper limit except in the 
immediate vicinity of the walls for a few combinations 
of high electron density and low pressure. Since pu 
=e/my, for constant v, we have at 18°C, in mks units, 
y= 1.12/p, u-=36/p. 

(f) D,y_/D_u,=0, an approximation justified by 

-R. 


Figure 4 shows the theoretical results of Fig. 3 
plotted as a surface in E.A, p/E., NoA® space. The 
surface in the region of large NoA? and small Z,A has 
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10H. Ramien, Z. Physik 70, 353 (1931). 
1 A, M. Tyndall, The Mobility of Positive Ions in Gases (Cam- 
bridge University Press, Cambridge, 1938). 
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Fic. 4. A theoretical surface on which the experimental results are plotted. The experimental points are shown as dots, 
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been obtained by extrapolation of the theoretical calcu- 
lations of Fig. 3. The experimental points are shown as 
dots; their projection in the p/E, direction onto the 
theoretical plane, as crosses. The average of the experi- 
mental points is in good agreement with the theory 
(within 10 percent) both at large Z,A and near E,A= 10. 
At the lowest values of E.A and p/E., the electronic 
mean free path is about equal to the diffusion length, 
and diffusion theory can no longer be applied. The 


discrepancy at intermediate values, amounting at 
worst to about 20 percent in p/E, near the ambipolar 
limit, may be traced to the approximation made in 
solving the tail of the distribution function. In this 
region, near the ambipolar limit, the high pressure 
approximation begins to fail, and the asymptotic 
expansion Eq. (37) converges slowly. In each case, 
the error tends to raise ~/E, for a given E,A. The 
experimental error is believed to be about six percent. 





PHYSICAL REVIEW 


VOLUME 98, 


NUMBER 2 APRIL 15, 1935 


Ambipolar Diffusion in a Magnetic Field 
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Diffusion of ions in a plasma across a magnetic field is shown to be not ambipolar in character in most arc 
experiments. Owing to the highly anisotropic conductivity of the medium, the ions diffuse across the field 
at their own intrinsic rate. Space-charge neutralization is maintained by slight adjustments of the currents 
in the direction of the magnetic field lines. The discrepancy between theory and experiment noted by 
Bohm is thus resolved and no additional mechanisms, such as plasma oscillations, need be postulated. 





N the absence of a magnetic field, electrons would 
tend to diffuse out of a plasma much more readily 
than the ions. These unequal diffusion rates immedi- 
ately produce large space charges and hence electric 
fields in the plasma so as to reduce the electron current, 
increase the ion current and maintain space charge 
neutralization. The resultant ambipolar diffusion coeffi- 
cient D, which is the same for both electrons and ions, 
is of the order of magnitude! 


D=2D,D_/(D,+D_), (1) 


where D, and D_ are the intrinsic ion and electron 
diffusion coefficients respectively. Since D.>D,, we 
have in the absence of a magnetic field 


D=2D,, (2) 


and the diffusion proceeds approximately at the rate 
of the slower component. 

The effect of a strong magnetic field is to reduce the 
coefficients of diffusion, D,, across the magnetic field to 
the values 

D,° 


14 (apr)? 
D_° 
“i 1+ (w_r_)? 


Dyas 


D_s 


where the superscript zero denotes the coefficient for 
H=0, wi=eH/msc, and 7rz=mean free time between 
collisions for ions or electrons respectively. Diffusion in 
the direction of the magnetic field, D,,, is unchanged 
from its field-free value. In most arc experiments 
(w_t_)>>(w4.74)>>1 and as a result 


D_,K«D,,«D4° = Dax. (4) 


It might now be supposed, since the ions diffuse more 
rapidly across the magnetic field, that electric fields 
would arise which would reduce the ion current and 
which would result in a new ambipolar diffusion coeffi- 
cient, as before, of the magnitude 


D,=2D_.,. (5) 
1 See M. A. Biondi and S. C. Brown, Phys. Rev. 75, 1700 (1949). 


Just such an analysis has been applied by Bohm? to 
experiments on the diffusion of ions in an arc plasma 
across a magnetic field. For the conditions of these arcs, 
such as occur in Calutron ion sources, (w_r_10'), 
Eq. (5) yielded an expected value of D,=20 cm?/sec. 
The observed values* were more like D,=3X10* cm?/ 
sec. As a result of this large discrepancy, Bohm postu- 
lated that the principal mechanism of diffusion was by 
means of plasma oscillations. However, subsequent 
experimental attempts‘ to produce these oscillations 
have proven to be fruitless. 

It is the purpose of this note to point out that diffu- 
sion across the magnetic field in all experiments of this 
type is mot ambipolar in character. The discrepancy 
between theory and experiment noted by Bohm there- 
fore does not exist and no additional mechanism, such 
as plasma oscillations, need be postulated. 

The absence of ambipolar diffusion is due to the 
highly anisotropic conductivity in the medium. A sec- 
tion of an arc chamber is sketched in Fig. 1. Consider a 
fluctuation in which some positive ions begin streaming 
to the right, producing a region, 2, of net positive 
charge, and leaving a region, 1, of net negative charge 
to the left. An electric field immediately builds up to 
counteract this separation. However, this electric field 
has an enormously greater effect on the currents in the 
direction of the magnetic field lines because of the 
enormously greater [(w7)*>>1] conductivity of the 
medium in this direction compared to that across the 
field lines. As a result, space charge neutralization is 
maintained by slightly reducing the electron current 
from region 2 to the end wall and slightly increasing it 
from region 1 to the end wall. Of course, an electric 
field of the same order of magnitude is produced in the 
horizontal direction. This field is entirely too small to 
have any effect on the perpendicular diffusion because 
of the greatly reduced conductivity in this direction. 
One way of picturing the effect is to observe that the 
combined effect of the increased electron current to 
the wall from region 1, the presence of the end wall, and 


2 A. Guthrie and R. K. Wakerling, The Characteristics of Elec- 
trical Discharges in Magnetic Fields (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), National Nuclear Energy Series, 
Plutonium Project Record, Vol. 5, Div. 1, p. 197. 

3 See reference 2, p. 201, Eq. (12). 

4D. H. Looney and S. C. Brown, Phys. Rev. 93, 965 (1954). 
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Fic. 1. Illustration of the “short-circuit” effect. 


the decreased electron current from region 2 is equiva- 
lent to an electron “short circuit” which obviates the 
need for an ambipolar electric field in the perpendicular 
direction. As a result, electrons and ions do not diffuse 
at the same rate across the magnetic field, but rather 
with the coefficients given by Eq. (3). Space-charge 
neutralization is maintained by:slight modification of 
the currents to the wall in the direction of the magnetic 
field lines. 

Another way of looking at this effect is to note that 
in a medium with anisotropic conductivity it is no 
longer necessary that the currents flowing to the wall 
balance at the same equilibrium value in each direction. 
A positive excess to the side wall will be balanced by a 
negative excess to the bottom and top walls. As a 
consequence, ambipolar diffusion may be restored if the 
end walls are separately insulated and allowed to float. 

A formal derivation of this effect may be obtained by 
revising the results of reference 2 so as to include the 
effect of the potential V, due to the deviation of the 
plasma from neutrality, upon the diffusion in the direc- 
tion of the magnetic field lines. Equations (6) and (7) 
of reference 2 now become (in our notation) 


a N+ Dye d dV 
+4 + —(n——) 
dx? kT, dx dx 


Due d dV\ Bn, 
+E (n—)-—, ©) 
kT dz dz l 


dn. Duedf av 
ee mat at 
dx? kT dx\ dex 


D_ue d ( —) yn 
_ —{ 2_— }=—. 
kT_ dz dz l 


These equations are a statement of the conservation of 
charge for ions (m,) and electrons (m_) respectively. 
The x-direction is perpendicular to the magnetic field 
direction and the z-axis is parallel to this field. The 
quantities 8 and vy represent the mean velocity of 
diffusion of ions and electrons respectively along the 
field lines to the end walls of the arc chamber in the 
absence of the small perturbation due to the potential V. 

The terms involving dV/dz were omitted in refer- 
ence 2. However, these terms are many orders of magni- 
tude larger than the terms involving dV/dx. To see 
this it is sufficient to recognize that d[n4,dV/dx]/dx 
will be of the same order of magnitude as d[_n,dV/dz |/dz 
while (D44,/D4.)=(w47+)"10° for the usual arc con- 
ditions. Hence the second term on the left side of 
Eqs. (6) and (7) may be neglected. Assuming space- 
charge neutralization, n,=n_, dV /dz can be eliminated 
between these equations, giving 


a N+. 
(D4sD_1T44+D_.D411 T_)— 
dx? 


N+. 
= al ° (8) 


The solution of this differential equation which vanishes 
for large values of x is 


ny =A exp{—2/xo}, 
eae 
Xo= ° 
(8D_u74+7D4uT_) 


Now D,,>D_,, D_,>D4,, and B&y. Hence Eq. (9) 
may be rewritten as 


where 


(9) 





%e=[ID,./8}', (10) 


which differs from the result given in Eq. (11) of 
reference 2 in that the quantity D,, has replaced 
(1+7,/T_)D_,. 

The theoretically expected value of D,, as calcu- 
lated from Eq. (3) for the conditions of the Bohm 
experiment is 

Ds,=3X 10? cm?/sec, 


in agreement with the observed value. 
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Landau’s theory of liquid helium is developed to give an approximate value of the slope of the \ curve 
in terms of the quantities (p/A)dA/dp, (p/p0)Apo/dp, and (p/u)du/dp. From the experimental data on the 
coefficient of expansion and the pressure variation of the velocities of first and second sound, the following 


numerical values are derived for these quantities: 
pod 


ee AG 


A ap po Op 


57, 2 2 40.26 


a 
, £2n~18, 
a Op 


The negative slope of the \ curve can then be explained and its magnitude predicted with an accuracy 


of about 15 percent. 





ANDAU’S latest theory of liquid helium! contains 

three arbitrary parameters, A, fo, and yw, which 

occur in the expression relating the energy ¢ of a roton 
to its momentum ?p: 


c= A+ (p—po)?/2u. (1) 

The contribution of the rotons to the entropy can be 
shown to be 

2kiutprA ( 3kT 


mpoantl ile 1+— Jean, (2) 
(2a) pT 3h 2A 


The contribution of the rotons to the fraction of normal 
component is 
= Pne/ p 
2u* po! 
3(2m)*p (RT) 123 
Landau pointed out that the temperature of the \ point, 


T,, may be obtained approximately by putting x,=1, 
or 





eANRT, (3) 


2ut pot 
3(2)'p(kT)) ry 


Using the experimental data on the entropy, S, and 
the velocity of second sound, #2, along the vapor 
pressure curve, Khalatnikov? deduced that A/k=8.9 
+0.2°K, po= (2.10.05) X 10- deg cm sec“, w= (1.72 
+0.68) X 10-* g. Inserting these values in Eq. (4) one 
obtains 7,=2.55°K, as compared with the observed 
value of 2.19°K. Exact agreement is not to be expected, 
because the simple theory underlying Eq. (3) is invalid 
above 1.6°K where the mutual interactions of the 
rotons become important. However, it is clear that 
Eq. (4) is capable of giving the right order of mag- 
nitude for 7, and it might be added that the rig- 
orous mathematical treatment of \ transitions is now 
known to be so complicated that no simple theory could 
expect to make exact numerical predictions. 


e-AIkT) = J, (4) 
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1L. Landau, J. Phys. (U.S.S.R.) 11, 91 (1947). 
trans ‘~ Khalatnikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 23, 8 


We might therefore hope to obtain an approximate 
value for the slope of the » curve by differentiating 
Eq. (4) with respect to the density p. The result is 


2 -) A p oA 
Ty dp \kT, 2) kT) A ap 
1pdu 4p dpo : 
—--—-———+1. (5) 
2u9p po Op 
From their measurements of the coefficient of expansion, 
Atkins and Edwards’ deduced that 


p OA 


A Op 
1pdu 2pdp 
pone, (7) 
2u9p po Op 


In addition, it is necessary to know the value of (p/p) 
X0p0/dp. Khalatnikov? has quoted (p/p0)0p0/dp~+3, 
but gives no details of his calculations. He probably used 
a method similar to that given below, but his estimate 
must have been very rough since it was made before 
the recent measurements of entropy‘ and coefficient of 
expansion’ and it is also not clear whether he made an 
adequate allowance for phonon effects. 
To obtain (p/p0)0p0/dp, we start with the equation 
for the velocity of second sound: 
p, TS? 
tf = — — (8) 
Pn c 


Differentiating with respect to the pressure, 
1 ox 2 0uz 2Vap TV /day 

—= —(—+a,'). (9) 
x(i-x)dp wdap S$ C NaF 


—0.57, (6) 


Hence, knowing the coefficient of expansion a, as a 
function of temperature* and uw» as a function of 
pressure,°:* dx/dp can be derived. Here x is the total 


3K. R. Atkins and M. H. Edwards (to be published). 

4G. R. Hercus and J. Wilks, Phil. Mag. 45, 1163 (1954). 

5 V. P. Peshkov and K. M. Zinoveva, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 18, 438 (1948). 

€R. D. Maurer and M. A. Herlin, Phys. Rev. 76, 948 (1949). 
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fraction of normal component including both roton and 
phonon contributions. But the phonon contribution is 

Xpr=TSp/C, (10) 
where c is the velocity of first sound. Hence 


OX ph T 1 dc 
a => (Vant25p- —), 
op e c Op 


and as Sp, and (1/c)dc/dp are known,’® dxp,/0p can 
be obtained and subtracted from dx/dp to give dx,/dp. 

Differentiating (2) and (3) with respect to p, (p/po) 
X00/dp may finally be determined from 


p 9po 


(11) 


1 ox, p OA 1 Va, 
hin 


(12) 





<a 1 
po Op xKr dp A ap (14+3kT/2A) S,Kr 


where Ky, the isothermal compressibility, and a,, the 
contribution of the rotons to the coefficient of expansion, 
are known.’ Taking (1/u:2)d2/0p from the measure- 
ments of Peshkov and Zinoveva,® (p/p0)dp0/dp is 
found to be +0.26. However, this result is very sensitive 


7 Kramers, Wasscher, and Gorter, Physica 18, 329 (1952). 
8K. R. Atkins and R. A. Stasior, Can. J. Phys. 31, 1156 (1953). 
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to (1/%2)du2/0p and, if the measurements of Maurer 
and Herlin® are used, (p/0)0p0/dp varies from —1.12 
at 1.0°K to —0.23 at 1.6°K. As it should, in principle, 
be independent of temperature, we have preferred to 
use the Russian measurements, but it would be desir- 
able to make a further investigation of the variation of 
u2 with pressure, placing particular emphasis on the 
lower pressures to obtain an accurate value for the 
initial slope. It is also important to note that all the 
parameters discussed here are sensitive to the values 
adopted for S and C. We have used the recent values 
of Hercus and Wilks‘ which are about 10 percent higher 
than previous values. 

If we accept (p/p0)0p0/dp= +0.26, Eqs. (6) and (7) 
lead to (p/u)du/dp= —1.8. It appears that the effective 
mass yw varies much more rapidly with p than either 
A or po. 

Equation (5) may now be evaluated to yield (p/7)) 
X0T)/dp=—0.42. The experimental value is —0.37. 
In view of the approximation involved in neglecting 
roton interactions, the agreement is very satisfactory. 
It seems that both the negative coefficient of expansion 
and the negative slope of the A curve are caused 
primarily by the negative value of (p/A)dA/dp. 
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The Townsend model of dielectric breakdown is discussed. The transient equations describing the behavior 
of the electron and positive ion current densities are solved rigorously with boundary conditions appropriate 
to a simplified Townsend model employing photoelectron production at the cathode as the only secondary 
mechanism. The correct boundary condition is found to lead to a set of integro-difference equations. Solution 
of the integro-difference equations allows rigorous specification of the criterion for breakdown. This criterion 
is found to become equivalent to the familiar Townsend criterion in the asymptotic limit of large time 
intervals. The results of our development may be applied to the calculation of formative time lags and to 


the estimation of space-charge distortion effects. 


1. INTRODUCTION 


HEN a dielectric material is subjected to an 
electrical stress of sufficient magnitude it is 
converted into a conductor. Breakdown occurs when 
the conductivity of the material becomes sufficient to 
maintain a current limited only by the external circuit. 
In his pioneering work on electrical discharges Town- 
send found that in most instances the conversion of an 
insulator to conductor is caused by the ionization of 
the original dielectric material. 

The ionization of the dielectric can be initiated by 
any of several well-known external means, or by the 
presence of stray electrons in the system. The electrons 
created by the initial ionization burst become acceler- 
ated in the applied electric field and in turn produce 


additional ionization. Such an avalanche of ionization 
can, however, produce no breakdown as long as the 
field remains static and essentially homogeneous since 
the electrons created in the ionization avalanche are 
removed from the system by the applied field. In order 
to achieve a self-sustaining discharge, it becomes neces- 
sary to introduce a secondary, regenerative source of 
electron production; although it is conceivable that in 
some rare instances breakdown can be achieved purely 
by some highly effective field distortion mechanism 
instead of a secondary electron production process. 
Various schemes have been proposed to explain the 
secondary electron production process active in the 
breakdown of dielectrics by static fields. We shall 
confine our attentions to what we shall term Townsend 
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breakdown, and we define this phenomenon as the 
breakdown of dielectric material in the presence of a 
homogeneous static electric field where the only secondary 
electron producing process active takes place at the 
cathode surface. In excluding from our analysis the 
possibility of ionization by positive ions or photons 
in the bulk of the dielectric, we do not necessarily 
imply that such processes may not be effective in 
secondary electron production. However, we are of the 
opinion that the mechanism we term Townsend break- 
down plays an important role in many breakdown 
studies and a complete analysis of this model may 
prove to be valuable aid in elucidating the actual 
mechanisms governing breakdown. 

In what follows, we shall present a detailed analysis 
of the transient growth of the ionization current in a 
Townsend breakdown and subsequently derive the 
criterion for breakdown. For the sake of convenience in 
mathematical operation an especially simplified model 
has been chosen for the initial analysis. We shall 
assume that the only active secondary electron pis. 
duction process present is due to the action of pho- 
tons at the cathode surface and that these photons, 
created in the primary ionization avalanche, travel 
through the dielectric material without absorp- 
tion and with infinite speed. In later sections of this 
presentation, we shall discuss modifications necessary 
to include the action of positive ions at the cathode 
surface and the consequences of photon absorption and 
finite speeds of travel. 


2. DIFFERENTIAL EQUATION OF BREAKDOWN 
a. Equation of Continuity 


We consider a quantity of dielectric placed between 
two infinite plane parallel electrodes at 6 cm apart. At 
a given initial time, a voltage of constant magnitude is 
impressed across the electrodes producing a homo- 
geneous static field in the space occupied by the 
dielectric. We imagine that at the instant the electric 
stress is applied to the dielectric there arises an initial 
current due to the action of the field on either stray 
electrons present in the system or electrons introduced 
from an external source. For the sake of convenience 
in mathematical operation, we restrict the initial current 
to the origin of our coordinate system, which is con- 
veniently placed at the cathode. As we shall show later, 
no intrinsic difficulty is met with in considering the 
initial current to have some arbitrary distribution in 
space. The number of tedious mathematical operations 
is greatly increased, however, if we depart from the 
simple localized picture of the initial current which we 
shall presently develop in some detail. 

We shall find it possible to obtain a complete descrip- 
tion of the electron current in terms of the following 
quantities : a, defined as the relative increase in current 
density per cm in the direction of the field, 8, defined 
here as the secondary ionization coefficient and used to 
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denote the efficiency of photoelectron production at 
the cathode; and », which is the electron drift velocity 
and will be treated as a vector quantity. These three 
quantities are functions of the nature of the particular 
dielectric under consideration. In addition, a is a sensi- 
tive function of the electric field strength while 8 may 
be influenced by the nature of the cathode material. 
For the system under discussion, the drift velocity is 
assumed to be constant in magnitude and direction for 
any given field strength. We choose a Cartesian frame 
with the x axis placed in the direction of the field. The 
cathode is placed at the origin and the anode is placed - 
at x=6 cm. Denoting the time variable by /, the initial’ 
time is chosen such that ‘=0 when the field is first 
applied and the initial current makes its appearance at 
the cathode. 

We let i=i(x,t) represent the electron current density. 
Then for the system under discussion the equation of 
continuity takes the particularly simple form 


10: oO 
-—+—=ai, 
vot dx 


(2.1) 


where v is the drift velocity of the electron and a is the 
primary ionization coefficient. The solution of the above 
differential equation must satisfy a boundary condition 
incorporating the secondary electron generating process. 
The boundary condition for the system under discussion 
is given by the relation 


6 
i(0,)=4(0,0)-+8 if i(x/)de, (2.2) 


where 8 is the secondary ionization coefficient for 
photoelectron production at the cathode. 

The system of equations presented by (2.1) and 
(2.2) is the one appropriate to discussing Townsend 
type breakdown in dielectrics. It is essentially the same 
system that was treated by previous investigators in 
the field.“ The differences between our model and 
those employed by the authors cited above will be 
elaborated on later. For the most part the remainder 
of this paper will be concerned with presenting a 
detailed solution of the above system of equations. 


b. Steady-State Solution 


Before proceeding to the main portion of our investi- 
gation, it will be instructive to consider solutions to 
the system of Eqs. (2.1) and (2.2) at steady state. 
These solutions are well known and described in most 
texts and articles on dielectric breakdown. The results 
for steady state will be made use of in subsequent 
discussion. 

At steady state the time variation disappears and 


1W. Bartholomeyczyck, Z. Physik 116, 235 (1940). 
2H. L. von Gugelburg, Helv. Phys. Acta 20, 250, 307 (1947). 


3P. M. Davidson, Brit. J. ABR Phys. 4, 173 (1953). 
4H. W. Bandel, Phys. Rev. 1117 (1954). 
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the equation of continuity for the electron current 
density reduces to 
di/dx=ai, 


along with the boundary condition 


i=i(x); (2.3) 


) 
i(0)=totB f i(s)de. (2.4) 


In Eq. (2.4) the quantity 7) must be interpreted as the 
hypothetical steady-state value of the cathode electron 
current in the absence of a secondary mechanism. 
The solution to the system of Eqs. (2.3) and (2.4) is 
given by ; 
1e% 


~ 1—(/a)Le*—1] 


as may be verified by direct substitution. Townsend 
was the first to derive the expression given in Eq. (2.5) 
on the basis of physical arguments. Recognizing that 
physically this expression predicts a catastrophe when- 
ever the denominator becomes zero, Townsend inter- 
preted the onset of the catastrophe as the criterion for 
dielectric breakdown. Consequently, it has become 
customary practice to define breakdown in terms of the 


relation 
(8/a)[e*—1]=1. 


It must be recognized that there is no reason to 
believe steady-state conditions can ever prevail at the 
point of breakdown and the process of analysis leading 
to Eq. (2.6) as the criterion for breakdown must be 
deemed unsatisfactory. The proper criterion for break- 
down should be obtained from the solution of Eq. (2.1) 
instead of (2.3). We shall now proceed to this task. 


i(x) (2.5) 





(2.6) 


c. Transient System 


The solution of Eq. (2.1) can be written down readily 
in the form 


i(x,t)= f(t—2/d)e**, (2.7) 


where f(z) is an arbitrary function of its argument in so 
far as the differential equation is concerned but is 
required to satisfy Eq. (2.2) in order to represent a 
solution to our problem. On setting x equal to zero in 
(2.7) it is seen that f(#) is simply the cathode electron 
current density at time ¢. 

Substituting the expression (2.7) into Eq. (2.2) we 
obtain 


f)=f(0)+8 f J(2) ens (2.8) 


and on rearranging terms under the integral sign we 
obtain the integral equation 


f() =f) +60 f em f(s)ds. (2.9) 
t—b/v 
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The solution of the above equation represents the 
central problem in characterizing Townsend breakdown 
and is the major topic of our investigation. 


3. INTEGRAL EQUATION OF TOWNSEND 
BREAKDOWN 


a. System of Integral Equations 


The form of Eq. (2.9) suggests that it represents a 
set of difference equations. This may be demonstrated 
in the following manner. The transit time of an electron, 
t., from one electrode to the other is simply 6/|»|. The 
time axis may then be divided in units of electron 
transit times. We define a set of functions according 
to the relation 


fO=on(), 

(n—1)teSt< nt, 
0<y<1, 
t-=6/|»|. 


Setting the initial time equal to zero, Eq. (3.1) yields 
the matching conditions: 


go(y)=0, n=0 
¢,(0) =¢,-1(1), n>0. 


With the aid of the above definitions, Eq. (2.9) may 
be written in the form 


n=1,2, +++, 


(3.1) 


(3.2) 


$a())=fO)+2 f eng, 1(2)ds-H0 f en(t-94q(2)d, 
y 0 
(3.3) 


p=e’, A=G5, c=ad. 
The quantities, p, 4, o have been introduced for the 
sake of convenience in notation. 


From Eq. (3.3), we obtain the particular relations: 


$a(1)= 0) +? j -*%, (2)da, 
? (3.4) 


$a(0)= f(0) +p f €"*bq_a(2)d2, 
0 


and consequently we check that the integral equation 
(3.3) satisfies the matching conditions of (3.2). On 
differentiating Eq. (3.3) with respect to y we obtain 


on (y)=bn(¥)— pon—s(y)—o f(0), g=A+e, (3.5) 


where the quantity g has been introduced for the sake 
of convenience in notation and the prime denotes 
differentiation with respect to the argument. An addi- 
tional matching condition may be obtained by com- 
bining (3.2) with (3.5) to yield 


on (0)=¢n-1 (1), (3.6) 


n> 2. 
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Thus, the ¢,(y) represent a function of time which 
after the second transit time interval is not only 
continuous but also smooth. 

It is interesting to note that the system of equations 
described by (3.3) bears some resemblance to systems 
encountered in criticality calculations of nuclear reac- 
tors. The resemblance is not too surprising if we 
recognize that the Townsend model under consideration 
is a sort of chain reaction itself. 


b. Solution for the Initial Time Span 


Equation (3.3) takes a particularly simple form for 
the initial electron transit-time span. Since ¢o(y) 


doesn’t exist, 
y 


$1(9)= f(0)-++A f erto-4, (2)ds. 


0 


(3.7) 


This is an elementary inhomogeneous Volterra integral 
equation of the second kind. It is instructive to note 
that with the exception of pathological cases the homo- 
geneous Volterra equation possesses no nonzero solu- 
tions. The above is not an exception to this rule and 
consequently Eq. (3.7) can have no solution other 
than zero unless f(0), which is the cathode electron 
current density at zero time, has a value different from 
zero. We stress this point merely to refute the conten- 
tion of previous authors that the Townsend model for 
breakdown can be described by a spontaneous creation 
equation where the electron current is finite for times 
greater than the initial time but is zero initially. 

Equation (3.7) is readily solved by any of several 
familiar methods to yield 


o1(y) = fof 1+ (A/q)Lew—1]}.5 (3.8) 


c. Solution for General Time Spans 


The solution of the set of equations given in (3.3) 
may be accomplished by several methods. In Appendix 
1 of this presentation we describe a direct solution of 
the set of integro-difference equations by means of a 
simple operational technique. Immediately below we 
shall sketch briefly a solution of the analogous differ- 
ential-difference equations given by (3.5). 

We define two functions in the following manner: 


ss0)=00)-(——) fo 1p, 


(3.9) 
Gs =L S50), 


’ Reference 4 quotes the results of some calculations made by 
W. Kunkel. For the model under discussion here, that is, where 
the only secondary mechanism active is photoelectron production 
at the cathode, Kunkel’s results would be in agreement with our 
Eq. (3.8) providing his role of positive ion and photon mechanisms 
were reversed. The time range of validity quoted in reference 4 
would then be incorrect, however. Actually, Eq. (10) of reference 
4 appears to predict that for our model, steady-state conditions 
are obtained after a single electron transit time has occurred. 
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where it is seen that G(s,y) is a generating function and 
the power series is assumed to converge for small enough 
values of s. On substituting ¢,(y) for ¢n(y) into Eqs. 
(3.5) and (3.2), multiplying by appropriate powers of 
s, and adding, we obtain 


8G(s,y) p 
= (q— ps)G(s,y)+-—fo, 
oy q—p 


ls=s6b5)+(1-— ) Pp. 


The solution of the above equation is given by 
po \ fo 
Gg 


G(s)=—( p] q—ps 


o 


+(-sermyi(1— ) feo, (3.11) 


q— ps 


Expansion of the above expression for G(s,y) as a power 
series in s and association of the appropriate coefficients 
in the expansion provides the required solution for the 
¢n(y) of Eq. (3.5) with the restriction ¢¥ p. 

If we set y equal to zero in Eq. (3.11), the following 
expression is obtained: 


| 


¢1(0) q 1— (p/q) q 





n—1 
o n—2 ; 

—- LAso/gr*, (3.12) 
q i= 


where the A; are the coefficients of s’ in the expansion 
of the generating function [1—se‘*-» }“' and are given 
by the expressions 
mt (nop) 
Av=1, Aa= ¥ (—1)——pier-ae, (3.13) 
i=0 j! 


The expression for ¢,(y) may be written in the form 





n(y) [ee] n=l (py)? 
=— +e >> (—1)*—e,_,, 
¢:(0) gl 1—(p/) ie i! 


i=0 J 
(3.14) 


c= OVA) An 1 (6/4)  As(O/)- 


The results of Eqs. (3.12) and (3.14) may be applied 
to the case p=g if we make use of the relation 
1—2* 


lim =. 
ol 1—4% 


(3.15) 


Equations (3.12) to (3.14) represent the required 
solution to the original integral equation of (2.9). 
Unfortunately the sums involving the coefficients A; 
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have no convenient representation in closed form and 
the exact calculation of the ¢,(y) becomes a tedious 
tabulation process. We may, however, make use of the 
following properties obtained in usual practice: 


pe*=re*, AKI. (3.16) 


After some calculation we obtain from (3.12) and (3.13) 


n(O) A » of1— ° 
: -="(*) + [2 |Heo0 (3.17) 
$100) g\q/ gl 1—(p/9) 
For any practical purpose the last term on the right of 
Eq. (3.17) may be neglected with negligible loss in 
accuracy. Figure 1 presents the behavior of the cathode 
electron current density with time according to the 


relation given by (3.17). The curves were obtained by 
smoothly joining together points obtained from (3.17). 


4. CRITERION FOR BREAKDOWN AND THE 
APPROACH TO STEADY STATE 


a. Physical Criterion 


It can be shown easily on the basis of Eq. (3.3) that 
for real positive values of the coefficients a and 6 the 
cathode electron current, f(/), must be a monotonic 
increasing function of time. In analogy with Townsend 
it may be asked whether there are values which may be 
assigned to a and 8 which will provide for arbitrarily 
large currents in the course of time regardless of the 
initial current value. In order to ascertain whether such 
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Fic. 1. Cathode electron current density as a function of time, 
according to the relation given by Eq. (3.17). 
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values exist for a and @ it is necessary to examine the 
behavior of Eq. (3.14) in the asymptotic limit of large 
a? 

There is an alternative and simpler method available 
for deriving the breakdown criterion. We state that a 
system is capable of undergoing breakdown only if the 
current is unable to approach a finite asymptotic value, 
which may be associated with its steady-state value. 
This requires that the first time derivative of the current 
can never become a decreasing function of time. How- 
ever, it is sufficient to require that the derivative be a 
constant, and we shall use this as the concept for 
breakdown criterion. 

In particular, the constancy of the first time deriva- 
tive permits us to require 


dni (0)= bn’ (0) 


for all values of ‘‘n.’? Equation (4.1) will now be 
developed to provide the criterion for breakdown. 


(4.1) 


b. Mathematical Criterion for Breakdown 
From Eq. (3.12) we obtain the relation 


-1(0)= (“)o0 


+4%(0)[- Aa ([)anrt]. (4.2) 


Inserting (4.2) into (3.5) provides 


n+1' (0)—¢n'(0) 


=)¢:(0) {A an (i+e’)A n-1te7A n—2} =0. (4.3) 


The above equation constitutes a set of finite difference 
equations for the A ,,; the necessary boundary conditions 
may be obtained from (3.13): 


Ao=1; Ai1=e%. (4.4) 


The solution to Eq. (4.3) subject to (4.4) is readily 
obtained by the usual methods to yield 


1—e"" 
A,=1+(er— »| | (4.5) 


—e"’ 


It can be readily shown that the coefficients A, must 
satisfy the relation 


DX (—1)%a;A,-;=0, 
j=0 (4.6) 
wo=1, an=etp-?/(n—I)| 
since it will be recognized that the a; are simply the 


expansion coefficients of (—s)’ in the generating func- 
tion [1—se‘e-?]. Substitution of (4.5) into (4.6) yields 
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the criterion for breakdown in the form 


(—reEoo4] 


et—1 n AF 
+e( )[r-eE —o_|- (4.7) 
ev7—1 k=0 my k! Bliss 


«na 


q=ate, pode 


In Appendix B we show that the second term of 
Eq. (4.7) can be made to approach zero as m approaches 
infinity. Consequently, the criterion for breakdown 


becomes asymptotically 
1—ec-?) =0, (4.8) 


which requires that 
p=9q Be*=atB. (4.9) 


Equation (4.9) is the familiar Townsend criterion cited 
previously in (2.6). It would have been possible to 
obtain this criterion by inspection of Eq. (3.17) with 
the sacrifice of some rigor. 


c. Approach to Steady State 


It has been established in the previous section that 
for values of (~/q) less than unity the system can 
approach a limiting steady-state condition. Since 


1—x" 1 
lim | =—, 
—-Li-xi 1—x 
Eq. (3.14) provides 


lim $4(9)= (j= 


a fo (4.11) 
~ 1—(6/a)(e*—1)’ 
b/q<1. 


Comparison of the above result with Eq. (2.5) verifies 
that (4.11) predicts the correct asymptotic value for the 
cathode electron current density in the event the system 
is below the breakdown threshold. 

The value of the cathode electron current for the 
case p=q can be evaluated readily using Eqs. (3.17) 
and (3.15). We obtain 


“<1, (4.10) 





r 
#0(0)= (+o) +000); p=q. (4.12) 


5. ELECTRON AND POSITIVE ION CURRENT 
DISTRIBUTION IN SPACE 


a. Electron Current 


In Sec. 3. a. we have shown that the electron current 
density at the cathode is described for giver’ times by 
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the ¢n(y) according to the relation of (3.1). Making 
use of Eq. (2.7) we find that the spatial distribution of 
the electron current density at a given time may be 
written as 


i(x,t)/i(0,t) =e**bn(y—2x/8)/dn(y), 
dn(—2)=¢n-1(1—z), O0<2<1. 


In particular the electron current density at the anode 
becomes 


(5.1) 


(5,1) =n (y)e’, (n—1)teKtK nk. (5.2) 


The above relation confirms the fact that no electron 
current can develop at the anode until a single electron 
transit time has elapsed. 


b. Positive Ion Current 


The positive ion current density is denoted j(x,t) and 
is found to satisfy a relation analogous to (2.1) in the 
form 

10 8 
——+—=-—al, 


wot ox 


(5.3) 


where w is the drift velocity of the positive ion and all 
other symbols have been defined previously. The 
solution to the above equation has to satisfy the 
boundary condition 


j(6,t)=0. (5.4) 


Solution to Eqs. (5.3) and (5.4) may be constructed 
in the form 


4(x,)=0, (t—|x/0|)<0, 


6 
j(xf)=a f i(s;t—x/w+s/w)ds, (t—|x/0|)20, (5.5) 


1/u=1/v—1/w, 


where i(x,f) is given by Eq. (2.7). 
In particular the positive ion current density at the 
cathode is given according to Eqs. (5.5) and (2.7) by 


the relation 
t 


7(0,t)=au f (sexs, 


t—8/u 


(5.6) 


where f(¢) is given by Eq. (2.9). 

We shall have no occasion in this presentation to 
calculate specifically the positive ion current density. 
However, we wish to point out that the results devel- 
oped in previous sections permits us to calculate both 
the electron and positive ion current density distri- 
bution in space for arbitrary times. Having made these 
calculations we can then proceed to find the resulting 
electric field, E(x,t), from the relation 


dE/dt= j (x,t) +i(x,)+C, (S.7) 
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and C(#) may be obtained from the requirement 


6 


—_— f E(x,é)dx, (5.8) 


where Vo is the value of the externally impressed 
voltage, and we have used mks units in the above 
equations. Equation (5.7) provides a description of the 
field under the assumption that field distortions due to 
space charge are negligible. The consistency of this 
argument may be tested by solving for the field accord- 
ing to (5.7). 
6. DISCUSSION 


a. Generalized Townsend Model 


In the previous sections we have developed in detail 
the description of the electron and positive ion current 
in a Townsend discharge system where the only active 
secondary mechanism present was the photoelectron 
production at the cathode. Several other forms of 
secondary mechanisms have been considered instru- 
mental in Townsend discharge. For present purposes we 
need only consider secondary mechanisms occurring at 
the cathode. There are then two important alternatives 
to consider, photoelectron production and electron 
production due to positive ion impact at the cathode. 

We may generalize and consider that both photonsand 
positive ions are effective in producing electrons at the 
cathode. The efficiency of electron production due to 
photons will be denoted by 6 as before, while the 
efficiency due to the positive ions will be denoted by 
the quantity w/a. We are still required to solve Eq. 
(2.1) but the boundary condition of (2.2) is now re- 
placed by 


~ 5 
i(0,)=110,0)+-70,) +8 f i(x,t)dx. (6.1) 


Making use of Eqs. (2.7) and (5.6), the above may be 


written 
t 


f= fO)+uu f eru(t—8) F(s)ds 


t—b/u 
t 


+60 f ext f(s)ds. (6.2) 
t—6/v 


With w=0, Eq. (6.2) becomes equal to (2.9). With 
B=0, it becomes analogous to (2.9) and the solution 
proceeds in the same manner, the role of v being replaced 
with «. When the quantities wu and 8v have comparable 
values, Eq. (6.2) must’be solved as stands. The equation 
may be converted into an integro-difference equation 
analogous to (3.3) providing the electron transit time 
t-(te-=6/|v|) is an integral multiple of the positive ion 
transit time ¢p(tp=6/|w|). The solution of (6.2) is then 
carried out in the same manner as the development 
presented in Sec. 3. 
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Additional difficulties are encountered if the simpli- 
fied model chosen here for discussion is made more 
realistic. For example, we have assumed the initial 
electron current is restricted to the cathode. If at the 
initial time there is a finite distribution of electrons in 
space, we are required to construct relations analogous 
to Eq. (2.2) for each localized source of initial current 
and obtain the net current by superposition. In the 
event the dielectric material under consideration has 
an appreciable photon absorption coefficient, Eq. (2.2) 
must be amended accordingly. The effect of absorption 
causes no undue difficulty in treatment only as long as 
the coefficient is a well-defined function of space and 
time. The fact that photons travel with finite speeds 
instead of infinite, as we have tacitly assumed, may 
also be accounted for by amending Eq. (2.2); this 
correction, however, is negligible in most cases of 
physical interest. 


b. Formative Time Lag 


The application of the results given in Sec. 3 to the 
calculation of formative time lags is obvious. It is only 
necessary to find the time intervals required by the 
relation (3.17) to reach some arbitrary value adjudged 
equal to the value of the electron current density at the 
cathode during breakdown. In order to compare our 
results with experimental data it would be highly 
desirable to estimate accurately the magnitude of the 
breakdown current at either the cathode or anode. 


APPENDIX A. 


Consider the integral operator 


y 
I= f dse"w-), 
0 


Equation (3.7) of the text may be written in terms 
of Tas 


(A-1) 


(1—ADo1(y) = fo; (A-2) 


and the solution of this equation provides the relation 


y 
(i-alD=(14.)), J= f dset-),  (A-3) 
0 


After adding and subtracting the term pl¢,_:(y) on 
the right of (3.3) we obtain 


(1—AD) ony) = fo— plns(y) 
+e n(0)—¢1(0) ], 


where use has been made of (3.4). Application of the 
operational algebra of (A-3) to (A-4) yields the differ- 
ence equation 


(A-4) 


n(¥)—bn(O)e”=$1(y)—G1 (Oe — pJoni(y); (A-S) 
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and the solution of (A-5) is given by 
n—1 Co 

gn(y)= DL (—1)*p*S*)$1(0)-[1—e%”] 
k=0 q 


+on+(O)em}, (A-6) 
where use has been made of Eq. (3.8). 
The following relations involving the operater J are 
now required : 
a m 
Jn(ae%) = — 


mM: 


( h 
Jn(a)=(—1)"-4aq net (— - = 


+ (— 1)™aq-™, 


a=constant. 


Substituting the above results into (A-6) and combining 
terms yields 


Co n—1 n—1 ( y* 
$n(y) — v (p/q)*+ my (- 1 pa(Oen 


h 


o n—-l k ( 
“HO EE (M/S “ 


(A-8) 


The first sum or the right side of the above equation 
is a geometric series. We introduce the following 


notation: 
— (p/q)” 


Rhea" E (0/ v= _ 


and note the following useful property of the poly- 
nominal R,,(A,¢) : 


—m = (p/q)-"LRn— Rm]. 


The order of summation in the last term of (A-8) is 
now inverted and the results of (A-9, 10) are applied to 
obtain the final form 


| p¥ 4, (A-9) 
(A-10) 


(py) 
$n(y)—$1(0)Ra(,o) = we (- . 


a oe ee (A-11) 


A set of relations may be obtained for the ¢;(0) on 
setting y= 1 in expression (A-11). Using the notation 


$1(0)V¥,=$n(0)—¢1(0)R,.(,0), (A-12) 


we obtain the set of equations 
n—1 
DL (—1)*aeV n= Fn, 
k=0 


ao=1, ae=etp*Y/(k—1)!, — (A-13) 


A=d/q, 95=—(0/q)(b/q)*". 
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The set of linear equations given in (A-13) may be 
inverted by standard matrix methods. We note, how- 
ever, that the coefficients a, are the coefficients of 
(—1)*s* in the expansion of the generating function 
F(s)=1—se‘s-»), Consequently, we may obtain the 
elements of the triangular matrix inverse to the matrix 
of a, by collecting the coefficients of s* in the expansion 
of [1/F(s) ]. Proceeding in this manner, we obtain 


n—1 

V,= +a A Pn-iy, 
i=0 

Ao=1, 


(n— = 
Anne's i} (pe-2)?. 
Equations (A-11) and (A-14) correspond to Eqs. (3.14) 
and (3.12) and (3.13) of the text, respectively. 


APPENDIX B. 


We are indebted to Dr. H. Poritsky for suggesting 
the method of proof described below. It is required to 
show that 


lim onl 1—e? })(—1)#s#/7! =0, u>s. (B-1) 
no 0 
We write, for complex s and #, 
n 1 n+1 
E (ii f dens rs 
0 Qi 1 


1 1— t- (n+) 
=— du] ——| (B-2) 
Qi i! 


where the contour is taken to include the origin and 
unity on the positive real axis. According to the theory 
of residues, 
1 est 
e*=— ) —di, 
2riJ i—1 


(B-3) 


the contour being extended to infinity. Combining 
results, we find 


lim fine (— 1yi/it| 
no 0 


ew n+1 7 8(&-D 
= lim — — (= -) dt. 
wo Dat (t—1) 


Since wu is finite and e~* is analytic for positive ¢ at 
least up to infinity, the quantity on the right of (B-4) 
may be made to approach zero by choosing ¢ large 
enough. This completes the required proof. 


(B-4) 





PHYSICAL REVIEW 


VOLUME 98, 


NUMBER 2 APRIL 15, 1955 


Helium m Film Transport. I. The Role of Substrate* 


BERNARD SmiTHf AND Henry A. Boorset 
Pupin Physics Laboratories, Columbia University, New York, New York 


(Received January 11, 1955) 


Liquid helium u film transport from aluminum, silver, copper, nickel, nickel-silver, stainless steel, Pyrex, 
quartz, and Lucite beakers has been measured using a variation of a previously described electrical tech- 
nique. The degree of reproducibility and background variation observed in separate experiments on the 
same or on similarly prepared specimens of the same material was studied in detail. Rates on machined 
metals were found to be considerably lower than would be expected from many previous reports. In fact, 
rates measured over all the aforementioned materials were so similar in magnitude and reproducibility 
that the background variations involved prevent the resolution of any systematic dependence on substrate 
material which might exist. This is consistent with the size of the helium-substrate interaction as calculated 


by Schiff for copper, silver, and glass. 





INTRODUCTION 


CCORDING to the two-fluid model of liquid 
helium um, only superfluid atoms are capable of 
flowing through narrow channels whose width is of the 
order of 10~* cm or less. Since the thickness of the 
creeping film is considerably smaller than channels 
which may conveniently be constructed, flow through 
the film appears to be the nearest approximation to 
ideal superfluidity and should present very favorable 
conditions for the study of superflow in liquid helium m. 
In spite of the widespread attention that the phe- 
nomenon of film flow has received in laboratories 
throughout the world, study of the literature reveals 
not only lack of agreement on quantitative theoretical 
predictions, but also a more serious lack of agreement 
on the quantitative aspects of many experimental 
results. Owing to the difficulties presented by such 
measurements, many of the reported results depend on 
a rather meager amount of data. Moreover, a proper 
evaluation of conflicting reports is frequently hampered 
by insufficient discussion of experimental details due 
to the brevity imposed on journal publications. Thus 
the progress of the theory tends to be retarded by the 
lack of agreement upon the precise observations which 
must be explained, while the experimental work suffers 
from the concomitant lack of sound theoretical guidance. 
+ The present studies of the bulk transport rates of 
the helium m film are concerned with the clarification 
of the answers to a number of basic and closely related 
questions. The first of these may be stated as follows: 
How do the measured transport rates vary with the 
nature of the substrate? The answer to this question 
has varied considerably since the problem was first 
considered in 1938 by Daunt and Mendelssohn, who 
concluded that “the rate of transfer is a characteristic 
quantity which only depends on the thermal state of 
liquid helium m.”! Thus they remarked that “although 
* Assisted by the Office of Naval Research and the Linde Air 
Products Company. 
f Present address: Bell Telephone Laboratories, 463 West 
Street, New York 14, New York. 
t Barnard College, Columbia University, New York 27, New 


York. 
1J. G. Daunt and K. Mendelssohn, Nature 142, 475 (1938). 


a higher rate of transfer per unit surface was observed 
on drawn copper wires, the rate on polished copper was 
found to be exactly the same as on glass. We attribute 
the higher rate on drawn wires to the influence of sur- 
face inhomogeneities, and conclude that the rate of 
transfer is not influenced by the underlying material.”! 
From these experiments it was also concluded that the 
high “transfer over a given surface can be reduced by 
making the surface smooth.’ 

After the war the subject was re-examined and, on 
the basis of new experiments with glass, platinum, and 
nickel beakers, it was reported that the absolute values 
of the rate of transfer “on metals were found to be 
much higher than on glass,’* or more specifically, “the 
conclusion therefore seems inescapable that the transfer 
is actually higher on a surface of platinum or nickel 
than on glass.’ The situation was further complicated 
by the very large range of transport rates reported by 
various observers for metals, in comparison with the 
much smaller range of values reported for glass (see 
Table I).4"8 Indeed, in an article accompanying the 


2 J. G. Daunt and K. Mendelssohn, Proc. Roy. Soc. (London) 
A170, 423 (1939). 

3K. Mendelssohn and G. K. White, Proc. Phys. Soc. (London) 
A63, 1328 (1950). 

4J. G. Daunt and K. Mendelssohn, Proc. Roy. Soc. (London) 
A170, 439 (1939). 

5 Webber, Fairbank, and Lane, Phys. Rev. 76, 609 (1949). 

6H. A. Fairbank and C. T. Lane, Phys. Rev. 76, 1209 (1949). 

7B. V. Rollin and F. Simon, Physica 6, 219 (1939) with the 
added explanation contained in reference 6. 

8K. R. Atkins, Proc. Roy. Soc. (London) A203, 241 (1950). 

9G. J. van den Berg, Report of Proceedings of Oxford Confer- 
ence on Low Temperature Physics, (August, 1951), p. 69. 

10 J. G. Daunt and K. Mendelssohn, Proc. Phys. Soc. (London) 
A63, 1305 (1950). 

11 B, N. Eselson and B. G. Lazarev, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 23, 552 (1952). We are grateful to Dr. B. S. Chan- 
drasekhar for supplying us, in April, 1954, with a translation of 
this paper prepared at the University of Illinois. 

2G. S. Picus, Phys. Rev. 94, 1459 (1954). , 

13 J. G. Dash and H. A. Boorse, Phys. Rev. 82, 851 (1951). 

44 W. C. Knudsen and J. R. Dillinger, Phys. Rev. 91, 489 (1953). 

18, Ambler and N. Kurti, Report of Proceedings of Oxford 
Conference on Low Temperature Physics, (Aug. 1951), p. 70. 

16 |. C. Jackson and D. G. Henshaw, Phil. Mag. 41, 1081 (1950). 

17 B, S. Chandrasekhar and K. Mendelssohn, Proc. Phys. Soc. 
(London) A65, 226 (1952). 

18 B. S. Chandrasekhar, Phys. Rev. 86, 414 (1952). 
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HELIUM II FILM TRANSPORT. I 


TaBLE I. Summary of previously gong transport rates. Since these rates vary slowly with temperature between 1°K and 1.5°K, 
the tabulated values may be compared even for slightly different temperatures in this range. All rates quoted in the table are usually 
assumed to have been obtained for uncontaminated specimens. 








Observational 
technique 


Rate in 
cem/cm-sec X105 


7.5 Visual 
9.1 Visual 
12.3 Vaporization 
~8 Vaporization 
7.5-8.7% Visual 
7.5-128 Visual 
8.6-14.38 Visual 
y | Visual 
8.6 Visual 
Gravimetric 
Gravimetric 
Gravimetric 
Electronic 
Visual 
Visual 
Visual 
Electronic 
Electronic 
Electronic 
Electronic 
Visual 


Material TK Reference Remarks 
Glass 
Glass 


Glass 





_ 
! 


“_ 


Baked at 130°C 


Baked at 300°C 


mn 


Machined 
Burnished 

Etched 

Etched and oxidized 


German silver 
German silver 
Stainless steel 
Stainless steel 
Stainless steel 


Stainless steel 
Stainless steel 


Nickel 
Tron 
Platinum 
Platinum 
Platinum 
Lead 
Lucite 


Lucite 
Perspex 


— 


all ell el ell el ol eel al on eel ee dl el el ae ae ee ee ed ee ee ee a 


ah OE AE ee 
WWW KWUNUNUUwNn WwW KWWWUNAWWWWWUUNUdUUUNUUNNNboO PPD 


— 


10.5 
16.9 
20.8 
21.0 


16] 
14 
11.5 


10.3 
15 


Vaporization 
Vaporization 
Electronic 
Visual 

Visual 


Visual 
Visual 


Visual 
Electronic 
Visual 
Visual 
Visual 
Electronic 
Electronic 


Visual 
Visual 
Visual 


13> 


18> 
18> 


Tubing 
Tubing 
Machined 


Barium stearate on outside 
surface 

Polished 

Polish damaged by bringing 
to “red heat” 

Polished, baked 

Machined 

Drawn tubing, acid cleaned 
Baked tubing 

Polished, baked tubing 
Oxidized 

Rouge polished, uncorrected 
for contraction 

Rouge polished 

Rouge polished 


Perspex 


18> Liquid polished 








* Height dependence noted in these data. 


> These references contain rate vs temperature or height dependence data for this particular material (in this connection see papers III and IV of the 


present series). 


one in which rates “‘on metals were found to be much 
higher than on glass,’’* one finds that the reported 
properties of the thermomechanical effect were based 
on measurements and calculations in which the trans- 
port rate over copper wires was identical with that 
over glass surfaces. In the light of this background some 
observers have been led to the conclusion that “glass 
appears to be the only surface over which simple and 
reproducible phenomena of film flow have been 
observed.’7! 

One widespread interpretation of these conflicting 
reports has been based on the supposition that, in con- 
trast to glass, ordinary metal surfaces (e.g., machined, 
drawn, etc.) are characterized by a high degree of sur- 
face roughness!” which acts either to present a micro- 
perimeter many times larger than the measured macro- 
perimeter,” or else to produce surface cracks which 


1D. F. Brewer and K. Mendelssohn, Phil. Mag. 44, 340 (1953). 
(193) G. Daunt and R. S. Smith, Revs. Modern Phys. 26, 172 


enhance the flow of bulk liquid.*” According to this 
view, ‘there may be only one transfer rate (that ex- 
hibited by the glass surfaces) and any higher rates 
would be due to the microstructure of the substrate.’”!” 
The finding of Chandrasekhar and Mendelssohn that 
highly polished stainless steel yielded a rate “prac- 
tically the same as that for a baked-out glass surface’’!” 
as observed by Mendelssohn and White,’ is frequently 
cited in support of this interpretation.” Aside from the 
experimental conditions to which we shall have occa- 
sion to refer in paper II of this series, these results (in 
the absence of a pre-polishing control measurement) do 
not seem sufficiently different from previous measure- 
ments on unpolished, machined iron and stainless steel!* 
(or indeed from other results which have been reported 
for metals from time to time),!?!°!5 to justify definitive 
conclusions concerning the effect of surface polish. 
Furthermore, just as low rates have been reported for 
unpolished metals,’:!°!*!5 so also have observations on 
polished metals on occasion yielded high rates.*."8 
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Furthermore, there are situations!*-®.21.2 (in addition 
to the one already cited’) in which it is desirable to 
determine a significant physical quantity from a calcu- 
lation involving a separate knowledge of the film 
transport rate. For example, the film thickness, trans- 
port rate, and flow velocity are thought to be so 
related,*:§-4.16.20-23 that knowledge of two of these 
quantities may be used to infer the third. However, the 
present state of knowledge is so unsatisfactory that in 
a recent publication such calculations are omitted be- 
cause “until the present controversy as to the inter- 
pretation of the observed creep rates is finally settled 
it is perhaps inopportune to publish values of the 
calculated film velocities.” 

The present paper is therefore concerned with an 
investigation of the variation of transport rate with 
substrate material. Since, as has already been noted, 
proper evaluation of such a study requires a knowledge 
of the influence of surface roughness on transport 
rates, the second paper in this series (designated as IT) 
will describe control experiments on the role of surface 
finish. In combination, these studies will in turn be 
seen to require consideration of the roles of film height 
and temperature; consequently the influence of the 
latter parameters will be considered in papers III 
and IV. 


EXPERIMENTAL TECHNIQUES AND APPARATUS* 
I. Basis of the Electrical Method 


A high-frequency electrical technique, using basic 
circuits which have already been described,'**> was 
adapted for use in these experiments by redesign of 
of capacitor transport vessels.*® The dielectric prop- 
erties of liquid helium are used to detect the helium 
liquid level in a cylindrical capacitor. Changes in the 
amount of liquid present in these capacitors are accom- 
panied by frequency changes which ultimately manifest 
themselves as variations in the voltage which is fed to 
a recording potentiometer.” 


II. Modified Capacitor Design 


The results for metals were obtained with combined 
transport vessel-capacitors wherein each metal beaker 
also comprises one electrode of the capacitor. This 


211. C. Jackson and D. G. Henshaw, Phil. Mag. 44, 14 (1953). 

2 J. G. Dash, Phys. Rev. 94, 1091 (1954). 

%3'W. C. Knudsen and J. R. Dillinger, Phys. Rev. 95, 279 (1954). 

% This discussion is intended’ to be sufficiently general to serve 
to eliminate the need for further description of apparatus in 
subsequent papers in this series. 

25H. A. Boorse and J. G. Dash, Phys. Rev. 79, 734 (1950). 
F 26B. Smith and H. A. Boorse, Proceedings of Schenectady 
Cryogenics Conference (General Electric Research Laboratory, 
The Knolls, Schenectady, 1952), p. 34; Phys. Rev. 90, 156 (1953); 
Phys. Rev. 92, 505 (1953). These brief progress reports were issued 
at stages in the research when the information they contained 
appeared to be of immediate interest. The present paper, inas- 
much as it represents the first comprehensive report on this work, 
supersedes these. Slight numerical discrepancies between the 
present and previous reports stem from a careful recalculation 
of the preliminary results to remove sources of error. 


B. SMITH AND H. A. BOORSE 


“ {ft Teflon (1) 


| Metal 


Tefion(2) 
POTENTIOMETER 
TRACE CAPACITOR 


(Emptying) (SCHEMATIC) 


Fic. 1. Schematic representation of basic capacitor design and 
potentiometer record of emptying vessel by creep. 


eliminates the previous need to fabricate an extra 
cylindrical vessel of precisely known dimensions. Fur- 
thermore, this arrangement decreases the volume of 
liquid to be emptied from each beaker, thereby per- 
mitting measurements to be made more rapidly. How- 
ever, in the case of dielectric specimens, where this 
technique is inapplicable, separate capacitor depth 
gauges” were used. 

The present version of capacitor design and measur- 
ing technique is illustrated in Fig. 1. If we suppose the 
capacitor to be filled by immersion and raised to permit 
emptying by creep, then the fall of the liquid level in 
the region where the inner member (core) is composed 
of teflon (1) does not cause any change in capacitance. 
However, the arrival of the annular meniscus at the 
top of the metallic central section of the core is heralded 
by the onset of changes in capacitance which persist 
until the liquid level reaches the Teflon base (2), in 
which region changes in capacitance cease. The fre- 
quency-proportional voltage fed to the Brown Re- 
cording Potentiometer reflects regions of constant 
capacitance (and frequency) as traces parallel to the 
time axis, and regions of variable capacitance as traces 
inclined to the time axis, the angle being determined 
by the potentiometer chart speed, voltage sensitivity, 
and the transport rate. Thus the potentiometer chart, 
driven at a known, constant speed, serves as a clock 
providing a direct measure and permanent record of 
the time A? consumed in emptying the known annular 
volume associated with the height Ah in the capacitor. 
These quantities, when correlated with the appropriate 
limiting perimeter lead directly to a determination of 
the rate. Thus, if in Fig. 1, 2b represents the inner 
diameter of the capacitor shell and 2a the diameter of 
the metallic section of the core, the transport rate R, 
given by the volume transferred in unit time per unit 
width of path, may be expressed as 


R=[#(Ar) (Ah) 1/6(A0), (1) 


where #= (a+6)/2 and (Ar)=b—a. 

The present capacitor design has the following ad- 
vantages over that previously reported: (a) Although 
frequency is used as the basic observable, no actual 
measurement of frequency is required since only the 
temporal location of discontinuities in the voltage 
trace is employed quantitatively. The previously re- 
quired calibration of the “frequency dependence of the 
potentiometer circuits’ is completely eliminated, and 
the transport rate data so obtained are independent of 
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the frequency characteristics and stability of the elec- 
tronic circuits. (b) In the previous work each new 
depth gauge required calibration based on simul- 
taneous frequency readings and cathetometer ob- 
servations to permit the conversion of the observed 
time rate of change of frequency to the time rate of 
change of the position of the liquid level.!* The present 
capacitor design is “self-calibrating” since the arrival 
of the liquid level at various heights in the capacitor 
is detected automatically during the course of a trans- 
port measurement. 


III. Beakers and Radiation Shield 


Figure 2 illustrates the important features of the 
actual capacitor and radiation shield assembly used in 
most of the measurements to be described. Although 
some of the results reported in this paper were obtained 
using earlier versions of this design which differed 
somewhat from Fig. 2 in scale and in the omission of 
some Teflon bushings, the design shown in Fig. 2 has 
proven so convenient that most of the data to be 
reported in the present series of papers were secured 
using this type of capacitor.” 

The schematic, single “‘live-section” core of Fig. 1 
has been replaced by one containing four sections 
(labelled 1-4), capped by Teflon bushing 7-1 and sup- 
ported by Teflon bushing 7-5, both of which are se- 
cured to threaded projections of the core C. The core 
is machined in one piece, with the narrow connections 
between “live” sections encircled by Teflon bushings 
T-2, T-3, and T-4, having longitudinally split walls 
permitting them to be spread open and “snapped” 
into the positions shown. It may readily be seen that 
the potentiometer trace in emptying such a “four 
section beaker” consists of a fourfold repetition of the 
basic pattern of Fig. 1. Application of Eq. (1) to each 
metal section in turn leads to an average transport 
rate corresponding to the appropriate level in the 
beaker. Teflon bushing 7-5, which fits snugly in the 
beaker serves not only to provide the final discontinuity 
in the potentiometer trace, but also provides insulation 
and alignment for the core in the shell S. Space for 
liquid helium in the vicinity of T-5 is provided by longi- 
tudinal grooves cut in the Teflon at convenient intervals 
on the circumference of the bushing. The transport 
vessel S was always machined in one piece in order to 
avoid spurious effects due to superleaks at the base. 

Electrical connection is made to the core at a and to 
the shell at b, using double Teflon covered copper wire 
(#36 B&S) soldered with Wood’s metal to the pro- 
jections machined for this purpose. 

The nut W serves to fasten the capacitor to the 
radiation shield. In the diagram, the shield and the 
capacitor are in electrical contact, whereas in some 
applications a special Teflon insulator replaced NV and 
fastened the beaker to the shield while providing elec- 
trical isolation. 

Typical capacitors had shells of }-in. o.d. with 


Fic. 2. Cross section of typical 
transport vessel-capacitor assem- 
bly in radiation shield (not to 
scale). 


Moo = 
YSSSSSSSSSSS ; 




















0.050-in. wall thickness. Using the notation of Eq. (1), 
other typical nominal sizes were Ar=0.005 in. and 
Ah=0.350 in., with beakers of 2.4-in. over-all inner 
depth. Further specifications of dimensions will be 
found in the data pertaining to each particular beaker. 

Transport over dielectric surfaces was measured by 
using capacitor depth gauges which differ from the 
capacitor shown in Fig. 2 only with respect to the pro- 
vision of holes in the base to insure equality of the 
helium levels in the depth gauge and dielectric beaker."* 
The extension of Eq. (1) to the case of a capacitor 
gauge within a beaker is straightforward. 

Radiation shields of copper and brass were employed 
on different occasions. The shield (containing the ca- 
pacitor) was suspended by a nylon thread L, to which 
the two electrical leads from a and b were loosely 
fastened at intervals of a few inches to provide a parallel 
wire line leading out of the cryostat (Fig. 3). The cap 
K, soldered to the shield body at W (Fig. 2) with Wood’s 
metal, was provided with a reservoir R of liquid 
helium to reduce any possible temperature gradients. 


IV. Determination of Annular Volume 
in Capacitors 


Accurate measurement of the geometrical quantities 
appearing in Eq. (1) presents a problem only with re- 
spect to the value of 6 which, in contributing both to 7 
and Ar, exerts its greatest influence on the calculated 
transport rate via Ar, since 6 and a are of the same 
order of magnitude. Bore measurement at various 
heights in the shell was accomplished with a special 
Brown and Sharpe “Intrimik” (Internal Tri-point 
Micrometer) which is read while in position; the tool’s 
three jaws are retractable so that the micrometer may 
be inserted and removed from the hole without touching 
the walls between measurements. Thus the actual 
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Fic. 3. Helium cryostat : Schematic representation of significant 
components (not to scale) showing: A : radiation shield assembly 
shown in Fig. 2; B: liquid helium filling tube; C: vapor pressure 
tube; D: copper-glass seal; E: Kovar-glass seal and bellows lead- 
ing to Dewar vacuum line; F: liquid nitrogen Dewar; G: solder 
joint to copper cap; H: helium Dewar vacuum line; I: "cold trap; 
J: multiple Kovar electrical seal for capacitor leads; K: vacuum 
tight metal winch; L: nylon thread; M: structure coupling helium 
bath to MB-100 diffusion pump backed by Kinney pump; NV: 
Pyrex cold trap; O: Kovar-glass seal; P: cooling water circulation 
coils; Q: brass baffles; R: detachable cap for inserting specimens; 
S: ring seal of helium Dewar; T: thermocouple vacuum gauge; 
U: ionization gauge; V: stopcock ; W: thin walled stainless steel 
tube; X: helium Dewar tail; Y: neni vacuum gauge; 
Z: ionization gauge. 


variation of bore with height is measurable to 0.0001 in. 
without damage to the walls, even in the case of a 
slightly tapered hole which enlarges with distance from 
the rim. The possibility of such measurement appears 
to be a distinct advantage of the geometry employed 
herein over that employed in conventional visual deter- 
minations of transport from capillaries about 1 mm in 
diameter. 

Wherever necessary, appropriate corrections for con- 
traction on cooling to liquid helium temperatures have 
been applied on the basis of published data for metals?’.?8 
and dielectrics.*—' The need for such corrections was 
minimized by making each capacitor core and shell 
from the same material. 

The problem of accurate determination of the annular 
volume has been emphasized because of the importance 
of eliminating uncertainty due to geometric factors in 
interpreting any variations of transport rate with 
height in the beaker which might be observed (see 
paper III). Due to such uncertainty in the volume 


27F, C. Nix and D. MacNair, Phys. Rev. 60, Soe (1941); 
Phys. Rev. 61, 74 (1942); Rev. Sci. Instr. 12, 66 (194 1). 

2H, Adenstadt, Ann. Physik 26, 69 (193 6). 

2W. F. Giauque et al., Rev. Sci. Instr. 23, 169 (1952). 

* H. L. Laquer and E. L. Head, U. S. Atomic Energy Commis- 
sion 2 Ee 2161, 1952 (unpublished). 


31 F, A. Molby, J. Opt. Soc. Am. 39 600 (1949). 
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occupied by the Teflon bushings in Fig. 2, quantitative 
calculations of transport rate were restricted to the 
metallic sections labelled 1-4. 


V. Helium Cryostat and Temperature 
Measurement 


Figure 3 shows the radiation shield assembly A in 
the tail of the helium Dewar X. 

Temperatures were determined from measured vapor 
pressures according to the “agreed scale of 1948.” 
The vapor pressure tube C is connected, via a copper- 
glass seal to the Pyrex stopcock V, which in turn leads 
to a liquid nitrogen cooled trap J before communicating 
with various pressure regulating and measuring de- 
vices. These include a mercury contact monostat,'** 
permitting maintenance of constant vapor pressure, a 
12 mm bore absolute mercury manometer, a calibrated 
Dubrovin vacuum gauge covering the range 0-20 mm 
Hg with ninefold magnification, and a special McLeod 
gauge reading pressures from 4.4 mm Hg to 2 microns. 
These gauges were supplemented by the thermocouple 
gauge Y (RCA-1946) which was calibrated against the 
McLeod gauge during runs. 


VI. General Pre-Run Procedure 


Inasmuch as contamination free operation is highly 
desirable in these measurements (see papers II and 
III) these procedures must be described in some detail. 

Capacitor elements were washed in pure acetone and 
blown dry in a stream of pure helium gas before assem- 
bly and installation in the cryostat. As a final step, 
glass and quartz beakers were heated to dispel moisture. 
According to McBain, “heating glass in air at atmos- 
pheric pressure always lessens the quantity of gas 
evolved upon subsequent vacuum heat treatment, 
even though the glass may be under normal atmospheric 
conditions for an interval of several months between the 
two processes,” 

Installation was invariably followed by immediate 
evacuation of the helium Dewar chamber using a 
Kinney pump which backs the MB-100 diffusion pump 
specified in Fig. 3. If this operation did not betray the 
presence of an obvious leak, the chamber was suc- 
cessively charged with pure helium gas and re-pumped 
to pressures of a few microns, this cycle being repeated 
five or more times. The pressures in this range were 
observed with thermocouple gauges located at T and Y. 

This dilution of foreign gases was followed by pump- 
ing to pressures of about 210-5 mm Hg as read with 
an ionization gauge (type VG-1A) at U. A similar 
gauge Z is also provided near the stopcock V. All 
newly made joints were carefully tested at these pres- 
sures, even if the rate of evacuation appeared normal. 

# H. van Dijk and D. Shoenberg, Nature 164, 151 (1949). 
(9d) J. Beaver and D. J. Beaver, J. Ind. Eng. Chem. 15, 359 


% J. W. McBain, The Sorption of Gases and Vapours by Solids 
(Routledge, London, 1932). 
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TaBLE II. Identification of beakers. Specimen symbols are Pap re for convenient shorthand reference in the text. The measure- 


ment sequence may be inferred from the numbers assigned to runs; 
representation of the data. 


ates associated with these runs are indicated in subsequent graphical 








Beaker material 


Specimen symbol 


Run ry referred 


Surface condition to in text 





Aluminum, Alcoa alloy 11S, 5.5% Cu, 
0.5% Pb, 0.5% Bi 


Copper, oxygen free high conductivity 
Glass: 


G-I 
G-II 
G-III 


Pyrex, Kovar base 
Pyrex, precision bore 
Pyrex, precision bore 
Lucite 
Nickel, Type “A,” 99% pure 
Nickel silver, 46.5% Cu, 40.75% Zn, 
2.75% Pb, 10% Ni 


Quartz 
Fused, transparent 
Fused, transparent capillary Q-II-V 
Fused, translucent . Q-IT 
Silver, fine (99.9% pure) a 
Stainless steel, Type 303, 18% Cr, 8% 
Ni, 2% Mn, 1% Si 


Q-I 


Al-I (B) 
Al-II (B) 
Cu 


Ni-II (R) 
Ni-Ag-I (B) 


 Ni-Ag-II (B) 


S. St. (B) 


Bored 


Bored 
Bored 


38, 39, 48 


55 
59, 66 


9, 10 
30, 31 
56 


21 
53 
33-35, 37 
45, 46, 49 
23, 27, 32 
26, 27 
24, 25 

58 
41-44, 47 


Untreated 
Untreated 
Untreated 

see reference 13 
Reamed 

Bored 


Bored 


Untreated 
Untreated 
Untreated 
Bored 
Bored 








The experimental chamber was then filled with pure 
helium gas, in which condition the apparatus remained 
overnight. The apparatus was then outgassed at about 
2X10-5 mm Hg for periods which varied from about 
eight hours to several days before each helium run. No 
systematic correlation of transport rates with the 
duration of the outgassing period was observed. 

The stopcock V was ordinarily closed and was opened 
only when the trap J was immersed in liquid nitrogen 
to prevent mercury vapor from entering the experi- 
mental chamber. With V closed, the pressure gauges 
beyond the trap J could be evacuated, leak tested, and 
recharged with helium gas using a separate pumping 
system and gas line. 


VII. General Run Procedure and Performance 
of Apparatus 


A single charge of liquid helium (approximately 4 
liter at the boiling point) consistently proved sufficient 
for about 15 hours of transport rate measurement. 
Typical values of heat influx to the helium bath, inferred 
from flowmeter measurements throughout each run, 
varied from about 15 cal/hr with the bath at the level 
indicated in Fig. 3, to about 7 cal/hr when the level 
was in the Dewar tail. Transport rates were measured 
in successive cycles of decreasing and increasing tem- 
peratures to determine the possible effects of variations 
in bath level or to disclose progressive contamination 
during the run. No such effects were ever observed. 

During transport measurements the lower portion of 
the radiation shield was always immersed in the helium 
bath to provide a chamber with each extremity in 
thermal contact with liquid helium at the same tem- 
perature. In addition to the transport rate data, further 
evidence of the efficacy of such shielding was provided 
by a number of special exploratory runs using carbon 


resistance thermometers,** with and without such 
helium capped shields. As expected, these tests showed 
that the shielding remained effective even when contact 
with the helium bath was temporarily broken. 

Capacitors were designed to yield transport times of 
100 sec or more; these were then measurable to within 
one second from the Brown Recording Potentiometer 
chart which was usually driven at a speed of two inches 
per minute. The chart speed was checked continuously 
against a Standard Electric Timer (model S-10), which 
could be read to the nearest 0.1 second. As in previous 
work,’ interruption of the rf signal had no effect on the 
observed transport rates, thus reconfirming the ab- 
sence of dielectric losses. 


EXPERIMENTAL RESULTS 


When this investigation was begun in 1950, it 
appeared from the most recent data then avail- 
able®.18.16.36.37 that transport rates varied considerably 
with substrate and/or surface finish.*® Since the re- 
ported variations did not seem to follow any recogniz- 
able pattern, the present survey was undertaken in an 
effort to discern any systematic variation of transport 
rates with substrate which might exist. This would of 
course constitute an essential prelude to a study of the 
influence of surface finish (see paper IT). 

It was recognized that the wide range of previously 
reported rates (Table I) would make the results of 
such experiments very difficult to interpret unless the 
bounds of reproducibility characterizing such measure- 
ments were established. Many experiments were there- 
fore devoted to the determination of the extent of the 
“ynavoidable background” variation which could be 

35 Brown, Zemansky, and Boorse, Phys. Rev. 84, 1050 (1951). 

36 K, Mendelssohn and G. K. White, Nature 166, 27 (1950). 


37H. A. Boorse and J. G. Dash, Phys. Rev. 79, 1008 (1950). 
88 C, T. Lane, Ann. Revs. Nuclear Sci. 1, 413 (1952). 
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expected if one merely removed a beaker from the 
cryostat, dismantled the capacitor and radiation shield, 
and then re-subjected them to standard installation 
procedures before the next run. Unless otherwise 
specified, this procedure was always followed between 
consecutive runs with the same specimen. Due atten- 
tion was also directed to the effect of merely “ageing” 
beakers outside the cryostat between runs. As a final 
precaution, transport was also measured from different 
specimens of the same material. 

Beaker specimens are identified for future reference 
in Table II. The standard machining operation con- 
sisted of careful turning of the outer surfaces and 
boring (B) of the interiors, except in the case of speci- 
men Ni-II where difficulty in boring to the proper 
tolerances necessitated the substitution of the reaming 
(R) process. No polishes or abrasives were used to 
modify the microfinish imparted by the initial machin- 
ing operations. The copper, silver, aluminum, and nickel 
silver beakers were turned and bored without the use 
of any cutting fluid except for the sparing application 
of pure acetone. All metal beaker materials had to 
meet the obvious requirements of ready availability, 
satisfactory machinability, and reasonable corrosion 
resistance. Among those possessing these qualifications, 
further selection was based on various combinations 
of the desire for comparison with previous measure- 
ments on the same material, for comparison with theo- 
retical estimates, and for materials which would also 
be suitable for use in later. control experiments on the 
role of surface finish (see paper IT). 


Glass 
Pyrex Specimen G-I 


The lower curve in Fig. 4 presents data obtained in 
two runs with a Pyrex beaker whose base consisted of 
a Kovar-glass seal into which a close fitting Kovar plug 
was soft-soldered. This plug served to establish elec- 
trical connection to the shell of a nickel depth gauge. 


The beaker was left undisturbed in a helium atmosphere 
in the cryostat, except for repumping between the two 
runs, thereby providing information on reproducibility 
under these conditions. The data represent rates aver- 
aged over the distance from 1.9 cm to 4.1 cm from the 
beaker rim. It was evident that the Kovar seal base 
began to leak in the course of later work, and so no 
further measurements were performed with beakers 
which relied on solder joints or glass to metal seals for 
leak tightness. 


Pyrex Specimen G-II 


Since none of the data in the literature had described 
transport over glass of precision bore, measurements 
were undertaken with a beaker constructed from com- 
mercial precision bore tubing. The base of this beaker 
was carefully fused and annealed; the lower region, 
distorted in the fabrication of the beaker, did not over- 
lap the sensitive region of the nickel depth gauge. The 
results, shown in the upper curve of Fig. 4 represent 
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Fic. 5. (a) Transport rate over transparent quartz specimen 
Q-I, upper curve between 1.9 cm and 2.7 cm from the rim, lower 
curve between 1.5 cm and 3.6 cm from the rim. (b) Typical record 
of visual observation of rate of fall of helium meniscus in quartz 
oan used in calculating rates shown in (a) for specimen 
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rates averaged over distances from 1.5 cm to 3.6 cm 
from the beaker rim. Here too, the beaker was left 
undisturbed in the cryostat except for repumping be- 
tween the two runs. 


Quartz 


Fused quartz was selected as a source of data for 
vitreous materials other than glass. Beakers were 
made from specimens of commercial tubing in each of 
the two available grades: transparent and translucent. 


Transparent Quartz Specimen Q-I 


Some of the results obtained with specimen Q-I, 
using a “three-section” nickel depth gauge, are given 
in the upper curve of Fig. 5(a), which represents the 
average rate between 1.9 cm and 2.7 cm from the 
beaker rim. Similar curves based on data associated 
with the other two calibrated regions (not shown) 
yielded rates 8 percent higher between 1.5 cm and 1.8 
cm, and 8 percent lower in the region between 2.8 cm 
and 3.6 cm from the rim (see paper IT). 

Data obtained one and two months later are shown 
in the lower curve of Fig. 5(a). In these measurements 
the depth gauge which was used with specimen G-II 
was employed to provide data for comparison of trans- 
port over the two materials averaged over the same 
1.5 cm to 3.6 cm distance from the rim. 


Transparent Quariz Specimen Q-II-V 


Visual observations of transport, averaged over 
similar heights of a carefully shielded clear quartz 
capillary (4 cm long, 0.1 cm bore), are also indicated 
in the lower curve of Fig. 5(a). A sample curve, in- 
dicating the course of cathetometer readings with time 
is shown in Fig. 5(b). 


Translucent Quartz Specimen Q-III 


The results of measurements similar to those on Q-I 
and G-IT, covering film heights between 1.5 cm and 3.6 
cm from the rim, are shown in Fig. 6. The beaker re- 
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Fic. 6. Transport rates over translucent quartz specimen Q-III 
between 1.5 cm and 3.6 cm from the rim. 
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Fic. 7. Transport rates over Lucite, averaged between 1.9 cm 


and 2.7 cm from the rim (upper curve) and between 2.8 cm and 
3.6 cm from the rim (lower curve). 


mained undisturbed in the cryostat, except for out- 
gassing at room temperature between the two runs. 


Lucite 


Chandrasekhar’s report'* on transport over methyl 
methacrylate polymers (Lucite and Perspex) provided 
new impetus for reinvestigation of a previous tentative 
result obtained in this laboratory.!* Measurements were 
therefore undertaken using the original Lucite beaker 
with the addition of a new capacitor depth gauge. 
Rates averaged over distances from 1.9 cm to 2.7 cm 
and from 2.8 cm to 3.6 cm from the rim are shown re- 
spectively in the upper and lower curves of Fig. 7. 
Thus the current data do not duplicate the appearance 
of a maximum in the vicinity of 1.5°K. Instead, the 
results show a smooth variation with temperature, 
with departures in absolute value from the previous 
report!® (omitting the peak) due primarily to the cor- 
rection of the present data for the appreciable contrac- 
tion of Lucite on cooling to helium temperatures, using 
expansion coefficients”: which were unavailable at the 
time of the earlier work. Since interest in the present 
discussion is limited to a comparison of the magnitudes 
of the transport rates observed for various materials, a 
discussion of the peaks sometimes associated with rate- 
temperature characteristic curves is reserved for the 


TABLE III. Ry: Average transport rate between 4.45 cm and 5.33 
cm from beaker rim (midpoint at 4.89 cm). 
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Fic. 8. Transport rates over various machined metal specimens: (a) copper, (b) nickel silver (upper curve), and silver (lower curve), 
(c) aluminum. In each case the transport rates were calculated for distances between 4.45 cm and 5.33 cm from the rim, corresponding 


to beaker region “4” in Fig. 2 and therefore designated as Ry. 


last paper in this series (IV) which is devoted to a 
general study of the functional dependence on tempera- 
ture of the transport rates. 

The remainder of the data to be presented are sum- 
marized in Table III (where tabulation is facilitated 
by the adoption of the same geometry for all beakers 
listed). The designation Ry, corresponds to a measure- 
ment of transport in the beaker region occupied by the 
sensitive element labelled 4 in Fig. 2. In Table III, the 
numerical values were abstracted from smooth curves 
drawn through the experimental points. The original 
data for four of the nine specimens are shown in Fig. 8. 
Similar curves for the other five specimens will be 
found in: paper II in connection with control experi- 
ments on surface finish (see part (a) of Figs. 2-6 of 
paper II). This allocation of curves is dictated by the 
desire to conserve space without losing sight of the 
fact that a complete display of the data is vital where 
so many conflicting reports exist. Reproducibility and 
scatter may also be judged from these curves. 


DISCUSSION 


Rates observed for all materials varied so little in 
comparison with the factor of three or more which one 
is led to expect from other investigations,®.*.!” that the 
background variation prevents the resolution of any 
small systematic dependence on the chemical composi- 
tion of the substrate which might exist. It is interesting 
to note that this does not preclude the existence of 
such a dependence in view of Schiff’s calculation® of 
the size of the helium film-substrate interaction to be 
expected for a number of materials employed in this 


® L. I. Schiff, Phys. Rev. 59, 839 (1941). 


investigation. From consideration of the van der Waals 
and gravitational energies involved, Schiff found that 
the thickness, d, of the film at a height 4 above the 
free surface of the liquid would be given by 


d=4,3X10-°/ht cm (2) 


for copper, whereas “the numerical value 4.3 for copper 
is replaced by 4.7 for silver” and “about 4 for glass.” 
Since the denominator of Eq. (2) remains the same for 
all substrates, the numerator is a direct measure of the 
expected film-substrate interaction. Thus the present 
observations, in combination with the calculations of 
Schiff argue against the assignment of a fundamental 
role to the results of a particular measurement of 
transport over glass. 

The great similarity of the data for all these ma- 
terials focuses attention on the desirability of ascer- 
taining the contribution of surface roughness to those 
differences which were observed. Furthermore, there is 
sufficient evidence in Figs. 4-8 to indicate that a reli- 
able comparison of the data averaged over different 
beaker heights also requires a careful consideration of 
the extent to which film height may influence the 
various data. Further discussion of these results will 
therefore be found in subsequent papers of this series. 
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The electron spin resonance absorption in metals was investigated at 300 and 9000 Mc/sec, in the tempera- 
ture range from 4°K to 296°K. The metals investigated were: Li, Na, K, Be, Mg, Al, Pd, W. Resonances were 
observed in Li, Na, Be, for which accurate g values and relaxation times were obtained and compared with 
existing theories. K gave a signal only at 4°K and 300 Mc/sec, with too poor a signal-to-noise raiio to make 
accurate measurements. No resonances were observed in Mg, Al, Pd, W. The line shapes predicted by 
Dyson’s theory for the resonance absorption in metals were checked experimentally for different diffusion 
times and relaxation times. A satisfactory agreement between the theory and experiment is obtained for both 


the normal and the anomalous skin effect region. 





I. INTRODUCTION 


HE first paramagnetic resonance absorption in 
metals due to conduction electrons was observed 
by Griswold, Kip, and Kittel.’ At that time there was no 
theory to take the diffusion of the electrons properly 
into account and therefore exact g values and relaxation 
times could not be obtained. The purpose of this paper 
is to report on the extension of the work on electron spin 
resonance absorption in metals, making use of Dyson’s 
theory (see following paper) on line shapes. With its aid 
accurate g shifts and relaxation times were obtained and 
are compared with existing theories. 


Il. THE EXPERIMENTAL SET-UP 


Most of the experiments were performed at 300 
megacycles per second. A block diagram of the experi- 
mental arrangement is shown in Fig. 1. The heart of the 
setup is a coaxial resonant cavity, which is one-half 
wavelength long and has a Q of about 1000-2000. The 
same cavity may be used at a frequency of 600 and 900 
megacycles per second, in which case it will be a full 
wavelength or $ wavelength long. In either case it is 
used as a transmission cavity. The power is fed in and 
taken out by two identical coupling loops. Their length 
and orientation may be changed from outside to give 
optimum coupling conditions, which may be measured 
#by means of the voltage standing wave ratio. Line 
stretchers are used for matching purposes. 

The output of the cavity is rectified by means of a 
grid leak detector, which proved to be much less noisy 
than a crystal rectifier. The detector output feeds into a 
6-kilocycle-per-second narrow-band amplifier. It has a 
Q of 85, maximum amplification of 120 db and an 
equivalent noise input voltage of 0.05 microvolt. It is 
followed by a lock-in detector which further cuts down 
the band width and hence the total amount of noise 
power coming through. Its output contains the desired 
signal and can be displayed either on a scope or Brown 
Recorder. 

The magnetic field is obtained from a water-cooled 


*Now at Bell Telephone Laboratories, Murray Hill, New 
ersey, 
‘Griswold, Kip, and Kittel, Phys. Rev. 88, 951 (1952). 


solenoid (50 cm long) with an inner diameter of 6 cm. 
To improve on the uniformity of the field, compensating 
coils are wound on each end of the solenoid. This reduces 
the field variations to about one part in 105 for the 
central 10 cm of the solenoid. The magnetic field for a 
power input of 1.5 kw is 1000 oersteds, which is the 
maximum safe field to be used. 

The dc magnetic field is modulated at a rate of six 
kc/sec by means of an auxiliary winding. Since the 
modulation is always small in comparison to the line 
width, the observed signal is proportional to the deriva- 
tive of the absorption. The modulating coil is not wound 
along the entire length of the dc windings. This reduces 
the coupling between the two coils and hence reduces 
the shorting effect of the dc winding. To prevent the 
resonant cavity from acting as a shorted turn for the six 
kc/sec, it is provided with a longitudinal slot. Such a slot 
runs parallel to the rf currents in the cavity and there- 
fore does not lower noticeably the Q of the cavity. 

The dc field may be slowly varied by means of a 
motor driven rheostat. Unfortunately the variable con- 
tact resistance of the rheostat causes current fluctua- 
tions (and hence corresponding field fluctuations) of 
approximately one part in 10‘. Thus for narrow lines (of 
the order of 0.1 oersted) an alternate method of sweep 
was developed. It consists of a copper coil in an oil bath 
whose temperature may be either increased or decreased 
by means of a heating coil or water cooling system, 
respectively. As the temperature changes, the resistance 
of the coil changes and the current through the magnet 
varies. By this method a smooth variation of 10 percent 
of the current is easily attained. At 300 Mc/sec this 
corresponds to about 10 oersteds. 

The magnetic field can be determined to an accuracy 
of one part in 10° by means of a standard resistor and 
potentiometer. The frequency is determined by means 
of a frequency meter to three parts in 10°. This limits 
the accuracy with which the g values of the electrons in 
the investigated material may be determined. For broad 
lines an additional error is introduced in locating the 
exact resonance condition on the line. For those lines a 
3-cm setup, having a higher dc field, is better suited for 
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Fic. 1. Experimental setup for electron spin resonance absorption at 300 Mc/sec. 


exact g determinations and was used by us for this 
purpose. 

For the absolute measurement of susceptibilities, and 
for general calibration purposes a known amount of 
an organic free radical (diphenyl picryl hydrazyl) is 
placed in the cavity simultaneously with the sample. 
The position of the free radical sample is such that it 
sees a lower rf field, lower dc magnetic field and a lower 
modulation field. The reason for choosing its position in 
this way is as follows: it prevents the free radical ab- 
sorption from falling on top of the investigated lines, 
which almost invariably are located around g=2.00. 
The different dc magnetic field displaces it sufficiently to 
avoid any interference. (See Fig. 9.) Most lines investi- 
gated have broader lines than the diphenyl picryl 
hydrazyl (which, depending on the temperature, has a 
width of approximately one to two oersteds between 
inflection points). Thus for a proper sample modula- 
tion, the free radical would be overmodulated. The 
fact that it is located in a weaker rf magnetic field 
makes it a valuable reference for saturation measure- 
ments where rf fields of the order of oersteds may have 
to be used. 

In order to cool the sample to below room tempera- 
ture, two coaxial Dewars are used. Into the inner one 
the cavity is suspended by two coaxial lines (input and 
output) whose inner and outer conductors are made out 
of brass to reduce the heat loss by conduction. 

The range between liquid nitrogen (77°K) and room 
temperature is covered by filling the space between the 
two Dewars with liquid nitrogen and mounting a heater 
in thermal contact with the cavity. By adjusting the 
power input to the heater, any equilibrium temperature 
within the above range may be obtained and kept 


constant to a fraction of a degree. In order to prevent 
the condensation of oxygen below 90°K, the inner 
Dewar in which the cavity is situated is made vacuum 
tight and filled with helium gas. 

The temperature range between 4°K, and 77°K, is 
covered by mounting a brass rod at the end. of the 
cavity. The temperature of the cavity will then be 
determined by the position of the liquid-helium level on 
the brass rod. In order to avoid temperature changes 
while sweeping through a line, parts of the brass rods are 
thermally “shorted out” by copper blocks. Since the 
thermal conductivity of copper at 4°K is about one 
hundred times higher than that of brass, no appreciable 
difference in temperature occurs while the helium is in 
contact with the copper blocks. This method works only 
if the rate of evaporation is low. If this is not the case, 
the helium vapor rather than the brass rods will be 
effective in cooling the cavity. The rate of loss of liquid 
helium without any rf in our system is 30 cc/hour which 
corresponds to about 25 mW. Since the rf powers ordi- 
narily used are of the same order, an improvement of the 
Dewar design would not result in an appreciably lower 
rate of helium loss. Incidentally, a measurement of the 
loaded and unloaded Q of the cavity, together with the 
rate of helium evaporation, may be used to calculate the 
rf magnetic field in the cavity. This is an important 
quantity for saturation measurements. 

It was found that when the cavity is filled with liquid 
helium, the noise output increases greatly. This extra 
noise source was attributed to bouncing helium bubbles 
within the cavity. In order to eliminate this trouble, the 
entire cavity is filled with Styrofoam, a low-loss material 
with a dielectric constant of 1.0. 

The temperatures are read with an AgAu-AuCo 
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thermocouple, which, unlike most other thermocouples, 
is still useful in the 4°K range. At this temperature it has 
a slope of approximately five microvolts per degree. The 
thermocouple is soldered to the wall of the cavity at the 
place where the sample is situated. 

The sensitivity of the 300-Mc equipment at room 
temperature, set by the random noise fluctuations, 
corresponds to about 10'* free electron spins having a 
line width of one oersted. A curious sensitivity limit for 
broad lines is set by what is loosely called cavity effects. 
Those are reproducible lines of several oersteds width 
and occur at different g-values. They probably are the 
result of impurity inclusions in the walls of the cavity. 
Since the occurrence of the peaks depends on the pre- 
vious history of the magnetic field, they are presumably 
ferromagnetic inclusions. A more careful silver plating 
job probably would eliminate this trouble. 

Let us consider now how the sensitivity changes on 
going from 300 Mc/sec (at which frequency most of this 
work was done) to 9000 Mc/sec, which is the more 
conventional frequency for electron spin resonance ex- 
periments. The higher fields which are used with higher 
frequencies give rise to a Jarger difference in population 
of spin states, and hence to a larger signal. However, for 
metal samples large compared to a skin depth, the 
effective volume of the sample goes down with in- 
creasing frequency (because of the skin depth), so that 
| for a constant line width with comparable Q’s and filling 
factors the fractional power absorbed at resonance 


AP¢/Pc=(w)}. 


This would indicate that the expected sensitivity at 9000 
Mc/sec should be about 6 times better than at 300 
Mc/sec. However, the crystal detectors used at micro- 
wave frequencies are much noisier than the vacuum 
tubes used at uhf frequencies, so that we get about equal 
sensitivities as far as metals are concerned. 

The advantage of the lower frequency set-up was the 
homogeneity and stability of the magnetic field, which 
made it possible to investigate very narrow lines (e.g., 
sodium at 4°K). On the other hand, lines broader than 
100 oersteds (the field at 300 Mc/sec) cannot be investi- 
gated profitably at 300 Mc/sec. 


III. PREPARATION OF SAMPLES 


The samples investigated were of two forms. Either 
their dimensions were small in comparison to a skin 
depth at 300 Mc/sec (i.e., thin films or dispersions of 
particles), or large in comparison to a skin depth (i.e., 
sheets or large particles). 

For all metals except the alkalis, the sample had 
dimensions large in comparison to a skin depth. When 
particles were used, they were imbedded in paraffin and 
molded into the desired shape. When metal plates were 
used, they were sandwiched between polystyrene sheets 
in order to expose more sample volume to the rf field. In 
this case it is important to insert the metal plates into 
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the cavity in such a way that the £ field is perpendicular 
to the metal surface. This reduces the losses due to the 
sample. 

Small particles of the alkalis were prepared by 
ultrasonerating the bulk metal in mineral oil at a fre- 
quency of 700 kc/sec. The average particle size of such a 
dispersion was ~15y. In order to obtain a dispersion 
with all particles smaller than a skin depth, the sample 
was centrifuged at 2000g for several hours which 
sedimented out the large particles. (For the experi- 
mental result on such a centrifuged dispersion, see 
Fig. 8.) 

Sheets of the alkali metals were prepared by rolling 
out the bulk material in molten paraffin. Mineral oil was 
found to react with the metal to form free radicals which 
obscured the metallic resonance at low temperatures 
(see Sec. IV, A-2) and therefore was substituted by the 
molten paraffin. An alternate way of making thick 
sheets of Li and Na is to put the bulk metal between 
two sheets of Parafilm (a thin strengthened sheet of 
paraffin, commercially available from the Central Scien- 
tific Company) and roll it out on a regular sheet metal 
roll. This is a much faster method, but the samples have 
to be used within a few days since they are more likely 
to react in air. 

Some alkali films (up to 0.15-mm thickness) were also 
evaporated in vacuum on thin mica sheets. Before ex- 
posing them to air, a thin protective layer of paraffin was 
evaporated onto them. The main purpose of this tech- 
nique was to purify the metals. (See Sec. IV, C.) In the 
case of thin films this also provided the sample for the 
determination of the absolute value of the susceptibility. 

During the writing of this paper some work performed 
with R. A. Levy indicates that when alkali metals 
are dissolved in ammonia, they precipitate out as 
metallic particles below the freezing point of ammonia 
(~190°K). This seems to be a promising way of pre- 
paring samples, especially of the more reactive alkalis. 


IV. EXPERIMENTAL RESULTS AND THEIR COM- 
PARISON WITH EXISTING THEORIES 


A. Line Shapes in the Region of the 
Normal Skin Effect 


1. Dyson’s Theory 


The references to Dyson’s formulas in the following 
paper will be prefixed by D. Dyson treats the problem 
of electron diffusion in connection with the paramagnetic 
resonance in metals and obtains closed expressions for 
different experimental conditions. We will recapitulate 
briefly (in a slightly simplified form) some of his main 
results which are going to be used throughout this paper. 

The main parameters in Dyson’s theory are: T p= time 
it takes an electron to diffuse through the skin depth; 
T,=electron spin relaxation time; (for metals T;=T>) ; 
Try=time it takes the electron to traverse the sample. 
The simplest case is: 

Tr<KT p; 
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Fic. 2. Power absorption due to electron spin resonance in thick 
metal plates for different ratios of diffusion time Tp to relaxation 
time 72. 


i.e., a film (or particle) of thickness small in comparison 
to the skin depth. Under those conditions the power 
absorbed (D-78) is 





T: ’ (3.1) 
1+ (w—wo)?T 2? 


Fic. 3. Derivative of the power absorption due to electron spin 
resonance in thick metal plates for different ratios of diffusion 
time Tp to relaxation time 72. 


and the experimentally observed quantity is 


dP wH ? 2 (w— wo) T? 

= ——(V)woaxoT (32) 

dw 4 [1+ (w—wo)?T2? P 
where V=volume of the sample, H:=amplitude of the 
linearly polarized magnetic rf field, y=paramagnetic 
part of the static susceptibility, and wo=the resonant 
frequency satisfying the condition hwo= g6H. 

As expected, this result is entirely independent of 
diffusion and gives a symmetrical Lorentz line with the 
natural half-width 1/7». 

A more important case is: 


Tr>Tp, Tr>T>. 


This condition is always fulfilled for sufficiently thick 
samples. The general result for an arbitrary ratio of 
Tp/T>2 is (D-82): 


wH? 
— -|= 
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where x=(w—wo)T2, £=(sign of x)[(1+2*)!—1]}, 
n=[(1+2*)#+1]!, R= raftot 5=c/(2row)*=clas- 
sical skin depth, and A =area of surface. 

Equation (3.3) is plotted in Fig. 2 for different ratios 
of Tp/T>2. The experimentally observed derivative of P 
with respect to H was taken graphically from plots of 
Eq. (3.3) or computed for the cases Tp/T:<1; 
Tp/T:-& for which asymptotic expressions were de- 
rived. They are plotted in Fig. 3. 

Since those limiting cases are much easier to handle 
than Eq. (3.3) it seemed worthwhile to list them below. 


(a) Tr>Tp; Tr>T2; To/T:0. 


This condition applies to metals of high conductivity 
(low temperature) and narrow lines (D-88). 


I) 
[(1+-24)'—1}! 
(1+2?)! 
wH? 2fTo\} 

ame Web CAC, 
seis iio) 


(1+-2*)! 
Tr>T>2; 


wH? 
pa—|~ 


(sign of x) ; (3.4) 





(b) Tr>Tp; Tp/T1. 
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This case is similar to the preceding one except that we 
keep terms of the order Tp/T2. Thus we have to add to 
Eq. (3.5) a correction term. 


dP 
—_—= Eq. (3.5) eas 


A) 


wH r 
~~ (5A) woxoT 2 


To\? ((1+a?)?—1]}! 
ae) aa 

To (1+*)! 
(c) Tr>Tp; Tr>T2; Tp/T>>1. 
This is again the thick-plate case with slowly diffusing 
magnetic dipoles. This case is well known from nuclear 
resonance in metals,? since the nuclei are almost com- 
pletely stationary. This condition would also prevail in 


the case of paramagnetic impurities distributed through- 
out the volume of the metal. For these conditions we 


have: (D-84) | 
MG) naaicedt 
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All of the expressions (3.1) to (3.8) are only approxi- 
mations to Dyson’s formulas which include another 
term equal to the expressions themselves, but having 
(w—wo) replaced by (w+-wo). (Note: wo and H are freely 
interchanged in all the discussions, because of their 
relation: Awo= gBH, i.e., w=yH.) For reasonably nar- 
row lines this term may be neglected near a resonance. 
Physically this term arises from the use of a linearly 
polarized magnetic rf field, which is a superposition of 
two circularly polarized fields. One of them, having the 
same sense of rotation as the precession of the electron, 
is much more effective than the other in flipping the 
B spins. 

Another effect which is not included in expressions 
(3.1) to (3.8) is that of surface relaxations, which are 
important whenever there exist strong spin-dependent 
5 forces during a collision of the electron with the surface. 
Dyson treats this modification and shows that in the 
case of thin films or small particles one expects a much 
more marked effect than in the thick cases. From the 
experimental results, to be discussed in the next section, 
we can conclude that for the case of thick alkali metals 
this effect may be neglected. 

Having a theory for the line shape, one may now 
proceed to extract the desired information from it. 

Figures 4 and 5 show the point on the curve at which 
the resonance condition is satisfied for different ratios of 
T/T. This enables one to determine accurate g values. 


*N. Bloembergen, J. Appl. Phys. 23, 1379 (1952). 
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They also show the way in which the half-power absorp- 
tion points may be used to determlne the relaxation 
time 7». 
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metal plates. 
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Fic. 6. A/B vs (T p/T2)* for the power absorption due to electron 
spin resonance in thick metal plates. 


Figures 6 and 7 show the changes in the asymmetry of 
the line when the ratio Tp/T> is varied. This is a con- 
venient parameter to test the theory against experiment, 
as will be done in the next section. 


2. Comparison of Dyson’s Theory with Experiment 


In order to determine to what extent surface relaxa- 
tions are important, the line widths in dispersed sodium 
and lithium were compared with those in bulk samples 
(for the preparation techniques, see Sec. III). The 
particle size in all dispersions was smaller than 5u, which 
is less than the skin depth at 320 Mc/sec. At T=296°K 
and f=300 Mc/sec the skin depth for Na is 6u and 
for Li, 8u. The theoretical expression is given for this 
case by Eq. (3.2). It is compared in Fig. 8 with the 
experimental curve obtained from a sodium dispersion 
with which it agrees very well. This confirms Dyson’s 
assumption that the relaxation proceeds exponentially. 
From the curve we find a total relaxation time T.=6 
X10~* sec, as compared with the relaxation time in the 
bulk metal of T;=9X10~ sec. This discrepancy is 
within the variation of the relaxation times observed in 
different samples. But even if this difference were 
genuinely due to a surface phenomenon, it would lead to 
a surface relaxation time of 2 10~®, which can be shown 
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Fic. 7. A/B ws (Tp/T2)* for the derivative of the power 
absorption due to electron spin resonance in thick metal 
plates. 


to have a negligible effect on the line shape in thick 
samples (see Appendix A) and will be henceforth neg- 
lected. Similarly it was found that surface relaxations 
could be neglected in bulk Li samples which had a 
relaxation time of 2 10-° sec. 

We proceed now to the more important case of thick 
plates. Figure 9 shows the experimental results in Li for 
different ratios of Tp/T2. We see that as Tp/T> de- 
creases, the sharp minimum of the derivative of the 
absorption disappears. Comparing the curves with Fig. 
3, we see immediately the quantitative agreement with 
Dyson’s theory. 

The resistivity data which were used to calculate the 
diffusion time were taken from the work of MacDonald 
and Mendelssohn.’ The Li used was obtained from the 
Lithium Corporation of America and was 99.9 percent 
pure; the sodium was obtained from A. D. MacKay 
Company and was 99.99 percent pure. 

For a more quantitative test of Dyson’s theory, the 
ratio between the maximum and minimum of the 
derivative of the absorption vs field was taken. This ratio 
A/B, according to Dyson’s theory, should change from 
2.7 to 19 over the entire range of T'p/T> (see Fig. 7). It 


3D. K. C. MacDonald and K. Mendelssohn, Proc. Roy. Sot. 
(London) A202, 103 (1950). 
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isa convenient parameter since it may be varied easily 
by changing the temperature of the sample. 

Figure 10 shows the comparison between theory and 
experiment. It is seen that most of the experimental 
points lie to the left of the curve, indicating that the 
diffusion time of the electrons is longer than that 
calculated from the resistivity data. This could be ex- 
plained under the assumption that surface irregularities 
impede the diffusion of the electrons into the metal and 
thus lengthen Tp. This assumption seems to be born out 
by a sodium sample which had an exceptionally smooth 
surface and lies very near the theoretical curve. It was 
prepared by pouring molten sodium under vacuum con- 
ditions into the space between two smooth concentric 
glass cylinders. The Be sample which had a shiny 
metallic surface lies also on the theoretical curve. 

We may thus conclude that the agreement between 
Dyson’s theory and experimental results on thick plates 
is satisfactory. 

In this connection it should be noted that the proper 
value of the experimentally observed parameter A/B 
may always be taken as conclusive evidence that the 
absorption is due to diffusing electrons. By a careful 
determination of this ratio, one can find the diffusion 
time of the electrons. The theoretical expression for the 
diffusion time under the assumption that the mean 
free path A is small in comparison to a skin depth and 
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Fic. 9 (a, b, c). Electron spin resonance in thick plates of lithium 
for different ratios of Tp/T2. Markers are proportional to the 
magnetic field. 1 unit = 11.77 oersteds. Compare the shape with the 
theoretical curves of Fig. 3. 
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Fic. 10. Comparison of the asymmetry parameter A/B with 
theory for different ratios of Tp/T2. The discrepancy is believed 
to be due to surface irregularities. 


that all the electrons have the same velocity v is given 
by (D-11) 
Tp=3(6/vA). 


Eliminating A by means of the conductivity expression 
o=NeA/m*o, we get 
Tp=3(@NE/c) (1/m*’). 

Thus the experimentally measured quantity is propor- 
tional to 4m*v?, which for a quadratic isotropic energy 
surface corresponds to the Fermi energy. From the 
observed ratio of A/B in beryllium we find that }m*: 
=16+2 ev. The calculated value on a free electron 
model, taking m*/m=1, gives a value of 14.3 ev. The 
closeness of the two values is rather surprising consider- 
ing the crudeness of a free electron picture for beryllium. 
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Another importance of the parameter A/B lies in the 
fact that an undesired resonance due to impurities may 
be spotted immediately, since stationary paramagnetic 
impurities at the surface of the metal would give 
A/B=1; if they are distributed throughout the volume 
A/B=2.7 for a Lorentzian line and A/B=2.0 for a 
Gaussian line. The ratios 1 and 2.0 can never be due to 
conduction electrons in thick plates, whereas the ratio 
2.7 could only occur in the limiting case of very slow 
diffusion and broad lines never observed in practice. 
This is a definite advantage of working with thick plates 
rather than small particles. In the latter case A/B=1, 
the same as for any kind of impurities. This can be very 
misleading (and did indeed mislead us for a while), 
especially when working with alkali metals. They form 
free radicals with mineral oil which at liquid helium 
temperature can completely obscure the metallic reso- 
nance (due to their 1/T dependence). Their line width is 
several oersteds at liquid helium temperature. Waxes 
which are solid at room temperature are much less 
troublesome in this respect. We found that the best of 
them comes under the trade name of “Parowax.” 


B. Line Shapes in the Region of the 
Anomalous Skin Effect 


The expression for the classical skin depth is only 
valid when the mean free path A of the electrons in the 
metal is small in comparison to the skin depth 6. For the 
alkali metals at 300 mc, 6 equals A at about 40°K, so 
that for the entire temperature region below liquid 
nitrogen the skin effect is partially or completely 
anomalous and must be handled by the exact theory of 
Reuter and Sondheimer.‘ 

The Dyson theory was extended to the case of anoma- 
lous skin effect by Professor C. Kittel, and the resulting 
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Fic. 11. Theoretical curves for the electron spin resonance absorption 
in the region of the completely anomalous skin effect. 


4G. E. H. Reuter and E. H. Sondheimer, Proc. Roy. Soc (London) A195, 336 (1948). 
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line shape is given by Eqs. (D-26) and (D-40). The ex- 
tended theory is valid only under the assumption that 
the diffusion time D is short in comparison to the relaxa- 
tion time. This assumption is valid for all the metals in 
which resonances were observed at low temperatures. 

The result for the power absorbed, P, when sweeping 
through a line is: 


P (B*— A?) (1+4*)'+1]! 
(1+-2*)! 
| 2ABL(1+a")—1]} 
(1-22)! 
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The experimentally measured quantity is the deriva- 
tive of the power absorbed with respect to the field: 
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where 


A and B are defined by the complex impedance Z= A 
+iB. They are functions of the classical skin depth and 
the mean free path. Their ratio may be conveniently 
read off from Reuter and Sondheimer‘ (Fig. 1). For the 
region of the completely anomalous skin effect, B/A 
=v3. For this case, expressions (3.9) and (3.10) are 
plotted in Fig. 11. Taking the resistivity data of 
MacDonald and Mendelssohn for pure sodium at 4°K, 
one obtains the parameter, a, defined by Reuter and 
Sondheimer, 


a=$(A/5o)*=4X 105 at 300 Mc/sec. 


This is well in the region of the completely anomalous 
skin effect. 

Figure 12 shows the agreement between the experi- 
mental curve and the theoretical expression for sodium 
at 4°K and 300 Mc/sec. 


C. Relaxation Times vs Temperature 


1. Experimental Results 


The metals in which resonances were observed may be 
conveniently divided into two groups, according to the 
temperature dependence of their relaxation times. In Li 
and Be, the relaxation time is temperature independent 
whereas in Na and K it varies with temperature. The 
signal to noise ratio for the K sample was too poor to 
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Fic. 12. Comparison between theory and experiment of the 
electron spin resonance absorption in the region of the completely 
anomalous skin effect. 


get accurate data. Since the line shape in K could not be 
checked against Dyson’s theoretical curves, there exists 
a slight doubt as to whether the signal was due to 
conduction electrons. The measurements were made at 
300 Mc/sec. 

Na, K.—The relaxation time vs temperature for 
sodium is plotted in Fig. 13, from which we see that 
Tx~1/T. 

For K we observed only a signal at 4°K which gave an 
estimated 

T2=5X10- sec. 


If the line width had stayed constant on heating up 
the sample, the amplitude of the observed signal should 
have increased (because of the increase in skin depth). 
Since, however, no resonance was observed above 4°K, 
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Fic. 13. Electron spin relaxation time 73 vs temperature in sodium. 
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Fic. 14. Electron spin relaxation time 72 vs temperature for lithium 
samples of different purity. 


it must be concluded that the line width increases (T> 
decreases) with temperature. 

Li, Be.—The relaxation time in both metals stayed 
constant in the temperature range between 4°K and 
296°K. 

From Fig. 14, we see that the relaxation time in 
lithium increases from 3X10~° to 2.5X10-8 sec, upon 
purification of the sample from 99.0 percent to 99.9 
percent. This strongly suggests that the relaxation is 
associated with impurities, rather than the metal proper. 
To prove this point even more conclusively, several 
distillates were taken from the 99.9 percent pure ma- 
terial (for the techniques see Sec. III). The first distillate 
had a shorter relaxation time (72=1.8X10- sec) than 
the subsequent ones (T2=6X10- sec and 2.7 10~’ sec 
respectively). This result, besides proving the point made 
earlier, shows that the impurities responsible for the 
relaxation mechanism have a higher vapor pressure than 
lithium. It would be very desirable to purify the lithium 
further in order to get the “true” relaxation time. 

Several different samples of beryllium were tried, but 
only one, supplied by the French Company, Pechiney 
(their U. S. representative is International Selling 
Corporation, 122 East 42nd Street, New York 17, N. Y.), 
and quoted to be 99.5 percent pure, gave a resonance 
signal. The relaxation time was temperature independent 
and had a value of 


T2=2.0X10- sec. 


The temperature independence of T2 suggests again an 
impurity scattering mechanism. The samples which 
showed no resonance had presumably a higher impurity 
concentration. (These were supplied by Brush Beryllium 
Company, and Fairmont Chemical Company. We are 
also indebted to Professor E. Segré for supplying us 
with beryllium sheets.) This would broaden the line and 
consequently reduce the signal below the noise level. 
This could also explain the failure of Gutowsky and 
Frank® to observe a resonance in beryllium. 


2. Comparison of Experimental Results with Overhauser’s 
and Elliott’s Theory 


The paramagnetic relaxation in metals was treated by 
Overhauser.* His shortest relaxation time is 8X10-’ 
which is two orders longer than the experimentally ob- 
served value in sodium. This particular mechanism has 
also a field dependence which should increase the 
relaxation time by 40 percent when going from 300 
Mc/sec (~100 oersteds) to 9000 Mc/sec (~3000 
oersteds). The experimentally determined ratio of T2 for 
these two frequencies for the same sodium sample was 
found to be (T2 at 100 oersteds)/(T2 at 3000 oersteds) 
=1.05+0.05. This result indicates that the above re- 
laxation mechanism is not merely off by a proportion- 
ality constant. 

It is of interest to note that the interaction of the 
spins with longitudinal phonons gives the observed 
temperature dependence in Na but is off by 4 orders. 
The large discrepancy between Overhauser theory and 
the experimental results is probably due to his assump- 
tion of plane waves for the electronic wave functions. 

Before leaving his theory, one result is worth noticing. 
The spin-spin interaction, which would broaden the line 
without providing a spin lattice relaxation mechanism, 
is completely negligible. This is the theoretical justifica- 
tion for setting 7;=72. The experimental proof was 
given by Slichter® who demonstrated the validity of this 
relation from saturation measurements. 

Another possible explanation for the spin relaxation 
mechanism has been suggested by Elliott,’ who con- 
sidered the effect of spin-orbit coupling on the relaxation 
time. Since the interaction of the lattice with the motion 
of the electrons is very large in comparison with the 
direct interaction of the spins with the lattice, a very 
small coupling of the spins to their orbits will provide a 
very effective relaxation mechanism. His result for the 
spin- relaxation time 7; is [see Eq. (59), reference 7 ] 


T; =a rr/(Ag)*], (3.13) 


where a=numerical factor smaller than 1; if one as- 
sumes the simple Debye theory for the lattice waves, 
o& 1/30; tz=the usual relaxation time obtained from 
resistivity measurements; Ag= (g— 2.0023) deviation of 


5H. S. Gutowsky and P. J. Frank, Phys. Rev. 94, 1067 (1954). 
6 A. W. Overhauser, Phys. Rev. 89, 689 (1953). 
TR. J. Elliott, Phys. Rev. 96, 266, 280 (1954). 
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the electronic g value from the free electron value; this) | TABLE I. Experimental and theoretical values for the g shift, 
is a measure of the amount of spin-orbit coupling. Ag @~ a) 

For sodium, rre=3X10-", Ag=8X10~ (see next 
section), we get for 7, a value of 2X10~*. Comparing 
this figure with the experimentally observed value of 
9X10-*, we see that there is fair agreement. 

This relaxation mechanism predicts that 7, should be 7 —3.7X10~ (Yafet®) 

. Na Ag=— (842)X10~ 

proportional to T for temperatures above the Debye ~6.6X10- (Brooks*) 
temperature and 1/T7* below the Debye temperature. 
The resistivity varies at 1/T® but the extra factor of 
1/T? discriminates against forward collisions, which do 

not contribute to the resistivity but are equally effective — So TEpCTERCE To, 

in flipping spins. Sodium has a Debye temperature of —° See feference 11. 

200°K, so that according to Elliott the relaxation time 

should start to fall off faster than T below this tempera- _¢lectrons spilling over into the next zone. The resonance 
ture. This is in variance with the experimental results.t from those electrons would give a negative g shift, while 

The attractive features of Elliott’s mechanism are _ the holes in the 2s band would give a positive g shift. If 
that it explains the shortening of the relaxation time the electronic transitions into the 2s band are fast in 
with increasing spin-orbit coupling, which is in accord comparison to a spin relaxation ‘time, we would not 
with the observed results in the alkali metals. If the expect to see two separate lines, but a single line as 
spin-orbit coupling is too large, the line would be observed. The g of this line would fall between the two 
broadened to such an extent that it would be impossible Values. The fact that in Be the g shift is definitely posi- 
to observe a resonance. All metals in which we were _ tive suggests that the energy surfaces at the top of the 
unsuccessful in observing a resonance had larger spin- 25 band may be degenerate (or nearly so) in which case 
orbit couplings than the ones in which a resonance was We would expect a large positive g shift.’ 


observed. This mechanism also explains the importance The g shift in Li was too small to observe experi- 
of impurities having a larger spin-orbit coupling than mentally. The theoretical value is 10 times smaller than 


the host metal. The presence of impurities would cer- that of Na. If one assumes Elliott’s relaxation mecha- 
tainly be most important for Li which has the smallest nism, this would mean that the relaxation time in pure 
spin-orbit coupling of all the metals, and thus explains Li should be 100 times longer than in sodium, i.€., ap- 
the observed results very well. proximately 10-* sec. The experimentally observed 
value in the purest Li so far obtained is about 4 times 

D. Electronic g Values shorter than this. An impurity content of only about 1 

Fa part in 10° of rubidium or cesium, having spin-orbit 

All the g determinations were made at 3 cm by com- couplings roughly 1000 time larger than Li, could 
ane = the organic free radica ! dipheny 1 picryl account for such a shortening of the relaxation time. 
sella l For Li and Na the free radical was introduced However, it should be pointed out that a temperature- 
into the cavity simultaneously with the bulk metal dependent relaxation time of 10-® sec should already 
ange and covered its ete This eliminated any have shown up in the experimental data on the purest 
errors arising from field inhomogeneities. Since the g 7; (see Fig. 14). The failure to observe such a tempera- 
values of Be and the free radical lie very close together, ture dependent contribution means that the estimated 


the two resonance lines overlapped and alternate runs, : . hae den 82% . 
, . ; spin-orbit coupling in Li is too large. A further purifica- 
with and without the free radical, had to be made. In tion of the Li would be very instructive.t 


each case at least 10 runs were made. The experimental 
results, together with the theoretically calculated . 
values,*-1 = listed in Table I. For aes Brooks’ E. Absolute —— yt Paramagnetic 
| calculations, based essentially on the atomic spin-orbit ny 
coupling constants, agree within the experimental error. 
Up to the present time there have been no theoretical 
calculations made on the g shift in beryllium. In 
beryllium the 2s band may be nearly filled, some 








Experimental values Theoretical values 


Ag<10-4 —6X10-5 (Argyres and 
Kahn*) 





Be Ag=+(9+41)X10-4 No theory 








In our experiments we obtain the paramagnetic con- 
tribution to the susceptibility by comparing the inte- 
grated resonance absorption in the metal to that of a 
known amount of the organic free radical diphenyl 
picryl hydrazyl. The alkali metal sample is in the form 

t Note added in proof—Y. Yafet (private communication) of a film, thin in comparison to a skin depth (1-2 
te-examined Elliotts’ mechanism and concluded that 7; is pro- microns), which is evaporated on a sheet of mica. (See 


portional to 1/7 also below the Debye temperature. This is 5 = 
essentially due to the overwhelming pe dod na of low-energy SEC. III.) The exact amount of metal is obtained by 
phonons to the relaxation mechanism. — 
*C. A. Hutchison and R. C. Pastor, Phys. Rev. 81, 1282 (1951). t Note added in proof.—Recently the g-value of cesium was 
*P. Argyres and A. Kahn (to be published). found to be 1.93+-0.02 (G. Feher and R. A. Levy; Berkeley Meet- 
”Y. Yafet, Phys. Rev. 85, 478 (1952). ing, December 28, 1954) which compares favorably with Brooks’ 


"H. Brooks, Phys. Rev. 94, 1411(A) (1954). result of 1.94. 
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allowing it to react with ethyl alcohol and measuring the 
amount of hydrogen evolved. However, this work is 
only in its early beginnings and at present our experi- 
mental error exceeds that of other workers.” More work 
is being done at present to improve this method. 

In principle one could use the results on thick plates 
to determine the susceptibility with the aid of Eq. (3.3). 
However, in this case, surface irregularities and the lack 
of knowledge of the resistivity of the material will 
severely limit the accuracy with which the susceptibility 
can be determined. In spite of this inaccuracy we used 
beryllium particles (not having thin films available) 
large in comparison to a skin depth in order to get at 
least a rough estimate for the susceptibility. The value 
obtained was xc2X 10~’ cgs volume units. In this case 
there entered an additional error due to the fact that the 
exact particle-size distribution was not known. The only 
justification to quote such a rough estimate is that to 
our knowledge there is no other published experimental 
value for the paramagnetic susceptibility of beryllium. 


F. Metals in which no Resonance was Observed 


Aluminum and magnesium was investigated at 300 
Mc/sec in the temperature range between 4°K and 
300°K, palladium and tungsten between 77°K and 
300°K. In none of the metals a resonance was observed. 
From the knowledge of the sensitivity of the equipment, 
this result establishes an upper limit to the spin relaxa- 
tion time at room temperature of the above metals of 
T2<5X10-™ sec. It is difficult to estimate an upper 
limit of J, at 4°K, since the residual resistance, which 
strongly affects the diffusion time and hence the ex- 
pected signal, was not known. 

The short relaxation times can be explained easily if 
we assume Elliott’s relaxation mechanism.’ The spin- 
orbit couplings in the above metals are at least an 
order larger than in sodium, which would make the 
relaxation time approximately 2 orders shorter, i.e., 
5X10-" sec. The Russian workers, Al’tshuler, Kurenev, 
and Salikhov™ report for tungsten a line width of 40 
oersteds (T2~10- sec) at 240 Mc/sec. In a later article 
Salikhov’s“ value for tungsten is approximately 1000 
oersteds (T;~5X10-" sec). (No explanation or mention 
of the earlier value is made.) In his article resonances in 
19 metals are reported, all of them having roughly the 
same line width (500-1000 oersteds). Comparing their 
results with ours on the alkali metals, there exists an 
alarming discrepancy. Their line width in lithium is 
roughly 3 orders broader than ours. Their g value for 
lithium is 2.92, which makes their g shift at least 2-3 
orders longer than ours. Their curve for aluminum shows 
— Carver, and Slichter, Phys. Rev. 95, 1089 

13 Al’tshuler, Kurenev, and Salikhov, Doklady Akad. Nauk. 


S.S.S.R. 84, 677 (1952). 
“4S. G. Salikhov, Akad. Nauk. S.S.S.R. 16, No. 6, 748 (1952). 


no trace of a “Dysonian character,” which makes it 
questionable whether they observe resonances due to 
conduction electrons. It should be mentioned that in our 
early experiments large resonance signals were observed 
in aluminum. However, they were traced to ferro- 
magnetic impurities (at the low fields used there is an 
appreciable hysteresis associated with the signal), and 
they disappeared when high purity materials were used. 
Also, care has to be taken in the choice of sample holder. 
Both glass and polystyrene give resonances at g=4 and 
g=2. The signal from the latter is very weak and was 
only observed at 4°K when an excessive quantity of it 
was used. 


APPENDIX A. JUSTIFICATION FOR NEGLECTING 
SURFACE RELAXATIONS IN THICK PLATES 
Dyson finds for the total spin relaxation time T, in 
particles small in comparison to a skin depth (D-105): 


1/T2=1/T;+1/Ts, (A.1) 


where 7; is the usual spin-lattice relaxation time and 7 
for small particles is given by (D-108): 


T's= (4/3) (r/e0), (A.2) 


where r=radius of particles, e=probability of a spin 
disorientation during a surface collision, and v= velocity 
of electrons at the top of the Fermi surface. For our case 
(see Sec. IV), 


Ts=2X10-' sec, r2X10~ cm, 


which gives a value for G10~. 
The important parameter describing the effect of 
surface relaxations on the line shape is y. (D-110) 


v= [$7 2/7}, (A.3) 


where r=relaxation time obtained from resistivity 
measurements. For y small in comparison to 1, the 
change in line shape due to surface relaxations may be 
neglected. Substituting the experimental values into 
(A.3) we get y=0.03. 
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and the Skin Effect* 
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The theory of paramagnetic resonance absorption by the conduction electrons in a metal is worked out, 
taking into account the diffusion of the electrons in and out ofthe thin skin into which the radio- 
frequency field penetrates. Calculations are carried through in detail for the case of a flat metal plate. It 
is found that the diffusion has no marked effect on the width of the resonance absorption line, but has a 
radical effect on the shape of the line. In particular, for a piece of metal thick compared to the skin depth 
and with a relaxation time long compared to the diffusion time, the line is antisymmetrical about its center 


and has an unusual characteristic shape. 





I, INTRODUCTION 


HE solid-state physics group at Berkeley has 
observed paramagnetic resonances arising from 
the conduction electrons in metals. Their experimental 
findings are reported in the preceding paper. It was 
realized from the beginning of the conduction electron 
resonance work? that the diffusion of electrons in and 
out of the skin of the metal would have a decisive effect 
on the shape and intensity of the observed resonance 
lines. The present paper contains a quantitative theory 
of this effect, which the author worked out while 
attached to the Berkeley group during the summer of 
1953. The comparison of theory with experimental 
results is not made here as it is included in the experi- 
mental paper. 

We build the theory upon a highly idealized model 
of the electrons in the metal. The electrons are assumed 
to diffuse like free particles, and the electron magnetic 
moments are treated like free-particle moments. This 
is necessary in order to make the theory of the diffusion 
effect reasonably simple. The comparison of the theory 
with experiment will then show to what extent the 
idealized picture is correct. The interest of the whole 
analysis will ultimately lie, not in the diffusion effect 
itself, but in the information which the experiments will 
give concerning the nature of the metallic state after the 
diffusion effect has been correctly taken into account. 

The following is the plan of the present paper. In Sec. 
II the theoretical model is exactly described. Section III 
gives a sketch of the physical processes which we believe 
determine the line width; it is hoped that this rough 
discussion will make the subsequent mathematics 
easier to follow. Section IV begins the quantitative 
treatment. In Sec. V we give a simple theory which is 


* Research supported by the Office of Naval Research and the 
U. S. Signal Corps. 

t Now at the Institute for Advanced Study, Princeton, New 
ersey. 

1G. Feher, and A. F. Kip, preceding paper [Phys. Rev. 97, 337 
(1955)]. The notations in the paper by Feher and Kip and in the 
present paper are somewhat different ; their wo, xo, Tp, Ts are re- 
Spectively equal to our », x, D, U; other symbols are the same in 
the two papers. 

*Griswold, Kip, and Kittel, Phys. Rev. 88, 951 (1952); Kip, 
Griswold, and Portis, Phys. Rev. 92, 544 (1953). 


mathematically exact for the limiting case of thick 
samples and long relaxation times, and which is valid 
whether the skin effect is in the classical or the anoma- 
lous range. This simple theory already contains the most 
important results of the whole investigation, and will be 
sufficient for many practical applications. Sections VI- 
VIII contain a more elaborate theory which is exact for 
a flat metal plate of any thickness and for any value of 
the relaxation time, but restricted to the domain of clas- 
sical skin effect. The extension of this theory to anom- 
alous skin-effect conditions would be possible in prin- 
ciple, but it is not done here. Section [IX summarizes 
the results of the whole paper. 


II. THE THEORETICAL MODEL 


We suppose a piece of metal of volume V to be 
placed in a resonant cavity in which there is a radio- 
frequency magnetic field given by 


H, (r)e-*'+-c.c. (1) 


Here c.c. stands for “complex conjugate,” w is a fixed 
frequency, and H;(r) is a complex vector function of the 
position r. The whole cavity lies in a uniform magnetic 
field H, which is varied slowly during the course of an 
experiment. The resonance frequency between the two 
spin states of an electron in the field H is 


v=2u|H|/h, (2) 


where u is the effective electron magnetic moment (not 
necessarily equal to the value for a free electron). We 
write 


y=w+p. (3) 


Under the influence of the field (1), a certain macro- 
scopic magnetization, 


M(r)e-**-+-c.c., (4) 


will be created in the metal as a result of the turning of 
the magnetic moments of the conduction electrons. ‘The 
field H,(r) in turn depends on M, because the pene- 
tration of radio-frequency field into the metal is 
changed by the magnetization. It is to be expected that 
M will show a resonant behavior and will become large 


a=wW-?y, 
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when » is nearly equal to w; in the neighborhood of the 
resonance the distribution of H; will also change. The 
experimentally observed quantity is the change in the 
Q-value of the cavity as » or H varies. This quantity is 
a measure of the total energy absorbed in the metal both 
by eddy currents and by the resistive out-of-phase com- 
ponent of the magnetization. To interpret the experi- 
ment, we therefore need to calculate both H; and M 
as functions of H. The calculation naturally divides 
itself into two stages: first, to calculate the magnet- 
ization produced by a given H,(r); second, to find self- 
consistent solutions of Maxwell’s equations with this 
relation between H; and M. The problem is unusual 
because the magnetization is carried around by the 
electrons as they diffuse in the metal. Thus M at a 
given place and time depends on H;, at neighboring 
points and at earlier times. 

The electrons which carry the magnetization are 
assumed all to lie at the top of the Fermi distribution 
of the conduction electrons and to move with constant 
velocity v. Let P() be the probability per unit distance 
travelled and per unit solid angle that an electron 
changes its direction by an angle ¢ as a result of col- 
lision with lattice vibrations, other electrons, etc. Then 
each electron “loses its memory” of its direction of 
motion in a mean free path defined by 


A=P, (5) 


where P is the “transport collision probability,” 


p= f P()(1—cos¢)dQ. (6) 


A mean collision time 7 is defined by 
T=A/v. (7) 


We assume each electron to move as an independent 
classical particle, the changes of direction being random. 
If F(r,t) is the probability distribution for the position 
r of an electron at time /, then over times large compared 
with 7 the classical diffusion equation, 


OF /dt= 4vAAF, (8) 
is satisfied. The boundary condition is 
n-gradF=0, (9) 


where n is the normal vector at any point on the metal 
surface. 

It is supposed that the spin of each electron is an 
independent quantum variable, which is only very 
weakly coupled to the electron’s orbital motion. The 
spin is in general unaffected by collisions and reacts 
only to the local magnetic field at the place where the 
electron happens to be. However, the weak spin-orbit 
coupling exists and very occasionally, about once in 
every 10° collisions in the case of sodium, causes the 
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spin state to change during a collision.* To take this 
effect into account, we do not introduce the spin-orbit 
coupling explicitly, but we assume a relaxation-time U 
with the following property. Given any time interval of 
length #, there is a probability exp(—/U) that the spin 
state of an electron will be undisturbed by collisions 
during that interval, and a probability [1—exp(—/U)] 
that the final spin state will be randomly distributed 
relative to the initial spin state. 

The existence of such a relaxation time U produces a 
finite line width proportional to U— in the resonance 
signal from nondiffusing electrons. This we call the 
“natural width” of the line. Any other effects besides 
spin-orbit coupling which contribute to the natural 
width are supposed also included in U. 

In Sec. VIII a more general model is introduced, in 
which the electrons have a finite probability of spin 
disorientation when they strike the metal surface, in 
addition to the steady relaxation effects included in U. 
For simplicity, the calculations are carried through in 
Secs. IV-VII for the model without surface relaxation. 
Exact results including surface relaxation are to be 
found at the end of Sec. VIII. 

It is assumed that the electron magnetization is 
always far from saturation, so that M is small compared 
with H;. Terms of second and higher order in the static 
magnetic susceptibility x of the metal are therefore 
neglected throughout the calculation. This makes it 
unnecessary to discuss the difficult question, whether 
the radio-frequency field which effectively acts on the 
electron spins is the field Hi, or the magnetic induction 
B, or something intermediate. With an error at most 
of the order x”, we suppose H; to be the effective field 
acting on the spins. 

The penetration of the radio-frequency field into the 
metal will be limited by skin effect. The classical skin 
depth is given by 

b= (2/2row)}, (10) 


where o is the conductivity of the metal. If 6 is large 
compared to A, we are in the domain of “classical skin 
effect” and the field penetration is controlled by 6. If 
6 is not large compared to A, we have “anomalous skin 
effect’’® and the penetration is controlled by A. 


III. QUALITATIVE ARGUMENT 


It is convenient in what follows to use the symbol 4 
to mean the actual skin depth, given by (10) in the 
classical case and equal to A in the anomalous case. 
According to Eq. (8), an average electron will diffuse 
across the skin depth in a time of the order of 


D= (382/204). (11) 


3 This mechanism for the spin relaxation was proposed by R. J. 
Elliott, Phys. Rev. 96, 266, 280 (1954). Reasons for believing that 
it is the controlling mechanism are given in the paper by G. Feher 
and A. F. Kip, reference 1, Sec. IV. C.2. 

4 For a discussion of this point see G. H. Wannier, Phys. Rev. 
72, 304 (1947). 

5G. Reuter and E. Sondheimer, Proc. Roy. Soc. (London) 
A195, 336 (1948). 
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The amplitude and phase of the field H; will change by 
factors of the order of e within the distance 5. Therefore 
the average electron will feel the radio-frequency field 
not with a fixed frequency w but with frequencies 
spread over a band of width D~. At first glance this 
argument leads one to believe that diffusion should 
increase the width of the resonance line from U~! to 
D“ if D<U. The surprising fact is that the observed 
width remains equal to U—", although the intensity and 
shape of the line are changed by the diffusion. The aim 
of the following discussion is to explain this result in a 
qualitative way, and to draw an analogy to a more 
familiar physical example where a similar situation 
arises. 

Suppose that the relaxation time U is long compared 
with D. The radio-frequency field seen by one electron 
will have the form 


F(t)= f()e-*+c.c., (12) 


where f(#) is a modulation factor with a frequency band 
of the order of D-'. However, f(t) is not a completely 
random function. It is composed of short pulses of 
duration D, extending over the time U and separated 
by irregular intervals. The pulses occur when the 
electron comes close to the surface and the amplitude 
of f(#) is large; the intervals occur when the electron is 
far from the surface and f(t) is almost zero. Two facts 
are here of decisive importance. (i) Each electron which 
leaves the surface has a high probability of returning, 
and so the f(t) for an average electron contains more 
than one pulse. (ii) The phase of f(¢) returns to the 
same value each time the electron reaches the surface, 
and so the integral of f(#) over a pulse has a finite 
average value which is not zero. 

Now consider the form of the spectrum of F(t). Each 
single pulse will give a smooth spectrum spread over a 
band of width D-!. Two pulses separated by an interval 
I will give an interference pattern, with maxima and 
minima separated by a spacing of order J—', extending 
over the band width D~. There will always be con- 
structive interference at the central frequency w, 
because of point (ii). Three or more pulses will give 
a more complicated interference pattern over the 
band D-!, still with the central maximum at w. Now 
let this spectrum be squared to give the radio-frequency 
power spectrum seen by one electron, and let it then 
be averaged over many electrons. The interval-length 
I will vary at random over values from zero up to U. 
Therefore the interference patterns will average out to 
a smooth curve of width D~, except for the central 
maxima which will add constructively to give a single 
peak with width of the order of U-. 

Thus we expect the observed absorption spectrum 
of radio-frequency energy, which is an average over 
many electrons of the power spectrum acting upon one 
electron, to have a structure of width U-! superimposed 
upon a weaker background of width D~. This is in 
fact what is observed, although the conditions of the 
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experiment are such as to make only the central struc- 
ture clearly distinguishable. 

The device invented by Ramsey® for observing 
molecular beam resonances with two separated oscil- 
lating fields is based on exactly the same principle. In 
Ramsey’s apparatus the molecules pass through two 
short pulses of radio-frequency field. The phase relation 
of the two pulses is fixed, but the time interval between 
them depends on the velocity and so varies from 


‘molecule to molecule. The observed resonance line 


consists of a broad background with width determined 
by the duration of each pulse, and a narrow central 
structure with width determined by the interval between 
them. For obtaining sharp lines, it is essential that the 
molecular velocity is distributed at random over a wide 
range. This random element in Ramsey’s apparatus 
plays precisely the same role as the random diffusion 
of the electrons in Feher’s experiment. 

The qualitative theory of this section would be exact 
if the only cause of radio-frequency energy absorption 
in a metal were the flipping of the electron spins. In 
fact, however, the eddy-current losses play an. equally 
important part, and these have no analog in Ramsey’s 
experiment. Therefore the qualitative theory explains 
only the fact that narrow lines are seen, and does not 
predict the shape of the lines correctly. The shape 
depends in a complicated way upon the phase rela- 
tionships of electric and magnetic fields in the metal 
skin, and a simple physical picture of these effects is 
still lacking. 


IV. CALCULATION OF THE MAGNETIZATION 


We now begin the quantitative treatment of the 
model described in Sec. II. In this section we calculate 
the magnetization produced by a given magnetic field 
(1). Consider a single electron whose spin is described 
by the wave function 


u(t) =ay(t) exp(—4ivt)uitae(t) exp(Zivt)ue. (13) 


Here 1, “2 are the states with spin parallel and anti- 
parallel to the direction of H. The amplitudes a, a2 
vary with time by virtue of the interaction energy, 


po’ H,(r(é))e-*+-c.c., (14) 
of the electron spin o with the field (1). The Schrédinger 
equation for a; is 
tha, =u (H,- ke-**'+-H,* - ke*) a, 

+ (Hi: se~*'+ H,*- se*7*) ae. (15) 
Here H; stands for H;(r(é)), k is a unit vector in the 
direction of H, and s is the vector 
(16) 
Since we are making the approximation of treating 


the magnetization as linear in Hi, Eq. (15) may be 
solved by first-order perturbation theory. Consider an 


S= (u*oue). 


6 N. F. Ramsey, Phys. Rev. 78, 695 (1950). 
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electron known to be in the state at any time ?’. 
At a later time ¢ its spin state will be determined by 
Eq. (15), and a simple calculation shows that the 
expectation value of its spin vector will be 


o(t,t’)=k+ Gin/t) f dul_s-H,(r(u))e~*#"-'s* 


—s*-Hi(r(u))e“*+ sg J+c.c. (17) 


For an electron in the state m2 at time ¢’, the expectation 
value of the spin at time / is given by the negative of 
(17). According to our model, there is a probability 
U- exp[ — (t—?’)/U ]dt’ that an electron observed at 
time ¢ suffered its last random change of spin state 
during the time interval (?’, ¢’+d’). Further, each 
random change of spin state leads to the states w; and 
uz with unequal probabilities #1 and po, because of the 
thermodynamical preference for the lower-energy state. 
Hence the weighted average of the spin-expectation 
value of an electron observed at time ¢ is 


(= (p94 [exp —((-1)/U Uae 


—< 


= (pi— po)k+ (iu/h) (pi— po) 
xf expl=(-0)/U Mats: BiCe(w) 


XK e~iau—ivtg*— §*. Hi (r(u) e-?™+#tg J+-c.c, 


(18) 


We wish to calculate the macroscopic intensity of 
magnetization produced by the electrons observed in 
the neighborhood of a point r at time /. This is obtained 
if we average Eq. (18) over the possible previous his- 
tories of an electron which happens to be at r at time ?/. 
So let G(r’,u,r,t) be the probability that an electron 
observed at r at time / was at r’ at time u. Let N be 
the number of electrons per unit volume taking part 
in the magnetization. The product N (p:— 2) is directly 
related to the static susceptibility x of the metal by 


x|H| =3xvh/p= —Npu(pi-— p>). (19) 


Averaging (18) over the electron histories and using 
(19), the magnetization density becomes 


M(x) =x|H|k+dixy f exp —((—»)/U Yiu 


—2 


xf G(r’ ,u,r,t)dr'(s- Hy (r’)e~#*—#4s* 
Vv 


—s*-Hi(r')e“1*+#'g]+-c.c. (20) 


This is the required nonlocal relation between M and 
Hi. 

It is required now to find solutions of the Maxwell 
equations consistent with (20). Assuming solutions 
varying with time like exp(—iw#) as in Eqs. (1) and (4), 
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the Maxwell equations are 
curlH;= (47/c)j, (21) 
curlE= — (1/c) (dB/dt) = (iw/c)B, (22) 
B=H,+4rM. (23) 


Here M is given by Eq. (20) inside the metal and M=0 
outside. The current j is 


j=cE, (24) 


if the spin effect is in the classical range. When the 
spin effect is anomalous, j is a more complicated func- 
tion’ of E but is still independent of M. The displace- 
ment current is in any case negligible inside the metal. 

The experimentally observed quantity is the radio- 
frequency energy P absorbed into the metal per unit 
time and per unit area of surface. This is the real part 
of the normal component of the complex Poynting 
vector taken just outside the surface. It is convenient 
to define the complex surface impedance, 


Z= (4x/c)[m- (EoX Hio*) J/ | Hol’, (25) 


where Ep and Hy are the electric and magnetic fields 
immediately outside the surface, and n is the unit 
inward normal. This quantity Z is characteristic of the 
metal surface and depends on the direction of polariza- 
tion but not on the magnitude of the field H;. The ab- 
sorption rate P is then given by 


P= (c/4m)?| Hi0|?(ReZ). (26) 


The imaginary part of Z gives the corresponding in- 
ductive load on the cavity, and would in principle be 
observable by a small shift in the resonant frequency 
of the cavity as the steady field H is varied. 


Vv. SIMPLE THEORY FOR THICK SAMPLES 
AND LONG RELAXATION TIMES 


In the case of a metal sample which has dimensions 
large compared to the skin depth (either classical or 
anomalous), we may idealize the problem by considering 
the surface to be the plane z=0, the metal occupying 
the half-space z>0, and the field H; to be a function of 
z only. The integration over the x and y coordinates in 
Eq. (20) is then trivial. We may replace G by the 
Green’s function for the diffusion equations (8) and (9) 
in one dimension, namely 


G(z',u,2,t)=[(4/3)m0A |t—u| 14 
X {exp(—3(z—2”)/40A | t—u|) 
+exp(—3(s+2’)?/40A|t—u|)}. (27) 


The integration over r’ in Eq. (20) is replaced by an 
integration over z’ from 0 to ©. 

In addition we make the approximation of a long 
relaxation time, that is to say we assume U to be long 
compared with the diffusion time D given by (11). 
This means that the time integration in Eq. (20) extends 
effectively over a time long compared with D, while the 
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space integration extends only over values of 2 and z! 
of the order of 6. Comparing Eq. (27) with (11), the 
exponents in Eq. (27) will be small over the major 
part of the space and time integrations of Eq. (20). 
Therefore in the limit of long relaxation time we may 
replace both exponentials in Eq. (27) by 1 simply. The 
physical meaning of this approximation is clear; for 
long relaxation times the magnetization produced by 
the radio-frequency field at a depth 2’ in the skin will 
diffuse evenly over the skin in a way which becomes 
eventually independent of z’. Another consequence of 
the long relaxation time approximation is that the 
nonresonant term in y in Eq. (20) becomes negligible 
compared with the resonant term in a. Substituting Eq. 
(27) into (20) with these approximations, the radio- 
frequency magnetization is equal to (4), with M(r) 
given by 


M(r)= ef dw[4rvAw |! expl—w(U-!—ia) ] 


x f ds's-H,(z')s*, (28) 
0 


independent of the position r. The time and space 
integrations are now separated and can be easily per- 
formed. 

With error of order x?, we replace H; by B in Eq. (28). 
The second Maxwell equation (22) becomes, for fields 
depending only on z, 


(iw/c)B= (d/dz) (nXE), (29) 


and therefore 


f i B(2’)dz’ = (ic/w) (nX Ep). (30) 


Thus Eq. (28) reduces to 


M(r)=—K(1—ix)-i[s- (nX Ep) Js*, (31) 
with 


K= (xvc/2w) (3U/vA)}, (32) 
gual igo, (33) 


and the complex square root in Eq. (31) to be taken 
with positive real part so that we have explicitly: 


[1—ia t= 2-4(1+2?)[y+ iE], (34) 
n=C[(1+a7)4+1]}, &= (sgnx)[(1+2?)'—-1]'. (35) 


By making use’ of known results on skin effect, we 
can now complete the solution of the Maxwell equations 
with the constant magnetization M(r). The Eqs. (21) 
and (22), when written in terms of B and E, are com- 
pletely independent of the magnetization. This is true 
both with normal and with anomalous skin effect. 
Therefore the B and E fields inside the metal are given 
precisely by the usual theory of the skin effect without 


"The subsequent argument is due to Professor Kittel (private 
communication). 
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magnetization. The boundary condition at the surface 
is that the tangential components of E and H; are con- 
tinuous. Thus the fields immediately outside the surface 
are 


Eo=Eo, Hio=Bo—4eM,, (36) 


where Ep and By are the fields calculated without mag- 
netization, and M, is the tangential component of the 
magnetization given by Eq. (31). 

We write Z» for the surface impedance of the metal 
without magnetization, given by 


Zo= (4x/c)[n- (EoX Bo*) J/ | Bo|?. 
Let b be the complex polarization vector of Bo, 
b=B)/|Bo|,  (b-b*)=1. 
By Eqs. (30) and (37), we have 
(nX Eo) = (c/4r)Zo| Bo| b. (39) 


Substituting (31), (36), and (39) into Eq. (25), the 
surface impedance with magnetization becomes 


Z=Z[1+Ke(1—ix) {Zo} 
=Z)—Kef(1—ix)Z-, 


neglecting terms of order x”. We have written 


f= | (8b) |?= | (a1*b- os) |? 
= (bXk)- (b*Xk)+i(bXb*)-k, (41) 


where k is the unit vector parallel to the steady field H. 
In general, f is a real number lying between 0 and 2, 
measuring the proportion of the radio-frequency field 
which is circularly polarized in the positive sense about 
the direction of H. The maximum value 2 is attained 
by f when b=2-3(1,7,0), i.e., for pure circularly polar- 
ized radiation. In practice we shall usually be dealing 
with linearly polarized fields, in which case b is real and 


f=sin’¢, (42) 


where ¢ is the angle between the polarization directions 
of H,; and H. 

When the skin effect is anomalous, the Reuter- 
Sondheimer theory’ will give the value of Zo to be used 
in Eq. (40). When the skin effect is classical, Eqs. (21), 
(22), and (24) give the classical result 


Zo= (1-4) (08). (43) 


Substituting this into (40), using Eqs. (26), (32), (10), 
and (11), we have the result 


P= {60 |Hio|?[ (1/2) —xvf(DU)'E(1-+2")-4], (44) 


with x and & given by Eq. (33) and (35). Thus the 
absorption line, in the case of a thick sample with long 
relaxation time and classical skin effect, has the un- 
usual and characteristic shape given by the function 
£(1+22)-}. Since é is an odd function of (w—y), the line 
is in this approximation antisymmetrical about its 
center. The width is proportional to U- and inde- 
pendent of the diffusion time D. These are the most 


(37) 


(38) 


(40) 
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striking conclusions of the theory. The experiments! - 


support them qualitatively ; however for a quantitative 
comparison with experiment the discussion of a limiting 
case is insufficient, and the more detailed theory of the 
following sections is required. 


VI. SOLUTION OF MAXWELL EQUATIONS 
FOR A FLAT PLATE 


To give an exact theory for a metal sample which is 
not necessarily large’ or small compared with the skin 
depth, we must choose a definite shape for the metal. 
We shall confine ourselves to the case of a flat plate, 
which is a convenient shape both experimentally and 
theoretically. Other shapes could be handled by similar 
methods. We make no restriction on the relative mag- 
nitude of D and U, but we shall assume henceforth 
that we are in the domain of classical skin effect, i.e., 
that Eq. (24) is valid. 

The metal will again be considered to be infinite in 
the x and y directions, thus it occupies the volume 
0<z<6 where @ is the thickness. An important param- 
eter in the problem will be the ratio of thickness to 
skin depth, 

\=0/6. (45) 


It is also convenient to introduce the dimensionless 
ratios: 
R= (D/U)}, (46) 


a=)\R= (3@/20AU)}. (47) 


As before, we assume the fields to depend on z only. 
so that the problem is essentially one-dimensional. We 
shall also make the arbitrary assumption that the 
magnetic field is equal on the two sides of the plate, i.e., 
an even function of (s—3@). This assumption is made 
only to simplify the algebra ; an unsymmetric field could 
be calculated in exactly the same way. In particular, 
for a thick plate (6>>8) the fields on the two sides are 
independent and the symmetric solutions apply un- 
changed to unsymmetric conditions; for example, the 
symmetric solutions may be used when the plate is 
thick and forms part of the wall of the cavity. 

The idea of the following analysis is to reduce Eq. 
(20) to a tractable form by introducing the eigenfunc- 
tions ¥,(r), m=0, 1, 2, ---; these are defined as a 
complete orthogonal set of functions satisfying the 
eigenvalue equation 

Avn= nbn, 


(48) 
with the boundary condition 
n-grady,=0, (49) 


and the normalization 


f Vn Pndt=Smn- (50) 
Vv 


In particular, the first eigenfunction is a constant: 


Yo(r)=V-4,  wo=0. (51) 
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The Green’s function G which appears in Eq. (20) 
satisfies Eqs. (8) and (9) as a function of its arguments 
(r,t) and reduces to a 6 function, 6(r—r’), for =. These 
conditions determine G as the series expansion: 


G= Lada (rn(t) expl—frAun(t—m)]. (52) 


Let the field H,(r) inside the metal also be expanded in 
a series 


Hi(r)=L hay, (n), ha= [ vn*Hidr, — (53) 
v 


where the coefficients h,, are vectors. Substituting from 
Eq. (52), (53) into Eq. (20), the space and time inte- 
grations can be performed immediately. The radio- 
frequency magnetization then appears in the form (4) 
with 


M(r)=37xi Don n(0)[L9n(S-hn)s*—fn(8*-hn)s], (54) 


nn=(U+$0hpn—tay, Sn=LU+-G0Apa—iy}. 
(55) 


The nonlocal relation between M and H, given by Eq. 
(54), (55) is completely general, holding for a metal of 
any shape and for any kind of skin effect. 

Now we specialize to the flat plate with classical skin 
effect and symmetrical fields which are functions of : 
only. The eigenfunctions which appear in Eq. (53) are 
then 

Yn=[en/0}! cosl2rnz/0], pn=4a°n?/&, 
where 


(56) 


(37) 


and the normalization is per unit area of the plate. The 
Maxwell equations (21), (22), (23), (24) give, inside 
the metal, 


218-2 (H,+-42M) = (41a /c) (d/dz) (nX E) 
= (d/dz*)[mX (nX Hi) J= — (@/d2?) Hi, (58) 


where H, is the component of H; perpendicular to n. 
Let M,, the component of M perpendicular to n, be 
expressed as a series expansion 


M,(2)= (1/42) Xn maa(). (50) Fi 


We multiply Eq. (58) by ¥.*(z) and integrate over : 
between two limits lying just inside the surface at z=0, 
z=6. The right side is then integrated by parts twice, 
using Eqs. (49) and (48). The result is 


215? (hn.+m,) 
= (4ma/c)n*(0)L(mX Es) — (X Eo) ] 
- f (d*p.*/d2*)Hidz 


= — (8r0/c)[en/6}!(mX Eo) +unhns. 


Here h,, is the component of h,, perpendicular to 1. 
The electric fields at the surfaces are Ey and Ey=—s 
because of the assumed symmetry. 


éo=1, e€,=2 for n>0, 


(60) 
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The information we need from the Maxwell equations 
is all contained in Eq. (60), while Eq. (54) gives the 
coefficients m, in terms of the h,. One could solve Eq. 
(60) and (54) for the h, and thus obtain the complete 
field-distribution inside the metal in terms of the 
electric field Ep at the surface. 

The solution of the equations becomes simple because 
all the m, are proportional to x and may be treated as 
small. With an error of order x, Eq. (60) implies that 
all the h, are parallel to the vector (nXEo), which is 
parallel to the polarization vector b defined by Eq. (38). 
Therefore we may write in Eq. (54), with an error of 
order x?, 


(s-h,)=(s-b)(b*-h,), (s*-h,)= (s*-b)(b*-h,). (61) 


A comparison of Eq. (54) with (59), using Eq. (61), 
gives the relation 


(b*-m,) = gn(b*-h,), (62) 
with g, defined by 
n= 2nvyil fan— f'n]. (63) 
Here f is defined by Eq. (41) and /’ by 
f'=|(s*-b) |?= (bXk)- (b*Xk)—i(bXb*)-k, (64) 
so that for linearly polarized fields 
f’=f=sin’¢, (65) 
with @ defined as in Eq. (42). Taking the scalar product 
of Eq. (60) with the vector b* which is perpendicular to 
n, and using Eq. (62), we obtain 
(8ro/c)Len/6}'Lb*- (nX Eo) J 
=[Hn— 210° (1+-gn) ](b*-hy). (66) 
The radio-frequency power absorbed per unit area 
of metal surface is given by Eq. (26) and (25). Since 


H,0* is almost parallel to b*, with an error of order x? 
the surface impedance Z may be written 


Z= (4n/c)[b*- (nX Ep) ]/ (b*- Hi). (67) 


D Since H 1 is continuous across the surface, Eqs. (53) and 
(56) give 


(b*+ Hio) => nLen/0]}(b*-h,). (68) 


Substituting from Eqs. (68) and (66) into (67) gives the 
final explicit formula for Z: 


Z'= (20/8) Yin Enln—21d7(1+gn)T', (69) 
or, neglecting terms in x’, 
27 (26/0) Xn en (4n— 218-2) 
+218 gn (un—2i6-2)-]. (70) 


VII. EVALUATION OF THE LINE SHAPE FOR 
FOR A FLAT PLATE 


In this section we first calculate in closed form the 
sum of the series (70). We then discuss in detail the 


shape of the observed resonance line for the various 
ranges of values of the parameters which can occur 
experimentally. 

Using Eqs. (56) and (57), the summation in (70) may 
be replaced by a summation over integers m from minus 
to plus infinity. Taking the inverse of Eq. (70) and 
again neglecting terms of order x’, 


Z= (2/o0){F-+4nrx0°UP[ fG(a)—f'Gv)}}, (71) 
F=[¥(x¢n?—3in)'p, (72) 


G(a) =r? 5 (w2n?— 4d?) + 402(1—iz)}, (73) 


—0o 


where x, A, a are given by Eqs. (33), (45), (47), respec- 
tively. Now introducing the notations 


u=3A(1+i), w= Hin’, (74) 
w=}a(E+in), w*=}a%(ix—1), (75) 


with é and n given by Eq. (36), the sums (72) and (73) 
become 


F=—u tanu, (76) 


1 cotw cotu 
G(a)= 20 +(w?—3u?)—— 
(w?— u?)? w u 


+ (w?—u?) coset]. (77) 


The real part of Z, determined by Eqs. (71), (76), and 
(77), gives the explicit form of the line shape for any 
values of the ratios \ and a. We now proceed to consider 
the simplifying approximations which can be made for 
values of \ and a lying in various ranges. 


(a) Thin Case 
A<4, or 0<46. 


For \ <1, the term ~=0 is much the greatest in the 
series (72) and (73), and we may neglect the other 
terms. Hence Eq. (71) becomes 


me f f' 
2= | - it 20m _ I (78) 
ce 1—iUa 1-—iUy 





This result is entirely independent of electron diffusion. 
The energy absorption, which is proportional to the 
real part of Z, varies with H approximately as 
[1+U%}", and so gives an absorption line of the 
ordinary symmetrical Lorentz shape with the natural 
half-width U-. 

The result (78) will still be reasonably accurate up to 
\=4. The higher terms in (73), being small and spread 
out over a width greater than U-', will hardly be 
observable. 
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(b) Intermediate Case 
A>4, a<4. 


Experimentally the relaxation time U is of the order 
of 10-* sec, while the diffusion time D is not shorter than 
10- sec. So the ratio R= (D/U)'=(a/d) is not less 
than about 1/10. Therefore, this intermediate case can 
occur only when 4<A<40, i.e., when the metal is 
thick but not very thick compared to the skin depth 6. 

When 4<A<10 it will be convenient to calculate 
with the first few terms of the series (73), which still 
converges rapidly although the term ~=0 is no longer 
predominant. When 10<\<40 and a<4, it will be 
more convenient to use Eqs. (76) and (77) with the 
good approximations 
cosec’u= 0. (79) 
This gives for the central part of the absorption line, 
where «= Ua <1, the shape 


Z= (2/00) [—iu—invxa’U f(cotw/w) ]. 


tanu=1, 


(80) 


Naturally this intermediate case is more complicated 
to calculate than either the thin or the thick case. For- 
tunately, the intermediate case corresponds to metal 
thicknesses in the range 10~*-10-* cm, which is an 
awkward range for experimental preparation and will 
not often occur in practice. 


(c) Thick Case 
A>4, a>4. 


These conditions are always fulfilled for sufficiently 
thick samples, say for @>406. And the results for this 
case will be independent of the shape of the metal, so 
long as the radius of curvature of the surface is every- 
where large compared to 6. 

The imaginary part of w given by Eqs. (75) and (35) 
is in this case always large compared to 1. Hence we 
may put cotw=cotu=—z in Eq. (77). This gives for Z 
the formula 

Z= (06)"[1—i—avxD(fL— f'L’)], (81) 
with 
L=[R*(x+i)—1]*{4R 1 (E+ in) 

+ (1-1) LR*(«+1)—3]}, (82) 
and L’ the same as L with a replaced by y. In the 
absence of magnetization, Z reduces correctly to the 
classical formula (43) for a thick plate. Equations (81) 
and (82) are compact enough to be used for numerical 
calculation of the line-shape for any value of R. How- 
ever, for a general discussion it is convenient to specialize 
further to the limiting cases R>1 and R<1. 


(c1) Thick Case, Broad Natural Line 
a>r>1, R>1. 
Then, Eq. (75) reduces to 
L=(1-aR(e+i)>, 
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and so 
f f 
1—iUa <a) b 
(84) 
As with Eq. (78), this result is independent of diffusion, 


But the absorption line is now no longer symmetric, 
since the real part of Z varies approximately like 


(1—Ua)/(1+U'e?), (85) 


giving the algebraic sum of the real and imaginary 
parts of the electron susceptibility. That this result 
(85) holds in the absence of diffusion is well known.’ 





Z= cay —i+(1+1)rvyy~U 


(c2) Thick Case, Narrow Natural Line 
ADa>1, RK1. 


This is the case which will usually occur in practice 
with bulk metal samples, and it shows the effects of 
diffusion in the most typical and interesting way. For 
these reasons we discuss this case in more detail than 
the others. 

To simplify Eq. (82), knowing that R<1, it is neces- 
sary to consider the center and wings of the absorption 
line separately. At the center, a is of the order U-", x is 
of order 1, and all terms in R? in Eq. (82) are negligible. 
Therefore, 

L=2R1(§—in) (1+27)-4. (86) 
At the wings, a is of the order D™, and R’x= Da is of 
order 1. In this case Eq. (82) gives 
L= (Da—1)-*[2(sgna—1) | Da|—?+ (1-2) (Da—3)]. 
(87) 
The approximations (86) and (87) overlap and are both 
valid in the range U-!<|a|<D-'. The observed ab- 
sorption of radio-frequency power per unit area is the 


quantity P defined by Eqs. (26) and (81). For the center 
of the line, Eq. (86) gives 


1 
P= ol Hl ——mf(DU" sn) 


Tv 
1+U%o?)!—1\3 
(ey 
1+ U*c? 


and for the wings Eq. (87) gives 


P=16w|Hio|?{1/24—437xD[f(Da—1)? 
X (2 sgna| Da|-!+Da—3) 
— f' (Dy—1)*2(Dyy+Dy—3)}}. (89) 
The term in 7 is small and slowly varying, and has been 
neglected in Eq. (88) compared with the rapidly varying 
a term. 


Equation (88) is identical with the result (44) ob- 
tained from the simple theory of Sec. V. Equation (89) 


®C, Kittel, Phys. Rev. 73, 155 (1948), Sec. IV, 
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shows that the simple theory is incorrect for frequencies 
far off resonance, even when the sample is thick and the 
relaxation time long so that the assumption A>>a>>1 is 
valid. However, the complicated and low-intensity 
wings of the absorption line will be difficult to measure 
with any accuracy. In the central part of the line, which 
is all that can be clearly seen in the experiments, the 
shape will be given by Eq. (88) provided the frequency 
w is high enough so that U>D. As the frequency w is 
lowered, D increases and the shape will gradually go 
over into Eq. (85). 


VIll. THEORY INCLUDING SURFACE RELAXATION 


The theory so far developed falls short of realism in 
one respect. The relaxation time U is supposed to take 
account of the disorientation of electron spins in col- 
lisions with lattice vibrations and other electrons. It is 
likely that such a relaxation time will exist and be 
roughly independent of position throughout the interior 
of the metal. However, an electron colliding with the 


metal surface may be subjected to stronger spin- 


dependent forces, arising from surface irregularities or 
paramagnetic surface impurities, than an electron in 
the interior. An electron colliding with the surface will 
therefore have a certain probability ¢ of spin disorien- 
tation during the collision, in addition to the steady 
probability U-! per unit time which exists for all elec- 
trons. We assume this ¢ to be an average value taken 
over all collisions with the surface; it is not necessary 
that the probability be the same for electrons incident 
at different angles. In this section we shall recalculate 
the results of Secs. VI and VII, including the effects 
of surface relaxation as specified by the parameter e. 

The effect of the surface relaxation is to change the 
boundary condition Eq. (9) for the diffusion equation. 
The probability distribution F (r,t) will now describe 
the probability of finding, at the point r at time /, an 
electron which has not suffered a spin disorientation by 
surface collision before the time ¢. Thus F(r,/) describes 
a diffusion of particles which are lost with probability e 
® every time they hit the metal surface. To find the correct 
boundary condition, we observe that the mean velocity 
of the particles at any point is 


d= —}jvA[gradF/F ], 


at least when averaged over a time long compared with 
the collision time 7. Therefore, the number of particles 
lost per second per unit area of metal surface is 


3vA(n-gradF), 


(90) 


(91) 


where (gradF) is taken at a point just inside the surface, 
and n is the inward normal vector. But the number of 
Particles striking the surface per second per unit area 
is jvF, and the number lost is by hypothesis JevF. 
Equating this number to Eq. (91), we find the desired 
boundary condition 


n-gradF=gF, g=(3e/4A). (92) 
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The Green’s function G is now given by Eq. (52), 
where the y, are still solutions of Eq. (48) but with the 
boundary condition, 


n-gradyn= gn, (93) 


instead of Eq. (49). Specializing to the case of a flat 
plate and solutions even in (z—436), we find instead of 
Egs. (56) and (57): 


Vn=L[en/O}! secun cos 2un(z—36)/6 ], (94) 
Mn=4u,2 . En= Qu? (Ur +C?+Q)1, (95) 


where uo, 41, U2, -+*, are the positive roots of the equa- 
tion 

xtanx=Q, Q=3g0= (3c0/8A). (96) 
With these definitions, the results of Sec. VI up to Eq. 
(59) inclusive are still valid. However, the integration 
by parts which led to Eq. (60) now gives an additional 
term which by Eq. (93) reduces to 


— 2g[ €n/O}*Hio. (97) 

The additional term will be carried into the subsequent 
equations (66), (67) if (nX Ep) is replaced by 

(nX E,)+ (cg/4mo) Hio. (98) 

Therefore, Eqs. (69) to (71) will be correct with the 

new definitions of wu, and €n, provided Z is replaced by 

Z+ (g/c). (99) 

The formulas for the line shape are now, instead of 

Egs. (71)-(73), 
Z= (2/00){F -—Q+30rxa@°UF* fG(a)— f’G(y) }}, (100) 


F=[2¥ w2(u2+C+O)7(ue—w) +, (101) 


G(a) = —4in? FS u,2(u,2-+O°-+0) 


X (un2?— 0)? (u,2—w?)!, (102) 


The sums can be evaluated in closed form by the fol- 
lowing simple physical argument. The value of Z for 
x=0 is obviously independent of Q, since for zero mag- 
netization it does not matter how rapidly the spins are 
disoriented. Therefore, (F—Q) in Eq. (100) is equal to 
F given by Eq. (76), and the sum of the series (101) is 


F=Q—u tanu. (103) 


This result can be checked by direct evaluation of Eq. 
(101) using contour integration. Knowing Eq. (103), we 
deduce at once from Eq. (95): 


G(a) =iu(d/du){ (w’—w) | F(u)— Fw) ]} 
oe a 
xf (w?—u2)*Lw tanw-Q tanu—Q 

uw sec?’u+Q 


es 7 tanu—(Q)? 


w—3u? 





| (104) 





358 


We next briefly investigate the effects of surface 
relaxation on the line shapes of Sec. VII. 


(a) Thin Case 
A<4. 


In this case, Q is small compared to 1, and the smallest 
root u of Eq. (89) is approximately equal to Q}. 
Keeping only the term m=0 in the series (101), (102), 
we find instead of Eq. (78): 


2r6w f 
| -i+2e0(— 
Prd 1+¢—iUa 


, 
pee. vad 


¢=(U/Ts), Ts=(20/e). (106) 


The surface relaxation leaves the Lorentz shape of the 
line unchanged, but increases the width from U- to 
(U"+T “"). This was to be expected, since 7's is the 
average relaxation time for an electron travelling back 
and forth between the two surfaces of the plate and 
disorienting its spin with probability « at each impact. 

For a metal sample of arbitrary shape, and dimen- 
sions small compared with the skin depth, Eq. (105) 
will still hold with 


Ts=4V/aS, (107) 


where V is the volume and S the surface area of the 
metal. The physical interpretation of 7s as a relaxation 
time is the same as before. For example, for a small 
sphere of radius 7, 


T s=4r/3ev. (108) 


(6) Thick Case 
A>4, a>4. 


Putting the approximations tanw=tanu=i into Eq. 
(104), we find that Eq. (81) holds with 


(2+ (1+7)Ry)? 
R(é+in+i) 
—2Ry+ (—-ALR+)-3]], 


L=[Re+) 1] 


(109) 


where we have written 


v= (20/a)=€(3U/8r)}. (110) 


The ratio (7/U) is the probability of spin disorientation 
for an electron in a single scattering collision inside the 
metal, and in Li and Na may be of the order of 10-°, 
while ¢ is the corresponding probability for a collision 
at the surface and may be larger by a considerable 
factor. We do not know a priori whether y will be large 
or small compared to 1. 
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(01) Thick case, broad natural line 
a>d>1, R>I1. 


In this case, the y-dependent terms in Eq. (109) are 
negligible and we still have the results (84) and (85). 


(62) Thick case, narrow natural line 
AYMa>1, RK1. 


In this case, Eq. (109) gives for the central part of 
the line 


L=4R"(§—in—wW) P+ (ntyyryP. (111) 


Thus the central part of the observed absorption line 
has the shape given by 


P= }6e| Hio|*{ (1/2m)— vx f(DU)*(sgna) 
X[(1+ U’a?)!—1}'[(1+U%a?)! 
+Y((1+ U%o?)!+1)'+5V FP}. (112) 


If Y<1, this reduces to Eq. (88). For y>>1, the line has 
a different limiting shape: 


P=}6w| Hio|?{ (1/24) — 2x fy?(DU)}(sgna) 
X[(1+ U%o?)!— 1}, 


but is still approximately antisymmetrical about its 
center. 

For making precise comparisons of theory with experi- 
ment in the thick case, the exact Eq. (109) must be 
used. However, it seems likely, from the rather sharp 
lines observed in experiments with small particles of 
metal,® that y is small compared to 1. If this is so, then 
the only effect of surface relaxation is a possible broad- 
ening of the lines in the thin case, and the results of 
Sec. VII will apply to the thick case without serious 
error. 


(113) 


IX. CONCLUSIONS 


The results of this analysis may be summarized as 
follows: , 
(1) For thin samples (0<46), the absorption line has 
the usual symmetrical shape [1++-a?U?}", with a width 
U-=U-+T s", where U and 7's are the volume and 

surface relaxation times. 

(2) For thick samples the line has a central structure 
of width equal to the natural width U-', with wings 
extending over a band D™ if D<U. 

(3) The central structure is always markedly more 
intense than the wings, so that under normal experi- 
mental circumstances the apparent width of the line 
will be of the order of U~'. ; 

(4) The characteristic effect of electron diffusion 15 
not to broaden the line but to make a radical change in 
its shape. 

(5) For thick samples with a broad natural width 


°G. Feher and A. F. Kip, reference 1, Appendix A. 





ELECTRON SPIN RESONANCE ABSORPTION 


(6>>6, D>U), the line has the shape 
[(1—aU)/(1+0?U?) ]. 


(6) For thick samples with a narrow natural width 
(=>5, UD), and not too strong surface relaxation 
(V1), the central part of the line has the antisym- 
metrical shape 


(14+U%a2)t—1)! 
sgra(————_—) ‘ 


1+U%? _ 
a 


(7) For thick samples, the intensity of the line at the 
center is reduced by the diffusion effect by a factor of 
the order of (D/U)*. When DXU, the integrated inten- 
sity of the line comes mainly from the diffuse wings and 
not from the center. 

(8) Results (1)-(7) are independent of the shape of 
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the metal, although the detailed calculations of Secs. 
VI-VIII apply only to flat plates. 

Experimentally, it is found convenient to measure 
not the actual energy absorption for a given H but the 
change in absorption resulting from a small modulation 
of H. Thus the measured quantity is the derivative of P 
with respect to v. This has the effect of further accen- 
tuating the center of the line as compared with the 
wings. In particular, the shape (114) appears as a very 
strong symmetrical peak with shallow minima (depth 
about 6 percent of the central peak) on either side. 

The author wishes to express his thanks to Professor 
Kittel for suggesting this problem to him, to the whole 
of the Berkeley solid-state physics group for their 
active cooperation, and to the Department of Physics 
of the University of California for its hospitality during 
the time this work was done. 
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Measurements of the thermoelectric power, thermal conductivity, and electrical resistance have been 
made on a bismuth single crystal in magnetic fields up to 13 kilogauss at liquid helium temperatures. 
The results for two newly discovered effects, namely the oscillatory magnetic field dependence of both 
the thermoelectric power and the thermal conductivity, are presented in detail. The crystal was mounted 
transverse to the field with the trigonal axis parallel to the crystal length. The heat current was also parallel 
to the crystal length. Most of the data were taken with the magnetic field parallel to one of the crystalline 
binary axes where only one oscillating component was found. For this orientation the oscillations in the 
two thermomagnetic properties were periodic in H™ with a period of 7.1X%10-> gauss“. This result is 
compared to the calculated period obtained from susceptibility oscillations (de Haas-van Alphen effect) 
of bismuth and found to agree very well. Temperature and field dependence of the amplitude of the oscilla- 
tory effects are discussed. 


INTRODUCTION 


HE thermal and electrical properties of bismuth 
have a long history of peculiar behavior especially 

when placed in a magnetic field. These peculiarities 
are emphasized when low temperatures are combined 
with strong magnetic fields. Thus, the pioneer work of 
de Haas and van Alphen! on the oscillatory susceptibil- 
ity of Bi opened the door to susceptibility, magneto- 
resistance, and Hall effect experiments on many other 
metal single crystals. The latter two properties fall in 
the catagory of galvanomagnetic effects. Such measure- 
ments have been made on Bi and have revealed that 
both the magnetoresistance? and Hall coefficient? exhibit 
the same type of magneto-oscillatory behavior as the 
(1930) J. de Haas and P. M. van Alphen, Leiden Comm. 212A 

*P. B. Alers and R. T. Webber, Phys. Rev. 91, 1060 (1953). 


*Reynolds, Leinhardt, and Hemstreet, Phys. Rev. 93, 247 
(1954). See also Laird C. Brodie, Phys. Rev. 93, 935 (1954). 


susceptibility. However, there has been only a little 
work done*:> on the thermomagnetic properties of Bi 
single crystals at low temperatures. 

The present investigation was undertaken to deter- 
mine if the thermoelectric power and thermal conduc- 
tivity of Bi exhibit the same type of magneto-oscillatory 
behavior as do the susceptibility, magnetoresistance, 
and Hall coefficient. On the basis of thermodynamic 
arguments relating the galvanomagnetic and thermo- 
magnetic coefficients,® it was believed that such 
properties as the thermoelectric power and thermal 
conductivity would show the oscillatory dependence 
on the magnetic field strength. Bismuth was chosen 
as the metal to study since its magnetic behavior is 
much more pronounced than most other metals at 


he Shalyt, J. Phys. (U.S.S.R.) 8, 315 (1944). 


e Haas, Gerritsen, and Capel, Physica 3, 1143 (1936). 
°H. B. Callen, Phys. Rev. 85, 16 (1952). 
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low temperatures. Preliminary reports’-* on this work 
have already been given. 


EXPERIMENTAL DETAILS 
(A) Specimen 


The single crystal used throughout all the experiments 
reported here was grown from Cerro de Pasco Copper 
Company bismuth (99.99 percent pure). Since a 
particular orientation was desired (trigonal axis 
parallel to crystal length), it was grown by a seeding 
technique in a furnace described previously by 
Schubnikow.’ The crystal, as used, was acylinder57 mm 
long and 1.7 mm in diameter. The trigonal axis had 
been located by cleaving the crystal under liquid 
nitrogen. From goniometer measurements it was found 
that the trigonal axis was parallel to the crystal length 
to within 1.5°. 


(B) Magnet 


Horizontal magnetic fields, H, up to 13 kilogauss 
were supplied by an A. D. Little electromagnet capable 
of rotation about a vertical axis. The 11-inch diameter 
pole pieces were separated by a gap of 4 inches. With 
this magnet arrangement and the relatively small 
size of the crystal, homogeneous magnetic fields were 
readily attained. Calibration of the magnet, to within 
0.02 percent, was accomplished through use of a 
nuclear fluxmeter. 


(C) Measurement Technique 


A noninductive manganin héating coil on a coil 
form was soldered to the upper and lower ends of the 
bismuth crystal. The crystal with the heaters was 
mounted vertically from the top plate of a vacuum 
can, so that the upper heater form was in thermal 
contact with the liquid helium bath. The vacuum can 
was then sealed with a gold ring seal. The lower heater 
established the temperature gradient. The upper 
heater established the mean temperature of the crystal 
at a temperature slightly above the bath temperature. 
With this arrangement, the effects of a drifting bath 
temperature and of magnetic variations in the thermal 
conductivity of the crystal could be compensated by 
varying the current in the upper heater. All the heater 
and thermometer leads were number 40 formex in- 
sulated manganin wires and were wrapped on and 
glyptalled to the top plate in order to bring them into 
thermal contact with the liquid helium bath. The leads 
were strung through a sharply bent pumping tube 
which served as a radiation shield and were brought 
out of the vacuum system through a multiple-terminal 
Stupakoff glass to metal seal at room temperature. 
The vacuum system incorporated a provision for the 
addition of helium exchange gas into the vacuum can 
for isothermal measurements such as magnetoresistance. 

7M. C. Steele and J. Babiskin, Phys. Rev. 94, 1394 (1954). 


8 J. Babiskin and M. C. Steele, Phys. Rev. 96, 822 (1954). 
9 L. W. Schubnikow, Leiden Comm. 207B (1930). 
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Thermoelectric junctions to copper wire (No. 44) were 
made at points 47 mm apart on the crystal. These 
copper leads were brought out to the liquid helium 
bath through Stupakoffs in the top plate of the vacuum 
can. Thus, for all the experiments to be reported here, 
H was perpendicular to the trigonal axis of the crystal, 
while the heat was parallel to the trigonal axis. This is 
the desired orientation because susceptibility oscilla- 
tions are then more pronounced than if H were parallel 
to the trigonal axis. The binary axes of the crystal 
were located from magnetoresistance rotation measure- 
ments at 4.2°K. For the actual field used the resistance 
was maximum when H was perpendicular to a binary 
axis and minimum when H was parallel to a binary 
axis. Carbon resistance thermometers were placed in 
copper jackets which in turn were soldered to the 
crystal diameterically opposite the thermoelectric 
junctions. A low-melting (55°C) indium solder was 
used to make all connections to the crystal]. The carbon 
thermometers were calibrated for both temperature 
and magnetic field, so that the small resistance correc- 
tions due to the magnetoresistance of the carbon 
thermometer could be applied. 

A thermofree six-dial potentiometer was used to 
measure the thermal emf. Less precise potentiometers 
were used to measure the voltage drop across the 
carbon resistors which were connected in series and 
carried a constant measuring current (~10-> amp). 
The input measuring power was ~10~’ watt. Heater 
currents were of the order of milliamperes and could be 
read so that the error was less than 0.02 percent. The 
power supplied by the heaters was of the order of 
milliwatts. 

A typical run proceeded in the following manner. 
The temperature gradient and upper junction tempera- 
ture were both fixed by adjusting the heaters in zero 
magnetic field. After bringing H up to maximum value, 
the heaters were readjusted to give the same tempera- 
ture conditions as in zero field. For every decrease of 
the magnetic field corresponding to an experimental 
point, the potentiometers across the carbon thermom- 
eters were first adjusted to correct for the magnetoresist- 
ance, then the current in the upper and lower heaters 
was adjusted to satisfy the foregoing conditions. In this 
way, both the temperature gradient and the upper 
temperature were maintained constant throughout a 
field sweep. The thermoelectric voltage and heater 
currents were then recorded as a function of field as H 
was decreased. This procedure gave simultaneous 
measurements of thermoelectric power and thermal 
conductivity as a function of magnetic field, with 
temperature as a parameter. 

The vacuum in the can during an experimental run 
was ~10~°u of mercury as read on a Phillips gauge at 
room temperature. Actually it is presumed that the 
vacuum in that part of the system at liquid helium 
temperatures was considerably better than the above 
value. 
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EXPERIMENTAL RESULTS 
(A) Thermoelectric Power 


In Fig. 1. are plotted curves for thermoelectric 
power as a function of H~ for three different tempera- 
tures. Relative to the sign convention all the thermo- 
electric powers reported in this paper are negative. 
For this set of data, H was parallel to one of the binary 
axes. The curves show clearly the oscillatory nature of 
the thermoelectric power even at the highest tempera- 
ture (4.33°K). These measurements were made on the 
same day so as to observe the gross behavior of the 
thermoelectric power as a function of magnetic field 
and temperature. Actually these data were taken on an 
X-Y recorder (with a preamplifier) in order to be 
able to get sufficient data in a given helium run. For 
these data the heater currents were constant, so that 
the variation of AT could have been ~2 percent 
over the entire field sweep due to the magnetic depend- 
ence of the thermal conductivity. The thermal voltages 
ranged up to 80 microvolts and were recorded as 
the Y coordinate, while the magnet current was the 
X coordinate. The points shown in Fig. 1 were taken 
from the X—Y trace so as to have equal increments 
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_Fic. 1. Thermoelectric power as a function of H— for a bismuth 

single crystal at three temperatures. These data were taken at 
the mean temperatures of 3.21°K, 4.33°K, and 1.47°K, with 
temperature differences of 0.017°K, 0.028°K, and 0.033°K 
tespectively between thermojunctions. 
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Fic. 2. Thermoelectric voltage as a function of H™ when H is 
parallel to a binary axis of the bismuth crystal. The mean tempera- 
ture was 1.604°K and the temperature difference was 0.064°K. 
6 is the difference between the experimental points and the dashed 
envelope curve. 


in H—, These data (Fig. 1) are not as precise as those 
obtained with the six-dial potentiometer. 

Figure 2 shows the results (with the same orientation 
as for Fig. 1) at a mean temperature of 1.604°K and a 
temperature difference of 0.064°K between thermo- 
junctions. To obtain the thermoelectric power in 
microvolts per degree, one needs only to divide the 
voltages in Fig. 2 by the constant temperature gradient, 
0.064°K. These data were obtained with the six-dial 
potentiometer. The error in these voltage readings was 
of the order of 0.5 percent. In order to emphasize the 
oscillatory component we have also plotted in Fig. 2 
the difference, 5, between the experimental points and 
the dashed envelope curve which passes through the 
minima of the data. We shall show later that the 6 
curve is strictly periodic in H-'!. At this point it is 
noted that the amplitude of the oscillatory component 
becomes monotonically larger as we go to higher 
values of H. At H'~1.6X10~ gauss“, corresponding 
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Fic. 3. Thermoelectric voltage as a function of H— when Z is 
perpendicular to a binary axis of the bismuth crystal. The mean 
temperature was 1.678°K while the temperature difference was 
0.022°K. 6 is the difference between the experimental points and 
the dashed envelope curve. Note the structure in the 6 curve here 
as compared to that in Fig. 2. This is due to at least two frequencies 
of oscillation being present. 


to a maximum value for 6, 6 (which is then twice the 
oscillatory amplitude) is 27 percent of the envelope 
value. 

Figures 3 and 4 show the thermoelectric results as a 
function of H— for two different orientations. These 
results are presented to exemplify the existence of beats 
resulting from more than one oscillating term. In Fig. 3, 
H was perpendicular to a binary axis, while in Fig. 4 
H made an angle of 45° with a binary axis. Since these 
results are more complicated than those shown in 
Figs. 1 and 2 we shall confine our attention in this paper 
to.the case with H parallel to a binary axis. A detailed 
study of the other orientations would require another 
investigation. 


(B) Thermal Conductivity 


Oscillations in the thermal conductivity as a function 
of magnetic field were observed clearly only in the 
lowest temperature (mean temperature 1.604°K) run. 
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Fic. 4. Thermoelectric voltage as a function of H when H is at 
45° to a binary axis of the bismuth crystal. The mean temperature 
was 4.370°K and the temperature difference was 0.014°K. 6 is 
the difference between the experimental points and the dashed 
envelope curve. Again there is evidence of more than one frequency 
of oscillation. 


At higher temperatures (up to ~5°K for the mean 
temperature) the results only suggested the possibility 
of oscillations. Therefore we present only the data for 
the lowest temperature. In Fig. 5 the thermal conduc. 
tivity is plotted as a function of H—. Here too A was 
parallel to a binary axis. The dashed curve is the 
envelope passing through minima while the solid 
curve traces the experimental points. Differences j 
between the envelope and the experimental points 
are also plotted in Fig. 5. The oscillatory character of 
the thermal conductivity is clearly evident from these 
results. These data were obtained simultaneously with 
the thermoelectric data shown in Fig. 2, so that we 
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Fic. 5. Thermal conductivity as a function of H-. H was 
parallel to a binary axis of the bismuth crystal. The mean tempera- 
ture was 1.604°K and the temperature difference was 0.064°K. 
8 is the difference between the experimental points and the 
dashed envelope curve. 


shall be able to compare details of the oscillations 
readily. Thus, the mean temperature for the results in 
Fig. 5 was 1.604°K and the temperature difference was 
0.064°K. The zero field value of the thermal conduc- 
tivity at this temperature was 0.415 watt units. The 
amplitude of the oscillations in 6 becomes monotonically 
larger as H is increased. At H-~1.2X10~ gauss”, 
corresponding to a maximum value for 4, 6 is only ! 
percent of the envelope value. The relative error for 
this thermal conductivity data was less than 0.1 
percent. The mean value of the thermal conductivity 
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Fic. 6. Electrical resistance of a bismuth single crystal as a function of Hat T=1.232°K. H was parallel 
to a binary axis and perpendicular to the trigonal axis. The electric current was parallel to the trigonal axis. 
6 is the difference between the experimental points and the solid envelope curve. 


decreased by approximately 4 percent in going from 
zero field to the maximum JZ. So it is clear that for 
Bi the thermoelectric power oscillations with magnetic 
field are far easier to observe experimentally than are 
the thermal conductivity oscillations. In fact, the 
smallness of the effect in thermal conductivity is 
probably one of the reasons it was not observed in 
previous measurements‘ of thermal conductivity as a 
function of magnetic field. 


(C) Magnetoresistance 


Some magnetoresistance measurements were made 
on this crystal so as to be able to correlate the various 
magneto-oscillatory effects on the same crystal. No 
systematic study of magnetoresistance was needed 
because of the comprehensive work of Alers and 
Webber.” 

_ Our magnetoresistance results at 1.232°K are shown 
in Fig. 6. H was parallel to a binary axis and perpendic- 
ular to the trigonal axis, while the electric current was 
parallel to the trigonal axis. For these data the potential 
drop across the specimen was recorded directly as a 
function of magnet current on the X—Y recorder. 
Points shown in Fig. 6 were taken from the continuous 
X—Y trace. The solid curve is an envelope passing 


through minima. 6, the difference between the envelope 
and experimental points, is plotted against H~ at the 
bottom of Fig. 6. The arrows on the 6 curve denote 
values for H-! corresponding to resistance minima. 
The amplitude of these oscillations in 6 also exhibits a 
monotonic increase with increasing H. At H“~1.6 
X10-4, gauss“, corresponding to a maximum in 4, 
5 is 13 percent of the envelope value. The error in this 
data was less than 0.5 percent. 


DISCUSSION 
(A) Period of Oscillations 


The correlation of these oscillatory thermomagnetic 
effects to the oscillatory susceptibility and galvano- 
magnetic effects is most readily shown by comparing 
the period of oscillation in H-, In Landau’s” theory 
of the de Haas-van Alphen effect this period is given 
by 8/Eo, where 6 is a double effective Bohr magneton 
and Ep is the chemical potential (Fermi energy) of 
the pertinent de Haas-van Alphen electrons (or holes) 
measured from the bottom of the significant zone for 
electrons (or from the top of the zone for holes). So we 


~L. D. Landau, see Peso) to D. Schoenberg, Proc. Roy. 
1 (1 


Soc. (London) A170, 341 (1939). 
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Fic. 7. Values of H™ at which thermal conductivity, electrical 
resistance, and thermoelectric power minima occur in a bismuth 
single crystal, plotted against integers. The data for this plot were 
taken from Figs. 2, 5, and 6. 7 


must first show that the oscillations in the thermo- 
electric power and thermal conductivity are periodic 
in H-. This can be seen clearly from Fig. 7 where the 
values of H- corresponding to minima in the 6 curves 
of Figs. 2, 5, and 6 are plotted against integers. A 
straight line in such a plot is proof of the periodicity in 
H-. The three straight lines in Fig. 7 show that for 
this Bi crystal the thermoelectric power, thermal 
conductivity, and magnetoresistance are all periodic in 
H-. Furthermore, the fact that the lines are all parallel 
(to within experimental error) indicates that they have 
the same periodic of oscillation, 8/E». Our assignment 
of the value 8/E» to the period of oscillation for the 
thermomagnetic effects presupposes that when a proper 
theory for these effects is formulated such a result will 
be part of it. In the case of magnetoresistance there is 
some theoretical basis"! for assigning the value B/E» 
to the period. A very interesting conjecture on the 
fact that all the transport properties of Bi should 
exhibit magneto-oscillatory effects with the same period 
as the susceptibility was made by Robinson" several 


1 A. Achieser, Compt. rend. 23, 874 (1939). 

12 B. Davydov and I. Pomeranchuk, J. Phys. (U.S.S.R.) 2, 147 
(1940). 

13]. E. Robinson, dissertation, Yale University, 1950 (un- 
published). 


years before there existed complete experimental proof 
on such properties as the Hall effect, magnetoresistance 
and the two thermomagnetic effects discussed in the 
present paper. 

The value of B/E obtained from the lines in Fig. 7 
is 7.1.X10-> gauss. We now seek to compare this 
value with Shoenberg’s" results on susceptibility. 
Unfortunately, our orientation for the above value was 
with the field perpendicular to a trigonal axis and 
parallel to a binary axis. For such an orientation the 
couple, measured on a torsion balance, vanishes. 
Hence, we must pass to a calculation of the period for 
the susceptibility with this orientation from the 
constant energy ellipsoid scheme proposed by Shoen- 
berg. Using the revised parameters given by Shoenberg,!® 
we find that there are three (two of which are the same) 
values of 8/Ep for our orientation. 


They are 
B:/Eo=2.5X 10-6 gauss“, 
B2/Eo=7.1X10-> gauss“, 
B3/Eo=7.1X10-5 gauss“. 


The values for 82/Eo and 63/Ep are in excellent agree- 
ment with the results of the present work. This is 
further evidence for the generality and similarity of 
the magneto-oscillatory effects. The absence of any 
short period term in our observations, corresponding 
to the 6:/E» of the susceptibility calculation, is not 
too disturbing or surprising since, in general, the 
amplitude of short period oscillations is much less 
than that of longer period ones. 

For H perpendicular to both a binary axis and the 
trigonal axis, the calculated periods for susceptibility 
oscillations are 


B:/Eo=8.2X10- gauss“, 
B2/Eo=4.1X10-* gauss“, 
B;/Eo=4.1X10-> gauss. 
Although our results (Fig. 3) indicate that there are at 
least two oscillating terms present, we cannot readily 
make a quantitative comparison between calculated 
and observed periods. : 
The same situation pertains to the orientation with 
H at a 45° angle to a binary axis (and Z still perpendic- 
ular to the trigonal axis). In that case the calculated 
periods are 
B1/Eo=5.8X 10-5 gauss“, 
B2/Eo=7.9X10-* gauss™, 
B3/Eo=2.1X10-* gauss“. 

The results in Fig. 4 confirm the existence of more than 


one term but, again, a quantitative check is not fully 
justified. 


14D). Schoenberg, Proc. Roy. Soc. (London) A178, 341 (1939). 
18 TP). Schoenberg, Trans. Roy. Soc. (London) A245, 1 (1952). 
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(B) Relative Phase of the Oscillations 


The relative phase of the various oscillations is of 
interest from a theoretical point of view. Such informa- 
tion can aid in qualitative interpretation of how the 
magnetic field is affecting each of the properties. 

From Fig. 7, we see that minima in thermal conduc- 
tivity, thermoelectric power, and electrical resistance 
occur at very nearly the same field strength. Actually 
there are small phase differences between the three 
lines in Fig. 7. In units of w radians, these differences 
are 0.16 between thermal conductivity and thermo- 
electric power, and 0.08 between thermoelectric power 
and electrical resistance. It is clear that the relative 
phase we are reporting here is dependent on the way 
the envelope curves were drawn. Thus the small 
differences found in Fig. 7 may be within the limits 
imposed by a variety of envelope curves that could be 
put through the experimental points. 

If one assumed that the Lorenz number (product of 
the thermal conductivity and the electrical resistivity 
divided by the temperature) remained constant for Bi 
at these low temperatures and relatively strong mag- 
netic fields, then one would have expected a maximum 
in thermal conductivity to correspond to a minimum 
in electrical resistance. Since we do not observe this, 
we conclude that the crystal lattice contribution to 
the thermal conduction is not independent of the 
magnetic field. A mechanism that involves the lattice 
in thermal conductivity of metals is the scattering of 
lattice vibrations by electrons. Such scattering has 
been shown!* to produce a term in the thermal conduc- 
tivity «1/N,?, where N, is the number of free electrons 
per atom. On the other hand, from elementary concepts 
we have that the electrical resistance «1/N,q. If one 
now assumes that NV, varies with magnetic field 
strength, it is found that a minimum in electrical 
resistance would indeed occur at the same field strength 
as a minimum in the thermal conductivity. Although 
the above argument is only qualitative (particularly 
since the 1/N,? dependence for the electron-lattice 
| vibration scattering may no longer be valid at low 
temperatures) it is presented in any event since there is, 
at present, no adequate rigorous theory to explain the 
observations. 

Further, the phase relation between the observed 
thermoelectric power and magnetoresistance oscillations 
cannot be explained in light of existing theory, since 
the only model for which thermomagnetic and galvano- 
magnetic calculations have been made is the two-band 
isotropic metal.!” It is noted though that the occurrence 
of minima in the oscillatory component of the thermo- 
electric power and magnetoresistance at nearly the 
same field is in keeping with the fact that the envelope 
curves of both these quantities also show similarities. 

16 J. L. Olsen and H. M. Rosenberg, Advances in Physics 2, 
28 (1953). 


17 A. H. Wilson, Theory of Metals (Cambridge University Press, 
New York, 1953), p. 208. 


TABLE I. Temperature dependence of thermoelectric 
power for H=5500 gauss. 








Tmean°K 


1.47 
3.21 
4.33 


€m, mv/°K 


0.99 
1.96 
1.41 


Ae, mv/°K 


0.12 
0.18 
0.11 


Ac/em 


0.121 
0.092 
0.078 











Although both increase with increasing H, we shall 
show later that the envelope curves do not follow the 
same field dependence quantitatively. 


(C) Temperature Dependence of the 
Thermoelectric Power 


Since the thermoelectric oscillations were readily 
observed at the three temperatures shown in Fig. 1, 
we can discuss the temperature dependence of both 
the oscillations and the mean value of the thermo- 
electric power. It is clear that the 3.21°K data have 
the largest thermoelectric power, ¢, at all field strengths. 
But this does not give the complete picture insofar as 
the oscillations are concerned. In particular, we shall 
be interested in knowing the relative magnitude of the 
oscillations compared to the mean value at any field. 
To illustrate such a temperature dependence, there 
are shown in Table I data taken from Fig. 1 at H=5500 
gauss. The mean value of the thermoelectric power is 
designated as €m, while the amplitude of the oscillatory 
component is Ae. The field value chosen corresponds to 
a maximum in the oscillatory component at each 
temperature. 

Table I exhibits several points of interest. The ratio, 
Ae/ém, becomes larger as the temperature is decreased. 
This means that at lower temperatures the oscillatory 
character of the thermoelectric power is more readily 
extracted from the total thermoelectric power. But 
there is probably no great experimental advantage to 
going to much lower temperatures that 1.47°K because 
the value of €» has already decreased by a factor of 
two in going from 3.21°K to 1.47°K. Thus, one would 
need to double the temperature gradient at 1.47°K in 
order to observe the same thermal voltage as measured 
at 3.21°K. It seems reasonable to expect that e» will 
continue to drop with decreasing temperatures like 7”, 
where 1 is of order 1. On the other hand, it may be of 
interest to make measurements at temperatures higher 
than 4.33°K since the oscillations still amounted to 
7.8 percent of the total at this temperature and a field 
of only 5500 gauss. Higher field and temperature 
measurements might reveal additional clues to aid in 
the explanation of the phenomena. In fact, we have 
also made some measurements (for the same crystal) 
on the field dependence of ¢ at liquid nitrogen tempera- 
tures. These results, although preliminary in nature, 
indicate a rather marked and interesting field depend- 
ence. Thus, at 50°K, with H parallel to a binary axis 
(and still perpendicular to the trigonal axis) ¢ exhibited 
a maximum at about 6 kilogauss, Measurements were 
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TaBLE II. Field dependence of the maxima in the oscillations 
of thermoelectric power (Tmean= 1.604°K). 








H™ X10 
(gauss™) 5(e), nv & uv 
2 13.0 47.8 
5.4 33.3 
E 24.4 
: 19.4 
16.1 


&()/& 


0.272 
0.162 
0.106 
0.083 
0.062 





. 








continued to 13 kilogauss and showed that « was still 
decreasing. When H was at 45° to a binary axis (at 
50°K) ¢ showed a maximum at 1.9 kilogauss and a 
minimum at 6.7 kilogauss. For this orientation « was 
still increasing at 13 kilogauss. Such behavior for « 
suggests the possibility of a magneto-oscillatory 
thermomagnetic effect in Bi at comparatively high 
temperatures. A more complete study of this behavior 
is contemplated in order to clarify the possibility 
suggested above. 


(D) Field Dependence of Envelope and 
Amplitude of Oscillations 


(a) Thermoelectric Power 


One of the questions that must be answered by any 
complete theory of thermomagnetic phenomena is the 
manner in which the effects depend on magnetic field 
strength. For bismuth this explanation would need 
to encompass the field dependence of both the oscillation 
amplitude and the envelope curve. Figure 2 gives such 
information on the thermoelectric power at a mean 
temperature of 1.604°K. Over the field range investi- 
tigated, the dashed line (envelope curve) in Fig, 2 is 
represented by 

ex J], (1) 


Similar analysis of the data given in Fig. 1 show that 
this field dependence for ¢ is very nearly temperature 
independent (over the range 1.47°K-4.33°K). 

Some idea of the field dependence of the oscillations 
in € can be obtained by noting how maxima of the 
6 curve (Fig. 2) change with H. The pertinent informa- 
tion is given in Table II. & designates the envelope 
value. 

Analysis of the data in Table IT shows that the relation 


5(€) « H?-§ (2) 


describes the field dependence of the oscillation ampli- 
tude very well. Such a field dependence differs markedly 
from that exhibited by the susceptibility oscillations 
where the amplitude either shows a leveling off or 
actually attains a maximum value as Z is increased. 
Of course one needs to extend the thermoelectric 
measurements to stronger fields in order to see if Eq. (2) 
continues to represent the data correctly. The last 
column in Table II, 5(e)/&, shows that the oscillations 
become far easier to observe (relative to the total 
thermoelectric power) as H is-increased. 
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To complete this discussion we should like to give 
an estimate of how many fold « is increased from its 
zero field value to its value at H=10 kilogauss. To 
make this estimate we note from Fig. 1 that at H=10 
kilogauss and 7,=4.33°K, ém~3X10-* volt/°K. In 
an earlier work on polycrystalline Bi wire, we reported'® 
a zero-field value of e~6X10-* volt/°K at 5°K. Since 
it was also noted there that the zero field value of « 
for a Bi single crystal was only somewhat larger than 
for the polycrystalline wire, we feel justified in using 
this estimate to obtain the desired ratio. Thus é is 
increased by about a factor of 500 in going from zero 
field to 10 kilogauss. 


(b) Thermal Conductivity 


From Fig. 5 we find that the envelope curve (dashed 
line) of the thermal conductivity, x, is practically field 
independent over the range of fields investigated. In 
fact, we have already noted that kmean Only decreased 


TaBLeE III. Field dependence of the maxima in the oscillations 
of the conductivity (Tmean= 1.604°K). 








5(x), 


H™X10+ 
watt units 


(gauss™!) 
1.2 0.0046 

g 0.0026 

r 0.0014 
0.0010 

0.0007 











by about 4 percent in going from zero field to 13 
kilogauss. On the other hand, the amplitude of the 
oscillations in x are strongly field dependent. Data on 
how the maxima of the 5(x) curve change with Z is 
given in Table III. 

From Table III it is found that 


5(x)~H?° (3) 


describes the field dependence of the oscillation ampli- 
tude over the range investigated. Here again, the field 
dependence is different from that shown by the 
susceptibility. 


(c) Electrical Resistance 


For the sake of completeness on this crystal we also 
give the field dependence of the electrical resistance p. 
Data (from Fig. 6) on the field dependence of the 
envelope curve and the maxima in 46(p) are given in 
Table IV. 

Analysis of these data shows that the envelope curve 
can be described by the relation 


px H?°, (4) 


but the oscillation amplitude field dependence is more 
complicated than a simple power of H. Equation (4) 
is in reasonably good agreement with the results of 


18 J. Babiskin and M. C. Steele, Phys. Rev. 95, 602 (1954). 
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Alers and Webber? who found p« H'-® for a different 
orientation (H perpendicular to both a binary axis 
and the trigonal axis). 


(E) Separation of Thermomagnetic Effects into 
Even and Odd Field Components 


In Fig. 8 are shown data of the thermoelectric power 
(arbitrary units) as.a function of magnet angle for 
H=12600 gauss, Tm=5.298°K, and AT=0.128°K. 
For a magnet angle of 0°, H was perpendicular to a 
binary axis. The field was perpendicular to the trigo- 
nal axis throughout the entire rotation. 

These data are given to show the lack of 180° 
symmetry in the rotation of H. The same lack of 
symmetry was noted in the thermal conductivity 
measurements at 1.604°K. But our measurements on 
the electrical resistance in a magnetic field (a gal- 
vanomagnetic property) showed that p(H)=p(—H) 
very precisely. Earlier measurements of thermomagnetic 


TABLE IV. Field dependence of the envelope and oscillation 
amplitude of electrical resistance. (7 = 1.232°K.) 








5(p) 
(arbitrary 
units) 


0.36 
0.17 
0.09 
0.05 


p 
(arbitrary 
units) 


H-™ X10 
(gauss™!) 


1.6 2.82 
2.4 1.40 
3.1 0.86 
3.8 0.57 


5(p)/p 


0.128 
0.121 
0.105 
0.088 











effects in Bi crystals at liquid nitrogen temperatures 
by Griineisen and Gielessen!.” had also shown such an 
“umkehreffekt.” Later work by Griineisen e al. on 
Bi showed that the effect was still there but that the 
explanation was still lacking. Similar results have also 
been obtained by Rausch” in his thermomagnetic 
measurements on antimony crystals at liquid nitrogen 
temperatures. 

Further data on the effect of field reversal were taken 
at lower temperatures, and revealed that the lack of 
180° symmetry became more evident. We were then 
particularly interested in taking field sweeps at orienta- 


19 FE, Griineisen and J. Gielessen, Ann. Physik 26, 449 (1936). 
»” E. Griineisen and J. Gielessen, Ann. Physik 27, 243 (1936). 
*1 Griineisen, Rausch, and Weiss, Ann. Physik 7, 1 (1950). 

# K. Rausch, Ann. Physik 1, 190 (1947). 





Fic. 8. Polar plot of thermoelectric voltage (microvolts) as a 
function of magnet angle for a bismuth single crystal. H=12 600 
gauss; the mean temperature=5.298°K and the temperature 
difference was 0.128°K. H was perpendicular to a binary axis 
when the magnet angle was 0°. H was perpendicular to the 
trigonal axis throughout the rotation. 


tions 180° apart. By taking sums and differences of the 
data from two such orientations we could study the 
field dependence of both the odd and even field compo- 
nents. Such data were taken for the thermoelectric 
power at a mean temperature of 1.47°K. The even 
field component showed the oscillatory behavior as a 
function of H, while the odd field component did not. 
It is clear that further work is needed to explain the 
nature of the even and odd components. 

As a result of the above longitudinal thermomagnetic 
measurements, we feel that the transverse thermo- 
magnetic (Nernst and Righi-Leduc) effects in bismuth 
will exhibit an oscillatory magnetic dependence. One 
of us (J.B.) plans to make such transverse measure- 
ments. It is probable that other metals showing a de 
Haas-van Alphen effect will also exhibit oscillatory 
thermomagnetic dependencies. The thermomagnetic 
effects of such metals as graphite, beryllium, and zinc” 
are the most likely ones to examine since they exhibit 
large de Haas-van Alphen effects. 

The authors wish to thank the members of the 
Cryogenics Branch for their helpful discussions. 


%P, B. Alers, Bull. Am. Phys. Soc. 30, No. 1, 41 (1955). 
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An experimental and theoretical discussion is given of the results of cyclotron resonance experiments on 
charge carriers in silicon and germanium single crystals near 4°K. A description is given of the light-modu- 
lation technique which gives good signal-to-noise ratios. Experiments with circularly polarized microwave 
radiation are described. A complete study of anisotropy effects is reported. The electron energy surfaces in 
germanium near the band edge are prolate spheroids oriented along (111) axes with longitudinal mass 
parameter m= (1.580.04)m and transverse mass parameter m;= (0.082+-0.001)m. The electron energy 
surfaces in silicon are prolate spheroids oriented along (100) axes with m:= (0.9740.02)m; m:= (0.19+0.01)m. 
The energy surfaces for holes in both germanium and silicon have the form 


E(k) =ARA[Bk*+-C?(k2kh,ye+hyP2k2+h2kz2) }. 
We find, for germanium, A =— (13.0+0.2) (h?/2m), |B] = (8.90.1) (#?/2m), |C| = (10.30.2) (h?/2m); 


and for silicon, A = — (4.10.2) (##/2m), |B| = (1.6.0.2) (h?/2m), |C| = (3.30.5) (f?/2m). A discussion 
of possible systematic errors in these constants is given in the paper. 





1. INTRODUCTION 


cyclotron resonance the current carriers in a solid 
are accelerated in spiral orbits about the axis of a 
static magnetic field H. The angular rotation frequency 


is 
w= eH /m*c, (1) 


where m* is the effective mass of the carrier. The 
experiment determines the effective mass directly, and 
is the first experiment to do so. Resonant absorption of 
energy from an rf electric field perpendicular to the 
static magnetic field occurs when the frequency of the 
rf field is equal to the cyclotron frequency f.-=w,/2r. 
The motion is not unlike that of the particles in a 
cyclotron or simple magnetron. The + choice in Eq. 
(1) indicates that holes and electrons will rotate in 
opposite senses in the magnetic field. 

We consider the order of magnitude of several 
physical quantities relevant to the experiment. We 
make the estimates using m*/m0.1, which is not 
unrepresentative. For f-=24000 Mc/sec, or w.=1.5 
X10" radians/sec, we have H=860 oersteds. The 
radius of the orbit is r=v/w-. The mean radius for 
carriers in a Maxwellian velocity distribution at temper- 


ature T is 
SkT\? 1 
iy. ° 
am*/] w 


as 0= (8kT/xm*)*. For T=4°K, 014X108 cm/sec, and 
73X10- cm. The transition probability in cyclotron 
resonance is proportional to the square of the electric 
dipole moment; in electron spin resonance the transition 
probability is proportional to the square of the magnetic 
moment. As the maximum electric field in a resonant 
cavity is of the same order of magnitude as the maxi- 
mum magnetic field, the ratio of the transition proba- 
bilities for cyclotron and for spin resonance will be of 


the order of 
P./P.* (e7)?/us’= 10" (3) 


for equal line widths, frequencies, and numbers of 
effective carriers. The Boltzmann factor in spin reso- 
nance is to be taken into account in the definition of an 
effective carrier. The substantial advantage favoring 
the detection of cyclotron resonance is partly lost 
because of the low carrier concentrations used in 
cyclotron resonance. 

The line width is determined by the collision relaxa- 
tion time 7, which describes the effect of collisions of 
the carriers with lattice vibrations, impurity atoms, 
and other imperfections. It is necessary that wr21 in 
order to obtain a distinctive resonance. In other words, 
the mean free path must be large enough so that the 
average carrier will get 1/27 of the way around a 
circle between successive collisions. For w-=1.5X10" 
sec, we require r~10-" sec or longer. At room 
temperature the relaxation times of carriers in semi- 
conductors and metals are commonly of the order of 
10—* to 10- second. It is usually necessary to work 
with high-purity crystals in the liquid hydrogen or 
liquid helium temperature range in order to obtain 
relaxation times which are long enough to permit the 
observation of cyclotron resonance with X- or K-band 
microwave equipment. 

The theory of cyclotron resonance absorption is 
elementary, and for free particles goes back to Drude, 
Voigt, and Lorentz. Cyclotron resonance of free elec- 
trons in the earth’s magnetic field has been observed in 
the propagation of radio waves in the ionosphere. The 
idea that it might be possible to carry out cyclotron 
resonance experiments in solids has been considered 
independently by a number of workers. In 1951 Dorf- 
mann! published the suggestion of the possible appli- 
cation of cyclotron resonance to solids. Independently 
and simultaneously, Dingle? published his work on the 

1 J. Dorfmann, Doklady Acad. Sci. (U.S.S.R.) 81, 765 (1951). 

2R. B. Dingle, Ph.D. thesis, Cambridge University, 1951 
(unpublished); Proceedings of the International Conference on 


Very Low Temperatures, edited by R. Bowers (Oxford, England, 
August 1951), p. 165; Proc. Roy. Soc. (London) A212, 38 (1952). 
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quantum theory of cyclotron resonance of a free 
particle, and also discussed the possible application to 
solids. Shockley® gave the solution of the problem of 
the cyclotron frequency for an ellipsoidal energy 
surface; his result is applicable directly to the conduc- 
tion bands of silicon and germanium. He also derived 
expressions for the effective mobility in transverse and 
longitudinal cyclotron resonance. Later, Suhl and 
Pearson‘ reported an unsuccessful experimental attempt 
to detect cyclotron resonance in germanium at 77°K. 
The present authors’ reported the first successful 
cyclotron resonance experiments, on germanium at 4°K. 
Our original results on germanium were incomplete, 
and important further developments for germanium 
have been reported by Lax, Zeiger, Dexter, and Rosen- 
blum,* and by Dexter, Zeiger, and Lax.’ The first 
work on silicon was reported concurrently by the 
Lincoln and Berkeley groups. 


2. CLASSICAL THEORY OF CYCLOTRON RESONANCE 
FOR AN ISOTROPIC EFFECTIVE MASS 


We give now a brief classical discussion of cyclotron 
resonance absorption by a carrier of isotropic effective 
mass. The theory will be generalized in later sections 
following a discussion of the experimental results. We 
review briefly the elementary classical theory of the 
process, assuming an isotropic effective mass m* and 
an isotropic relaxation time 7, both independent of the 
velocity. In unpublished work we have developed the 
theory from the viewpoint of the Boltzmann transport 
equation,® but it is not worth while to reproduce the 
calculations here. The machinery of the Boltzmann 
equation is useful if one wishes to include a specific 
velocity dependence of the relaxation time, but we 
have no direct knowledge of the velocity dependence 
of the relaxation time in the circumstances of our 
experiments. 

The equation of motion for the drift velocity is 


me(“4+v)me(E+"™"). (4) 


dt or c 


We take H as the static field along the z-axis and 
neglect the rf magnetic field. For plane-polarized 
radiation E,, we have 


1 
m*( int oem ore ‘ (5) 
T C 


3 W. Shockley, Phys. Rev. 90, 491 (1953). 
4H. Suhl and G. L. Pearson, Phys. Rev. 92, 858 (1953). 
5 Dresselhaus, Kip, and Kittel, Phys. Rev. 92, 827 (1953). 
assay” Zeiger, Dexter, and Rosenblum, Phys. Rev. 93, 1418 
7 Dexter, Zeiger, and Lax, Phys. Rev. 95, 557 (1954). 
®See, for example, the related calculation by R. Jancel and 
T. Kahan, J. phys. et radium 14, 533 (1953); L. G. H. Huxley, 
Proc. Phys. Soc. (London) B64, 844 (1951). 
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Fic. 1. Theoretical curves showing relative power absorption 
at constant frequency as a function of the static magnetic field 
intensity in units w-/w, for various relaxation times in units wr. 
Curves are given for both linear polarization (Eq. [8)] and circu- 
lar polarization of the rf field. 


1 e 
mt(iot-)ou= —~-v,H. 
T c 
We solve for v,, finding for the complex conductivity, 
1+iwr 
—| 
1+ (w2—w*)7?+ 2iwr 





o= j,/E,=Nev,/E,= Z| 


where 
oo= Ner/m* (7) 


is the static conductivity ; N is the carrier concentration. 
The losses are proportional to the real part of the 
conductivity. We express the result in convenient 
dimensionless form by writing y=w7, v-=w-7; the real 
part op of a is given by 

1+r+972 


(1-y2—v%)2+-402 


This function is plotted in Fig. 1 for v=0.2, 1, and 2; 
it is seen that the resonance is quite well defined for 
v=2. 

It is interesting to state in terms of the mobility the 
condition wr>1 for the observation of cyclotron reso- 
nance. In esu, r=m*y/e; to have wr>1 requires 
u>e/wm*. For f=24000 Mc/sec, the condition on u 
expressed in practical units is, approximately, 


(m*/m)u> 11 000 cm?/volt-sec. (9) 
A high mobility does not in itself assure that a cyclotron 


resonance experiment is feasible ; an appropriate average 
effective mass must also be considered. For narrow 





(8) 


or/oo= 





370 DRESSELHAUS, 
energy gaps, the mobility divided by the gap energy 
may be a useful guide to relative relaxation times, as 
under some conditions m* « E,, approximately. 

Several limiting situations are of interest: 


(a) v>>v; v->1. This situation is found in very 
strong magnetic fields. We have 


or=00/v2« 1/H?, (10) 


so the losses well above the resonance field fall off as 
1/H*. The carrier orbits are tightly coiled and very 
little drift is permitted in the direction of the electric 
field. 

(b) 1>>v».>v. This situation is found at low fre- 
quencies at room temperature, or at low frequencies in 
weak magnetic fields at low temperatures. We have 


or/o=1—v2?, (11) 
corresponding to a fractional resistivity change 
Ap/p=v2= (wer)? = (uH/c)?, 


where the mobility is written as 


(12) 


(13) 


This limit represents the low-frequency transverse 
magnetoresistance in the absence of a Hall electric 
field; in many actual problems, part of the transverse 
magnetoresistance is canceled’ by the effect of the Hall 
field. 

(c) v>1; v-=0. This situation occurs in the infrared: 


or/ooZ1/r. + (14) 


(d) v=v.>>1. This is the condition for cyclotron 
resonance. We have, from Eq. (8), 


or/oo= 1/2. (15) 


Thus, at cyclotron resonance, the conductivity is one- 
half of the dc conductivity. If we had taken circularly 
polarized radiation in place of plane-polarized radiation, 
the ratio would have been unity. The factor one-half 
represents the selective absorption of one of the two 
circular components of a plane wave; the other compo- 
nent passes freely in the limit considered. The compo- 
nent which is absorbed at cyclotron resonance remains 
in phase with the drift velocity throughout the motion, 
just as in ordinary dc conductivity; hence the absorp- 
tion of this component is identical with the dc absorp- 
tion. 

The rf conductivity at resonance is related to the rf 
conductivity at zero magnetic field by the ratio 


or(res)/or(H=0)=7/2, (16) 


provided ».>>1. For w.r~ 10, the ratio or(res)/or(H =0) 
is of the order of 50. 

We now consider the Q of the sample at cyclotron 
resonance. We suppose the specimen is located in the 


9A. H. Wilson, Theory of Metals (Cambridge University Press, 
London, 1953), second edition n. 215. 


p=er/m*. 
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microwave cavity at a position of negligible rf magnetic 
field. The stored energy density is e(E*),,/8x ; the energy 
dissipated per radian at resonance is or(E*)s/w, so 


Qeyei= €w/810 R= m*ew/4rNe*r. (17) 
For the standard example described in the introduction, 
Qeyei™ 102/N. (18) 


This may be compared with the estimated Q for 
electron spin resonance”; 


Qspin= (RT/Nus?) (Aw/w). (19) 


For the sake of comparison, we set the spin resonance 
line width equal to the cyclotron resonance line width. 
We take Aw=1/r7, so 


Ospin=kT/Nup wr ~ 10*%/N (20) 


under the previous conditions. The requirement that a 
resonance may be detected may be stated roughly that 
for a given line width a certain threshold 1/Q must be 
exceeded, 1/Q being the measure of the absorption. 
It appears therefore that cyclotron resonance should be 
detectable at carrier concentrations lower by a factor 
of the order of 10 than spin resonance; the factor 
arises principally from the relevant matrix elements, 
as we saw earlier in Eq. (3). There are several practical 
considerations which act to reduce the factor, but it 
would appear that it is in principle within the range of 
existing equipment to detect 10‘ carriers in cyclotron 
resonance. 

The half-width at half og on the cz vs w curve is 
determined by the condition 


tAw= 1. (21) 


For broad lines the position of maximum absorption 
shifts slightly toward higher H. For wr=1 the fractional 
shift is approximately 1/9; for wr>>1-the fractional 
shift is of the order of 1/8(w7)?, which will usually be 
unimportant. In our experiments on germanium and 
silicon at 4°K and 24 000 Mc/sec, the value of wr was 
about 10. , 


Depolarization Effects 


We show now that the electrostatic self-interaction 
of the resonance polarization may be neglected at the 
lower carrier concentrations with which we are con- 
cerned, although at higher concentrations new and 
undesirable effects enter. We consider the depolarizing 
fields associated with the shape of the sample; the 
effect of possible Lorentz fields is neglected. We suppose 
for simplicity that the sample has axial symmetry 
about the axis of the static magnetic field. In the axial 
plane the internal electric field is 


E,=E-LP, (22) 


where L is the depolarizing factor. The polarization P 


0 C. Kittel and J. M. Luttinger, Phys. Rev. 73, 162 (1948). 
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is given by 


pee oe f nce: Gd 


here xo= (e—1)/4m, and « is the dielectric constant of 
the host crystal exclusive of carriers. The internal field is 
E+i(LNev/w) 
E,=——_—_——_, (24) 

1+Lxo 


and the equation of motion becomes (L;=L/(1+Lxo)). 


(25) 


LNé\ 1 e 
mn i(0- )+=}r- E+ (e/c)vXH. 
m*w T 1+-Lxo 


The effect of the carrier polarization is to replace w 
in the equation for v by wl1—(w,/w)*], where the 
plasma frequency wy, is given by 


Wp= (L:Ne/m*)t= (L,o0/7)!. (26) 


The effect will be important when w, is of the order of 
w or larger. A critical concentration V, may be defined 


by the relation 
N,=m*e/Le. (27) 


In the standard example V,4X10"/L cm™. For a 
sphere L=42/3, so N,&10" cm-; for a flat disk one 
could quite easily get V, up to 10 cm™~. In germanium 
with 10 impurity atoms/cm® it appears that depolar- 
ization effects will enter somewhat above 10°K. It is 
very important to avoid depolarization effects, and 
this may be done by the use of thin specimens at low 
concentrations, with the rf electric field parallel to the 
plane of the specimen and the static magnetic field 
normal to the plane. 

Depolarization effects can produce a fictitious cyclo- 
tron resonance in a limited temperature range in the 
following way: If wr is too small for the normal cyclo- 
tron resonance to be observable, it may still be possible 
to have w,’r/w21, so that a magnetoplasma resonance 
will appear at a field H such that 


Wwe=w’— wy’, (28) 
where w, is the cyclotron angular frequency. This 
equation describes the Zeeman effect of an oscillator 
with the natural frequency wy. If w? may be neglected, 
we have the resonance condition 


—ww w,"= Ljoo/t= LNeé/m*. (29) 

We have observed in p-Ge near 20°K a resonance 
which possibly may arise from this effect; unlike the 
actual cyclotron resonances, the resonance field varied 
strongly with temperature and also with the shape of 
the specimen. A displacement of the cyclotron reso- 
nances in silicon has also been observed under conditions 
of higher carrier concentrations. A distinctive magneto- 
plasma resonance line has been observed in n-InSb; 
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the line showed the expected dependence on frequency 
and on sample shape. 

The magnetoplasma effect! appears to impose an 
upper limit to the carrier concentrations at which 
cyclotron resonance may be observed. It is hoped that 
the effect will be investigated further in order to 
establish whether or not the predicted limitation actu- 
ally occurs. A background of nonresonant carriers is not 
necessarily troublesome, so it may be possible, for 
example, to detect cyclotron resonance of a subcritical 
concentration of electrons in the presence of a super- 
critical concentration of holes. A further apparent 
difficulty which may enter at the high carrier concen- 
trations encountered in metals is that the diameter of 
the cyclotron orbit may be large in comparison with 
the skin depth. Unfortunately the relevant transport 
problem has not yet been solved, so one does not know 
to what extent the line shape and intensity depend on 
the ratio of orbit diameter to skin depth. In super- 
conductors one has the plasma effect, and also the 
difficulty in obtaining penetration of the static magnetic 
field. Even if a superconducting film is used which is 
thin in comparison with the penetration depth for 
parallel static magnetic fields, it is not possible” for a 
field normal to the surface to penetrate uniformly over 
a useful area. A preliminary attempt in this laboratory 
by G. Feher to detect cyclotron resonance in a thin 
superconducting film was not successful; the negative 
result is not surprising, in view of the foregoing 
objections. 


3. EXPERIMENTAL METHODS 


A brief account will be given of the microwave 
apparatus which has been used in these experiments. 
The experimental techniques will be described, including 
the various methods which have been used to ionize 
electrons and holes. Sample preparation and mounting 
arrangements will be discussed. Some experiments 
which allowed discrimination between resonance ab- 
sorption due to electrons and holes will be described. 


Apparatus 


In order to fulfill the requirement that w.r>1, the 
experiments have been performed at microwave fre- 
quencies, at or near 4°K, in the range of 9000 and 
24000 Mc/sec. The apparatus used is essentially the 
same as for conventional paramagnetic resonance exper- 
iments, except that the geometry is modified so that 
the microwave electric field is perpendicular to the 
external applied magnetic field. This is in contrast to 
the paramagnetic arrangement which puts the micro- 


1 C, Kittel, Proceedings of the 10th Solvay Congress, 1954 
(unpublished). 

12 We consider the maximum radius R which a thin super- 
conducting disk of thickness apenetration depth d may have 
without significant perturbation of the normal field Ho. By the 
London equation j=rXHo/2Ac, this current produces in turn a 
magnetic field AH=(2xa/c)f (j/r)dr=(2rAc*)aRHo. We will 
have (AH/H»)<1 if aR«2d?, using the relation d=Ac?/4r. This 
effect was suggested by G. Feher. 
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wave magnetic field perpendicular to the external 
magnetic field. Absorption of energy under cyclotron 
resonance conditions has been determined by measuring 
the change in the Q of a microwave cavity in which the 
sample has been placed. The applied magnetic field 
may be varied in order to obtain the spectrum of power 
absorption in the sample vs the magnetic field. From 
the absorption spectrum the effective masses may be 
obtained directly from the equations derived in Secs. 4 
and 5 below. 

The microwave circuit is a conventional one. Micro- 
wave power from a stabilized klystron is fed into the 
test cavity through a magic tee; 2K39 and 2K33 
klystrons have been used at the lower and higher 
frequencies, respectively. Some of the power reflected 
back from the test cavity reaches a crystal detector in 
another arm of the tee. The fourth arm of the tee is 
fitted with a matched load so that all power incident 
on the crystal has been reflected from the cavity. A 
change in the loaded Q of the cavity resulting from 
cyclotron absorption in the sample causes a change in 
the power reflected to the crystal. This change in 
reflected power is proportional to the loss in the sample 
for small signals (i.e., for sample losses small compared 
to other losses in the cavity). For small signals, the 
change in output voltage of the crystal will be propor- 
tional to the change in power incident upon it. Thus, 
the crystal gives a voltage signal which measures the 
variation of power absorbed by the sample as the 
magnetic field is varied. 

One of the several modulation techniques is used to 
produce an ac signal at the crystal. The ac signal is 
passed through a detection channel consisting of an 
amplifier and a lock-in detector, the output of which 
is put on a pen recorder. A 1000-cps modulation fre- 
quency is used. The external magnetic field is caused 
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Fic. 2. Typical cyclotron resonance results in germanium near 
24000 Mc/sec and 4°K: direct copy from a recorder trace of 
power absorption vs static magnetic field in an orientation in a 
(110) plane at 60° from a [100] axis. 


to sweep slowly from zero to a maximum of 10000 
oersteds by means of an electronic control on the field 
coil of a motor generator used to provide the magnet 
current. Field markers are applied periodically to the 
pen recorder. These markers are obtained from a 
rotating coil in the magnetic field. The signal from this 
coil is balanced on a potentiometer against another 
signal from a coil mounted on the same shaft which 
rotates in the field of a fixed permanent magnet. The 
value of any given field is determined by the potenti- 
ometer setting which gives a null signal. 

In all the experiments low temperatures are provided 
by liquid helium. In most experiments liquid helium is 
allowed to enter the cavity, so that the sample is im- 
mersed in helium. In some experiments pumping on the 
helium has allowed reduction of the temperature to 2°K. 

In experiments with plane-polarized microwaves the 
samples were placed inside rectangular cavities made 
from wave guide stock. The cavity was coupled to the 
wave guide through an iris containing an appropriate 
coupling hole. The construction of cavities used in the 
circularly polarized microwave experiments will be 
discussed below under that heading. 


Experimental Technique 


At the low temperatures required in these experi- 
ments, the equilibrium number of free charge carriers 
is usually too small to allow observation of resonance 
absorption. In the original experiments on germanium 
it was found that in both frequency ranges used the 
microwave electric field in the cavity was sufficient to 
cause ionization of impurity atoms by multiplication 
processes taking place in the sample. Only electrons or 
only holes appear to be produced by this ionization 
process, depending on whether n- or p-type germanium 
is used. This results from the fact that energies given 
to the carriers by the microwave field are only enough 
to cause ionization of impurity atoms (~0.01 ev in 
germanium), and not enough to produce electron-hole 
pairs by the removal of electrons from the valence band 
to the conduction band (0.7 ev in germanium). In 
silicon, where the ionization energy of the impurity 
atoms is ~0.05 ev, the available microwave power is 
insufficient to produce ionization, and other methods 
must therefore be used to produce free charge carriers. 
In experiments using the microwave ionization tech- 
nique, the microwave power was amplitude-modulated 
in order to provide an ac signal for the detection channel. 

The microwave ionization method provides fairly 
satisfactory information on the positions of peaks in 
the absorption curve. However, the observed widths of 
the resonance lines may vary between wide limits, 
depending on the microwave power level used. This 
effect results from the dependence of the multiplication 
process on the applied magnetic field. Thus, near a 
resonance peak, charge carriers pick up more energy 
from the microwave electric field and hence cause more 
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Fic. 3. Le sama cyclotron resonance results in silicon near 24 000 Mc/sec and 4°K: static magnetic 
field orientation in a (110) plane at 30° from a [100] axis. 


multiplication. Since the size of the absorption peak 
will vary with the number of carriers present, peak 
heights can be enormously increased, resulting in 
apparently very narrow lines. Lines as narrow as 10 
oersteds have been observed in some cases where 
microwave power levels were so low that effective 
multiplication occurred only very close to the resonance 
peak. 

A more satisfactory method of producing free charge 
carriers involves the use of light excitation; it was first 
used by Dexter, Zeiger, and Lax." In this technique, 
light from an incandescent source is focused on the 
sample through a hole in the cavity. Since the light 
produces hole-electron pairs, both hole and electron 
resonance is observed, regardless of whether the sample 
is n- or p-type. The first observations on silicon were 
made by this technique.“ In our first experiments 
using light excitation, amplitude modulation of the 
microwaves was used to provide an ac signal. 

A slight modification of the optical excitation method 
is the most satisfactory method so far used.!* The 
modification consists in modulating the light beam by 
means of a rotating disk. This results in a modulation 
of the free carrier density, which in turn gives a modu- 
lated microwave absorption signal for operation of the 
detection channel. An auxiliary light source incident 
on a photocell is modulated by the same rotating disk. 
After amplification the signal from the photocell is 
used as the reference signal for the lock-in detector. 
The light-modulation method gives a very large im- 
provement in signal-to-noise ratio over the earlier 
techniques. Figures 2 and 3 show typical recorder 
tracings of resonance lines in germanium and silicon 
crystals. 

Because of the high dielectric constants of both 
silicon and germanium, samples placed in a cavity 


13 Dexter, Zeiger, and Lax, Phys. Rev. 95, 557 (1954). 
4 Dexter, Lax, Kip, and Dresselhaus, Phys. Rev. 96, 222 (1954). 
16 A. F. Kip, Physica 20, 813 (1954). 


seriously perturb the resonant frequency of the cavity. 
Furthermore, since at all but very low temperatures 
the samples are very lossy because of their high con- 
ductivity, it is difficult to determine the resonant 
frequency without cooling to liquid-helium tempera- 
ture. Both problems are minimized by using small 
samples. A typical sample is a disk about 3 mm in 
diameter and about 0.5 mm thick. Samples have 
usually been prepared by rough-cutting from a single 
crystal, grinding to size with abrasives, and etching 
the surface for several minutes in an etch made up of 
1 cc HF, 1 cc H.O2 (30 percent), and 4 cc H20. 

The importance of anisotropy in the effective masses 
of silicon and germanium requires that data be obtained 
as a function of crystal orientation. Asample cut with its 
surface in the (110) plane, oriented so that the applied 
field can be directed along the [001], [110], and [111] 
directions by rotation of the sample, provides all of 
the necessary anisotropy information. To allow this 
rotation while the cavity is immersed in liquid helium, 
the sample is fastened with coil dope to a mushroom- 
shaped Lucite holder. This holder is put inside the 
cavity, with its stem inserted through a small hole in 
the broad face of the cavity into a hole in the middle 
of a brass wheel outside the cavity. The wheel can be 
rotated from outside the Dewar in 1° steps. The light 
beam shines on the sample through another hole in 
the opposite side of the cavity. The samples were 
oriented by x-ray diffraction measurements by Professor 
J. Washburn. The effective mass data are presented 
in Secs. 4 and 5 below. 

In the original experiments on germanium it was of 
interest to verify the sign of the charge carriers in- 
volved. For this reason, experiments using circularly 
polarized microwaves were carried out, using n- and 
p-type samples in both frequency ranges. Absorption 
was observed only when the direction of circular 
polarization corresponded to the direction of rotation 
of the charge carriers. 
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Fic. 4. Experimental arrangement for circular polarization 
studies of cyclotron resonance. 
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A description will be given of the problems involved 
in the production and use of circularly polarized 
microwaves. The klystron power was taken from a 
conventional rectangular guide through a gradual 
transition into circular guide, as shown in Fig. 4. The 
microwaves then passed through a microwave quarter- 
wave plate into another guide of circular cross section, 
and thence through a circular iris into a cylindrical 
cavity. The quarter-wave plate consisted simply of a 
section of several wavelengths of circular guide which 
had been squeezed into an appropriate elliptical shape. 
If the polarized microwaves from the rectangular guide 
are passed into this elliptical section with the plane of 
polarization at 45° to the axes of the ellipse, two 
mutually perpendicular modes of equal intensity will 
be transmitted through the section. Since the wave 
velocity depends on the transverse guide dimension 
perpendicular to the E vector, these two modes will 
travel with different velocities. Adjustment of ellip- 
ticity and length of the elliptical section produces a 
quarter wavelength shift in the phase of the two modes. 
This adjustment is made empirically by use of an 
analyzer placed at the position of the cavity at the 
end of the circular guide. The analyzer is constructed 
of a circular guide which makes a transition to a 
rectangular guide. A crystal detector is placed at the 
termination of the rectangular guide. Since the rec- 
tangular guide will transmit only a polarized wave, the 
analyzer will measure the intensity of the wave polar- 
ized in any given plane, depending on the analyzer 
orientation. When complete circular polarization is 
achieved, the power picked up by the crystal is inde- 
pendent of the orientation of the analyzer. In order to 
prevent reflection of power not accepted by the rec- 
tangular guide, both the analyzer and the transition 
from” rectangular to circular guide are provided with 


absorbing fins placed in the circular guide. These fins 
are so oriented as to absorb all microwave components 
not transmitted or accepted by the rectangular guide. 

Once circularly polarized waves are incident on the 
iris of the circular cavity, there remains only the 
problem of insuring that the cavity has perfect micro- 
wave cylindrical symmetry. Any departure from this 
symmetry will result in two different resonance fre- 
quencies for the two mutually perpendicular modes 
into which the circularly polarized mode can be ana- 
lyzed. In general, satisfactory symmetry will not be 
automatically achieved; therefore, provision must be 
made for adjustment of symmetry. This is done in the 
following way: A small rectangular fin of polystyrene 
is placed in the end of the cylindrical cavity. The fin 
can be rotated about the axis of the cavity, and can be 
inserted a variable distance from the end wall of the 
cavity. The cylindrical axis passes through the plane of 
the fin. The plane of the fin is rotated until it contains 
the E vector of the plane-polarized component for 
which the wavelength in the cavity is longest. Because 
of its dielectric constant the polystyrene makes the 
cavity look longer to this mode without materially 
affecting the perpendicular mode. Once proper orien- 
tation is obtained, the fin is inserted further into the 
cavity where the £ field is higher and hence the pertur- 
bation is greater. The adjustment is made empirically 
until the two perpendicular modes are completely 
degenerate. The method involves sweeping the klystron 
frequency and adjusting the fin until the two resonant 
modes of the cavity are made to coincide in frequency. 
After adjustment of the cavity, the small cylindrical 
sample is placed accurately on the axis of the cavity, 
so as to maintain the degeneracy of the two modes. 
The sample is held in position by partially filling the 
cavity with layers of tightly fitting Styrofoam, between 
which the sample is placed. 

The problem of detection of the power reflected from 
the cylindrical cavity is very simple with the arrange- 
ment used. A pickup probe is placed in the cylindrical 
guide of the klystron side of the quarter-wave plate. 
This probe is oriented perpendicularly to the E vector 
of the wave coming from the klystron through the 
rectangular guide, and hence does not pick up a signal 
from this wave. However, after the wave travels 
through the quarter-wave plate into the cavity and is 
reflected back through the quarter-wave plate again, 
it has been rotated through 90° and hence is picked up 
bythe probe. The probe leads to a crystal detector. 
Amplitude modulation of the microwave power allows 
the usual detection channel to be used on the output 
signal from the crystal. 

The magnetic field must be perpendicular to the 
microwave E vector, and hence must be along the axis 
of the cylindrical cavity. We therefore used a solenoidal 
air core electromagnet into which the Dewars and 
cavity were inserted. The direction of circular polar- 
ization obtained was confirmed by observing electron 
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spin resonance in an organic free radical, this resonance 
occurring in the same sense as electron cyclotron reso- 
nance. Circular polarization has been used only on 
germanium, where microwave ionization is possible. 

A third method of ionization has also been used 
which allows the selective observation of one sign of 
charge carrier, depending on whether m- or p-type 
materials are used. In this method voltage is applied 
to the sample through soldered contacts. The voltage 
is modulated at the standard 1000-cps rate to give the 
required ac signal for the detection channel. This 
method gives the same selective production of conduc- 
tion electrons or holes as given by the microwave 
ionization method. It has the advantage of applicability 
to silicon, and gives much better signal-to-noise ratio. 
The resonance peaks observed are broader than for 
optically excited carriers, probably because of shorter 
relaxation times involved. Shorter relaxation times are 
probably the result of the higher carrier energies 
produced by the applied voltage. In this method the 
sample is placed just outside a small hole in the broad 
face of the rectangular cavity. This allows the sample 
to be seen by the microwaves and at the same time 
avoids the problems involved in bringing the wires 
carrying the voltage into the cavity. 


4, THEORY OF CYCLOTRON RESONANCE IN THE 
CONDUCTION BAND OF GERMANIUM 
AND SILICON 


The neighborhood of the conduction band edge in 
both germanium and silicon consists of a set of sphe- 
roidal energy surfaces located in equivalent positions 
in k-space. We discuss now the theory of cyclotron 
resonance for surfaces of this character. We choose 
Cartesian coordinate axes with the z-axis parallel to 
the figure axis of the spheroid, and we measure the 
wave vector components from the center of the spheroid. 
For points in k-space sufficiently close to a band edge 
point, the energy is described by the equation 


(30) 


k2+k,? k? ) 


2m 2m 


E(k) =#"( 


Here m, is the longitudinal mass parameter and m; is 
the transverse mass parameter. We have no evidence 
as to the range in k-space over which this expression is 
adequate; no departures were observed in our experi- 
ments. 

We wish now to discuss the energy levels in the 
presence of a uniform static field H. The usual pro- 
cedure is to take the effective Hamiltonian, 


PI#+Pf P? 


2m: 2m 


(31) 


and solve the equations of motion 
v=Vpsc(P); 
dP/dt=eLE+ (1/c)vXH]. 


Here P= p—eA/c, where p is the momentum and A 
the vector potential. 

This procedure in a restricted form was discussed by 
Jones and Zener'*; recent discussions have been given 
by Shockley,!” Luttinger,!* and Adams.” 

Shockley” has given the solution of the cyclotron 
frequency problem for a general ellipsoidal energy 
surface. We indicate the method of solution here. For 
the spheroidal surface (31), 


v= (P./m; P,/m:; P./m)). 
H= H(siné; 0; cos@). 


Then Eq. (33) becomes, letting w,=eH/mic and w 
=eH/mi, 


(32) 
(33) 


(34) 
We take 
(35) 


iwPy—wiP, sind+w:P, cosd=0; 
iwP,+w,P, sind=0. 


(36) 


The associated secular equation has the solution 
(37) 


Thus, the effective mass determining the cyclotron 
frequency when the static magnetic field makes an 
angle 6 with the longitudinal axis of the energy surface is 


1 \? cos’ 
()-% 

m* m? 
In Fig. 5 we give a plot of the experimental points 
obtained for electrons in germanium at 4°K as a func- 
tion of the angle between the direction of the static 
magnetic field in a (110) plane and a [001] direction 
lying in the plane. The mass values derived from the 
theoretical fit to the experimental points are m;= (1.58 
+0.04)m and m,= (0.082+0.001)m; we assume that 
there are a set of crystallographically equivalent energy 
spheroids oriented along the (111) directions in the 
Brillouin zone. Lax”! ef al. have reported m,;=1.3m and 
m:=0.08m from a similar experiment. Our original 
observation” of one line in the [100] direction with 

m*=(.11m is in fair agreement with the later results. 
In Fig. 6 we give a plot of the experimental points 


w=? cos’?é+wuw; sin’6. 


sin’0 


mem 


(38) 


( 16 H. Jones and C. Zener, Proc. Roy. Soc. (London) A144, 101 
1934). 
17 W. Shockley, Electrons and Holes in —e (D. van 
Nostrand Company, New York, 1950), pp. 4 

18 J, M. Luttinger, Phys. Rev. 84, 814 (1981); see also J. M. 
Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 

19 EF. N. Adams, Phys. Rev. 85, 41 (1952); 89, 633 (1953). 

2 W. Shockley, Phys. Rev. 90, 491 (1953); ‘the problem had 
arisen also in connection with the de Haas-van Alphen effect. 

21 Lax, Zeiger, Dexter, and Rosenblum, Phys. Rev. 93, 1418 
(1954). 

2 See reference 4. 
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Fic. 5. Effective mass of electrons in germanium at 4°K for 
magnetic field directions in a (110) plane; the theoretical curves 
are calculated from Eq. (38), with m:=1.58m; m:=0.082m. The 
different types of points indicate different runs. 





obtained for electrons in silicon at 4°K as a function of 
the angle between the direction of the static magnetic 
field in a (110) plane and a [001] direction lying in 
the plane. The theoretical curves are drawn for m;, 
= (0.97+0.02)m and m,=(0.19+0.01)m; we assume 
that there are a set of crystallographically equivalent 
energy spheroids oriented along the (100) directions in 
the Brillouin zone. In earlier work™ the values m, 
=0.98m and m,=0.19m were reported under similar 
conditions. 

Theoretical calculations of band structure have not 
reached as yet a state of development which permits 
the deductive derivation of the central features of the 
conduction band energy surfaces found experimentally. 
The most ambitious theoretical program has been that 
undertaken by F. Herman for germanium, but the 
band edge points turn out to be too sensitive to the 
details of the calculation to be reliable. Herman™ has 
suggested, however, that the conduction band energy 
minima in silicon and germanium may arise from 
different bands: in silicon the band which at k=0 is a 
representation I';;~ of the cubic group is thought to lie 


*3 Dexter, Lax, Kip, and Dresselhaus, Phys. Rev. 96, 222 (1954). 
% F, Herman, Phys. Rev. 95, 847 (1954). 


lowest, whereas in germanium the lowest band at k=0 
is thought to be a representation of =~ of the cubic 
group. 

The structure of the conduction band edge of ger- 
manium determined by cyclotron resonance is con- 
sistent with the interpretation by Meiboom and 
Abeles® and by Shibuya?* of magnetoresistance meas- 
urements on #-Ge by Estérmann and Foner*’ and by 
Pearson and Suhl.?§ Similarly, the cyclotron resonance 
results for the conduction band edge of silicon are 
consistent with the magnetoresistance results of Pearson 
and Herring” on n-Si. In fact, the assignment of the 
energy surfaces in silicon to electrons or holes depends 
on the correlation with the magnetoresistance data. 

In Sec. 3, it was found that in a circular polarization 
experiment on an -Ge crystal in conditions of rf 
ionization with H||[100], absorption was observed only 
for one sense of the static magnetic field and not for 
the opposite sense. If the orbit of an electron is circular, 
absorption of circularly polarized radiation should occur 
only for one sense, but with an elliptical orbit there 
should be some absorption also in the opposite sense of 
the static field. We now calculate this absorption for a 
general orientation of the energy surface relative to 
the static magnetic field. The equations of motion are, 
using (33), (35), (36) and including an isotropic 
relaxation time 7, 


(tw+1/7)P2—wrPy=eE; 
(tw+1/7)Py+ (wo?/w1)P2= —ieE. 


(39) 
(40) 


The coordinate axes are chosen with the static 
magnetic field in the z-direction and the rf electric field 
in the «y plane; the energy surface is rewritten so that 
the principal axis of the surface makes an angle @ with 
the z-axis. The solution is independent of P., and we 
have set P,=0 for convenience. If wr>>1, the ratio ® 
of the power absorption at resonance in the weak sense 
of rotation to that in the strong sense of rotation is 


found to be 
m*—m\? 
R= ). 
m*+-me 
For electrons in germanium with the static magnetic 


field in the [100] direction we have R0.06, which is 
not inconsistent with the observations. 


(41) 


5. THEORY OF CYCLOTRON RESONANCE 
IN THE VALENCE BAND 


The structures of the valence band edges of ger- 
manium and silicon are qualitatively similar. We discuss 
first the theory of the form of the energy surfaces near 
the band edge and secondly, the connection between 


25S. Meiboom and B. Abeles, Phys. Rev. 95, 31 (1954). 
26M. Shibuya, Phys. Rev. 95, 1385 (1954). 

277, Estermann and A. Foner, Phys. Rev. 79, 365 (1950). 
28 G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 
2G. L. Pearson and C. Herring, Physica 20, 975 (1954). 
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the cyclotron frequencies and the parameters which 
define the energy surfaces. The complete details of the 
calculations will be given in the doctoral thesis of G. 
Dresselhaus, of which a limited number of copies may 
be available for distribution by request late in 1955. 

Everything we know at present indicates that the 
valence band edge occurs at the center of the Brillouin 
zone (k=Q), at which point the band edge state has a 
threefold orbital degeneracy if the spin-orbit interaction 
is not considered. According to calculations by Herman” 
and others, it is most likely that the degenerate wave 
functions transform under the operations of the full 
cubic group according to the representation I’);* in the 
notation of Bouckaert, Smoluchowski, and Wigner,*! 
or I's* in the rotation of Von der Lage and Bethe.” In 
chemical language, the degenerate wave functions at 
the valence band edge have the transformation proper- 
ties of p-orbitals arrangéd with opposite sign (bonding) 
on each of the two fcc lattices which compose the 
diamond structure. With spin-orbit interaction we have 
to deal at the valence band edge with bonding 
orbitals. The treatment below is quite general within 
the scope of the one-electron approximation ; we do not 
make a tight binding assumption. 

In order to establish a notation we first set up the 
solution to the problem without spin-orbit interaction, 
as has been discussed briefly by Shockley. We will 
then extend the treatment to the actual problem with 
spin-orbit interaction. We make use of the pseudo-Bloch 
function representation introduced by Kittel and 
Mitchell.* 

We make an arbitrary choice of a basis for the repre- 
sentation I'2;* at k=0, taking the three degenerate states 
to transform as et~ys; egt~ex; est~axy, following 
here, as below, the notation of Von der Lage and Bethe. 
We now construct three pseudo-Bloch functions from 
the original basis; that is, we construct by perturbation 
theory three functions “,‘(r)e**** which are eigenfunc- 
tions of the crystal translation operator but which are 
not in general eigenfunctions to the first order in k of 
the Hamiltonian. However, linear combinations of the 
ux! diagonalize the Hamiltonian to the first order in k. 
The perturbation term in the Hamiltonian is 3’ 
=hk- p/m, where p= —ihV is the momentum operator. 
Thus, 


[le j){la.j| p| i+) 


~ 


0—~ la 


(42) 





u(t) = e+ G/M) 


where /Jaj denotes the state 7 belonging to the repre- 
sentation a in the band /; E; is the energy of the /th 
band at k=0. 


% F, Herman, Physica 20, 801 (1954). 
— Smoluchowski, and Wigner, Phys. Rev. 50, 58 
6). 
2 F.C. Von der Lage and H. Bethe, Phys. Rev. 71, 612 (1947). 
33 W. Shockley, Phys. Rev. 78, 173 (1950). 
4 C, Kittel and A. H. Mitchell, Phys. Rev. 96, 1488 (1954). 
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Fic. 6. Effective mass of electrons in silicon at 4°K for magnetic 


field directions in a (110) plane; the theoretical curves are calcu- 
lated from Eq. (38), with m:=0.98m; m:=0.19m. 





The perturbation matrix in this representation has 
the form 
W? _ (rt+|k-p|laj\laj|k- p| s+) 
(r|3"|s)=— , 
m laj Eo— Ee 





as the matrix elements of p among the states e,;* are 
all zero. We can determine the dependence of (r|3¢’|s) 
on the components of k by a simple observation. If all 
the Ez. were equal, say to E;, the sum above could be 
carried out, giving 
h? (r|3’?| s) 

{r|3C’ | s)=— ———_. (44) 
m? Ey— Ey 
We see immediately from the transformation properties 
of the e,;* that 


(1+ |5C?|2+) « keky, (45) 


with similar relations for other matrix elements. The 
form of each element as determined in this way will not 
change as we relax the above restriction on Ej. 
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The perturbation matrix is clearly of the form 


Lk2+M (k,+k2)—d 
Nkky 
Nk.kz 


Nkok 
Lky+M (k2+k2)—d 
Nkykz 
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Nk-k, 
Nkykz 
Lk2+M (k2+k,2)—» 


=0. 


Wt LllagNaj el) 





Eu— Eta 


m? lai 


hi s (1+ | Py|ZajXlaj| py| 1+) 





m? lai 


Eo— Era 


(+ |PellajMlaj| yl 24+ + | PellaiMla Bl 24) 


b 


(47) 





m? lai 


The energy eigenvalue E; is related to a root A by 
E,.= (h?/2m) k++. 


We now examine in detail the matrix elements which 
occur in the sums L, M, and N above. We note first 
the selection rules on (r+|p|/aj); p is a vector and 
transforms as the representation I',s5-. The direct 
product 


(48) 


Tost XT a5- =P is tl is tlt os, (49) 


so that only the four representations on the right can 


perturb the valence band edge. The approximate order 


ENERGY IN ev 
fe 
20- 
a 3g 
—— r,* 


=— Tis 


CONDUCTION 
BANDS 


Fic. 7. Proposed order of 
the energy levels at k=0 
in germanium. 


—_. VALENCE 
BANDS 





Eo— Eta 





in energy of the several representations at k=O in 
germanium is shown in Fig. 7, based on calculations by 
F. Herman.** It is seen that the states T's-, T'1s-, and 
T',;s- in the conduction band are likely to provide the 
most effective perturbations on the state I'.;+ under 
consideration. 

There are a number of relations which simplify the 
matrix elements. Although we do not intend to calculate 
the matrix elements, we will learn more from the energy 
surfaces as determined experimentally if we can simplify 
the expressions for the matrix elements. We first 
observe that the sum over representations a in L above 
need be carried out only over the representations I's 
and T'ys-, as the other matrix elements are seen to 
vanish on examining the reflection properties of the 
integrands over the basal planes. For example, we know 
ert~yz and pz~x, so e1tpz~xyz. Reference to character 
tables shows that the characters of the representations 
T'1s-, T'25~ under reflections in the basal planes are 
positive, while xyz changes sign on reflection; therefore, 
the corresponding matrix elements vanish. We note 
the operation JC? is equivalent to a reflection. In a 
similar way we see the sum over representations a in 
M above need be carried out only over representations 
Tis- and Tos". 

We now show that L, M, N can be expressed in terms 
of a single matrix element for each representation, so 
the sums are reduced essentially to sums over the band 
index; in practice only one band is expected to con- 
tribute significantly. For the T';- representation, we 
define 


h2 Bs 2 
pot ys M+ 1187) 


, (50) 





m* 1 Eu—E; 
where 8;— belongs to the one-dimensional representation 
I';-. For the 'ys- representation, we define 


W _ |(i+| pelyi)|? 
G=—> : (51) 
m* 1 Eo— £1 
35F, Herman (private communication); we are indebted to 
Dr. Herman for his cooperation on this and other occasions. 
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We choose 71, 2 so that the group elements are repre- 
sented by unitary matrices; this is not done by Von 
der Lage and Bethe. For example, we take y1;=2?+wy" 
+w’e? and y2=2?+w*’+w2? as a pair of functions 
transforming according to T'3:+, where w*=1. If we 
denote (1+ | p.|y1-) by R, we have 


(1+ lpelyz)= —K, 


as is seen on rotation by 2/2 about the x-axis. By 
similar considerations we may show that 


(2+ | pyl y= —@(2+ | py| yz) =oR. 


(52) 


(53) 


Using (52), we have 
L=F+2G. (54) 
For I'1s~ representation, we define 


h y|8sz-)|? 
yet 5 Kit lesleardl? oe 


m= 1 Eo— Ex 





where 6;~ belongs to T'1s~. The matrix elements with 
5;-, 6s- vanish, as seen by their behavior on reflection 
in the appropriate basal planes. For the I'2;~ represen- 
tation, we define 


h _ |\(i+| py| esi) |? 
Eo— EF; 


(56) 





where e;~ belongs to I'os~; the matrix elements with 
€:, €g¢ vanish. We have the result 


M=H,+#2. (57) 


In the sum JW all representations appear which satisfy 
the selection rule (49). The contribution from I’; is 
simply F, as 

(1-+|pel8-)=(2+ |pulB-), (58) 
by reflection in the (110) plane. The contribution from 
I's" is —G, using Eqs. (52) and (53). The contribution 
from I';s~ is Hy, by reflection in the (110) plane. The 
contribution from T's is — He, by reflection. Thus, 


N=F-G+H\—H:. (59) 


It may be possible to neglect H2 in silicon and ger- 
manium because of remoteness from the valence band. 

We must now include the effect of the spin-orbit 
interaction, which splits the valence band edge into 
two levels, the upper level being fourfold degenerate 
(;) and the lower level being twofold degenerate (p;). 
Our original band had a total degeneracy of 3X2=6, 
the factor two arising from the two possible orientations 
of the electron spin. The diamond structure has a center 
of inversion ; it may be shown that each band is doubly 
degenerate ; that is, for a given energy and given # there 
will be two states. In our original work we incorporated 
the spin-orbit interaction in the problem using the 














Fic. 8. Figures of constant energy in the (100) plane of k-space 
for the two fluted energy surfaces which are degenerate at the 
valence band edge; constants as for germanium. 


results of Elliott.** We believe now, however, that the 
results will be more accessible to experimentalists and 
more closely related to the band energy calculations of 
Herman and others if presented in terms of a transfor- 
mation from the em, representation to the Jmy 
representation.*? 

We note first that to a good approximation we need 
only be concerned with the transformation of the initial 
unperturbed states e;+ belonging to the representation 
T.5+. A sum of the form 


Veit t |H'|ajaj|5'|s+), 


as in Eq. (46), is invariant under a unitary transfor- 
mation of the states |a/). If we may neglect the changes 
in the energy denominators E)— Ej. caused by possible 
spin-orbit splitting of the states |a/), it follows that 
the values of the matrix elements (r|3¢’| s) as in Eq. (43) 
are not altered by a transformation of the states |a/) to 
diagonalize the spin-orbit interaction. We may restrict 
ourselves to spin-orbit effects on the initial states e,*. 

If we represent the 3X3 matrix in Eq. (46) by Y, 
the corresponding 6X6 matrix in the e;+m, represen- 
tation is, symbolically, 


C2 


We wish to add to the perturbation the spin-orbit 
interaction, 


(60) 


(61) 


h 
[VVXp]-e, 


4m? 


KHso= 


and then to diagonalize the energy matrix with respect 
to the spin-orbit perturbation; the Jm, representation 
is diagonal in the spin-orbit interaction. 

The transformed secular equation is, in terms of the 


3° R, J. Elliott, Phys. Rev. 96, 266 (1954). 
37 This type of approach was carried out first by E. N. Adams 
II (unpublished). 
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matrix elements H;; defined by Eq. (43), 


Au —H22—2iHi2 
273 


Aut Ais —iHes 


2 v3 
2 His+iles 4H3+Hut+He - m b 
v3 6 
ie Hi —H2+2iHi2 ‘ 4H33+Hiu+He2 on 
273 6 
Au —H2+2iHi2 Ai3s+iHes 


273 V3 
Hist+iHes Hut+H2—2H3s Ai3s—iHes 








0 _ 


Au —H22 —24Hi2 
Ais—ioies 
Aut 


Hu —H22 —2iHi2 
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Ais—tHes Hu—H2—2iHi2 
' V6 a 
Hiut+H2—2His His—iH2s 
3/2 V2 
His+is Hiut+He2—2Hs 
v3 V2 3/2 
Hii —H2+2tHis Hist+iHes 


2 6 V6 
HutH2+Has 


273 


~A—A 0 





/6 372 V2 
Au —H2+2iAi2 Ais+tHe: Aut+HAe —2H:3: 
v6 V/2 34/2 








In Eq. (62), A denotes the spin-orbit splitting of the 
pi, P; levels. As all H;; are of order k?, we may approxi- 
mate the determinant by considering only the elements 
in the 4X4 block in the upper left corner and in the 
2X2 block in the lower right corner. The elements in 
the two 2X4 strips neglected in this approximation 
affect the roots only in the order k*/A. The roots of 
the 4X4 are 


E(k)=APL[BR+C (kok thik t+koks) }, 


where 


(63) 


A=3(L+2M)+h?/2m; 
B=3(L—M); 
C=3[N?— (L—-M)*]. 


Each root occurs twice, so that each of the two bands 
is double; this degeneracy results from the inversion 
symmetry element of the diamond structure, and is 
presumably lifted in the zinc blende structure, which 
includes InSb and other 3-5 semiconductors. The 
energy surfaces described by Eq. (63) are nonspherical 
for C0, and are known as fluted or warped surfaces. 
In Fig. 8 we have plotted in the (100) plane in k-space 
lines of constant energy for the surfaces in germanium. 
The roots of the 2X2 block in Eq. (62) are 


E(k)=—A+4AP, (65) 


where the constant A is identical with that in Eq. (64) 
if the spin-orbit splitting A may be neglected in com- 
parison with the relevant energy denominators, which 
are of the order of the forbidden energy gap. This 
approximation is likely to be satisfactory in silicon, 
where A may be of the order of 0.04 ev, but in ger- 
manium A is thought to be about 0.3 ev, according to 
the analysis of Kahn** of infrared absorption results in 
p-Ge. It should be noted that if A in silicon is indeed of 
the order of 0.04 ev, our quadratic expression (63) for 
the band edge may not be an adequate approximation 
to describe carriers in thermal equilibrium at room 
temperature. 


38 A. Kahn, Phys. Rev. 97, 1647 (1955); thesis, Berkeley, 1954 
(unpublished). 


(64) 


Ais —iHes 


V6 3 
Hut+H2+Hs:3 


V6 3 








The energies near k=0 of other states not split by 
the spin-orbit interaction are 


hep? > (a+ 2 d1*)|? 
gt)=—(14— 5 —) 


m m Vist 
Whe 2 _ |(B*| pel eu*)|? 
a(re)=-—(14+— 5 “= ) 
2m m Vos Eo—E, 
E(V 12) = #?(h?/2m+J+K)+ (J—K)[k*—3 (ke k,? 
+h k2-+keke)}; 
W _ |(ri*| pel 60*)|? 
m? Tis Ey—E, 
W _ | (vi*| pel eu*)|? 


kn 2 
m Tes¥ Eo— Fi 


; (66) 


; (67) 


(68) 
where 





’ 


©) 





In germanium, where the I'=- state is believed to be the 
lowest conduction band state, the energy near k=0 is 


E(Ps)LPL (h2/2m)+|F |]. (71) 


Using the experimental values of the constants [see 
Eq. (81) ], this gives m*/m=0.034. Estimates of the 
effective masses for other higher conduction states at 
k=O seem unjustified, as the perturbations on these 
states will include important terms other than the Iss* 
valence state. 

The fluted or warped quality of the energy surfaces 
near the valence band edge has a complicated effect on 
the cyclotron resonance frequency. There is no longer, 
as with the ellipsoidal surfaces, a single cyclotron 
frequency for a given orientation of the static magnetic 
field relative to the axes of the energy surface, but 
there is now a distribution of resonance frequencies. 
We give a discussion of the distribution on the assump- 
tion that the quantum numbers involved are sufficiently 
high so that a semiclassical treatment is valid; the 
quantum theory has been discussed by Luttinger and 
Kohn, and they find departures from the classical 
theory at low quantum numbers. 


% J. M. Luttinger, and W. Kohn Phys. Rev. 97, 869 (1955). 
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We suppose that we have a general effective mass 
Hamiltonian 3¢(P), where P=/k. The magnetic field 
in a classical limit does not change the energy of a 
particle moving on the energy surface, nor does it 
change the projection Py of the P vector along the 
magnetic field direction. The motion of the particle is 
confined to the region in dPy at Py and with energy in 
dE at E; the region has been called a tube by Shockley.” 
The effective mass for cyclotron resonance on any 
closed tube has been given by Shockley. From Eq. 
(33) we have cdP=ev,Hdt, where v_ is the scalar 
magnitude of the projection of the group velocity v on 
a plane perpendicular to the magnetic field. Then 


cdP Qn 


CHrve We 
where w, is the fundamental angular frequency of the 
motion. Higher harmonics are present generally, but 
are not derived in our present analyses. We define a 
tube mass m* such that w.=eH/m*c; thus, 


m*= g dP/(2nv,). 


It is always possible, of course, to work directly with 
the equations of motion, but we have found the integral 
expression for the mass to be quite convenient. We 
should emphasize that this equation has been derived 
in what is essentially a classical limit; the fact that 
the experimental results appear to be more or less 
independent of the rf power over a wide range gives us 
some confidence in the equation; variations in temper- 
ature by a factor of two also do not have obvious 
effects on the positions of the resonance lines. 

The cyclotron tubes with ky~0 have the important 
property that their effective mass remains unchanged 
as the particle is accelerated and the orbit opens out 
under the influence of the rf electric field. It is likely, 
particularly in conditions of high rf power, that the 
orbits of small ky have an important effect on the 
resonance line arising from a fluted energy surface. In 
other words, the distribution function may be changed 
by the rf field so as to emphasize small ky. 

We introduce for k a cylindrical coordinate system, 
ku, p, @, with ky parallel to the applied magnetic field ; 
pis the radial coordinate in the plane in k-space perpen- 
dicular to ky. By an elementary transformation of 
Eq. (73), we have 

he? pdp 


ic 


2rJ/ (dE/ dp) 


(73) 


(74) 


The application of this result to the valence band edge 
of silicon and germanium is generally formidable. The 
result is fairly tractable for H parallel to a (110) 
plane and for the equatorial tubes ky=0. We have, 


“ W. Shockley, Phys. Rev. 79, 191 (1950). 


under these restrictions, 
/2 dp 
m*= (it/n) [ | 
0 At{B+3C[1+2(¢) }}! 
where A, B, C are defined by Eq. (63), and 
g(¢) = — (3 cos’@—1)[ (cos’*?—3) cos’d+2 cos’¢], (76) 


with @ the angle the magnetic field makes with the 
[100] direction. 
An expansion in power of g(¢) gives 





i 1 
2 A+[B+(C/2)"}) 
: C?(1—3 cos’)? 
+ 
64[ B?+ (C/2)?}#{ A +[B*+ (C/2)?}*} 





m* 





teh (77) 


This result is exact for the [111] direction; in other 
directions the contribution of the next term in the 
expansion is not greater than about 1 percent in silicon 
and germanium. 

We have evaluated the constants A, B, C by making 
a fit of m* as given by Eq. (77) to the experimental 
data on the two cyclotron resonance lines associated 
with the valence band. This procedure is justified if 
the position of the center of the resonance line is given 
approximately by the carriers which have ky ~0. There 
are two arguments which support this procedure; the 
first argument given above is that the orbits near 
ky=0 maintain their frequency constant as they are 
accelerated outward; the second argument is that m* 
is fairly independent of ky, except for high ky, which 
are discriminated against by a geometrical factor in the 
density of states. In Fig. 9 we give the results of calcu- 
lations of m* vs ky for germanium in the [100] and 
[111] directions. The contributions of high ky are 
principally in one wing of the resonance line. 

In Fig. 10 we give a plot of the experimental points 
for holes in germanium at 4°K as a function of the 
angle between the direction of the static magnetic field 
in a (110) plane and a [001] direction lying in the 
plane. The constants A, B, C in the expression (63), 


E(k)=ARPL[ BRAC (RoR +R RE+RR2*) |}, (78) 
are determined from the experimental data, using Eq’ 
(77). The theoretical curve in the figure is calculated - 
using the values 

A=-— (13.0+40.2) (h?/2m) ; 
| B| = (8.90.1) (4?/2m) ; 
|C| = (10.30.2) (h?/2m). 

These values represent our best fit for germanium. 
Dexter, Zeiger, and Lax“! have reported A = —13.6(h?/ 
4! Dexter, Zeiger, and Lax, Phys. Rev. 95, 557 (1954). 


(79) 
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Fic. 9. Calculated values of m* vs the component ky of the 
k-vector along the direction of the static magnetic field, for the 
[100] and [111] directions in germanium. 


2m); |B|=9.1(h?/2m); |C|=11.2(#2/2m). Our error 
estimates in (79) represent the scatter of the experi- 
mental points about the theoretical curve; because of 
the use of the assumption ky~0, the correct constants 
may possibly lie outside of the indicated limits. An 
attempt by us to take into account the distribution 
of ky gives the following approximate constants: 
A=— (13.2+0.1)(#?/2m); | B| = (8.90.05) (h?/2m) ; 
|C| = (10.60.2) (42/2m).: 

In Fig. 11 we give a plot of the experimental points 
for holes in silicon at 4°K. The theoretical curve is 
calculated using the values 


= — (4.10.2) (4?/2m) ; 
| B| = (1.60.2) (42/2m) ; 
|C| = (3.30.5) (h2/2m). 
Dexter and Lax” have reported A=—4.0(h?/2m); 
 R. N. Dexter and B. Lax, Phys. Rev. 96, 223 (1954). 


(80) 
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| B| =1.3(h?/2m) ; |C| =3.6(h?/2m). An attempt by us 
to take into account the distribution of ky gives the 
following approximate constants: A= — (4.0+0.2) 
(#?/2m); |B|=(1.140.5)(%2/2m); |C| =(4.0+0.5) 
(h?/2m). 

Using relations (54), (57), (59), (64), together with 
the experimental results from (79) and (80), the values 
of the sums over matrix elements in germanium are 


L=—31.8(h?/2m); F=—28.6(h?/2m); 

M=—5.1(h2/2m);  G=—1.6(2/2m); 

N=—32.1(h?/2m); Hi=—5.1(h?/2m); 
H.=0; 


(81) 


and, in silicon, 
L=—-1.9(h?/2m);  F=—1.2(h?/2m); 
M=—6.7(h?/2m); G=—0.4(h?/2m); 
N=—7.5(h?/2m); Hi=—6.7(h?/2m); 
H2=0. 


If we neglect the spin-orbit splitting of the valence 
band edge in comparison with the other energy de- 
nominators, the effective mass of the p;-band should be, 
from Eq. (65), m*0.08m in germanium and m* 
=0.25m in silicon. The value for germanium is in 
satisfactory agreement with Kahn’s interpretation of 
the infrared absorption spectrum of #-Ge. These con- 
stants are not uniquely determined from A, B, and C, 
because Eqs. (64) are not linear. The constant H2 was 
assumed zero due to the presumed remoteness of the 
T'5- state from the valence band. The choice of con- 
stants above was made because the sums over matrix 
elements are all negative, as expected if the conduction 


(82) 
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CYCLOTRON RESONANCE OF ELECTRONS AND HOLES 


states furnish the main perturbation. In silicon there is 
another set of solutions in which all sums over matrix 
elements are negative, but the order of magnitude of 
the constants seemed unlikely. The constants above 
are in line with the model proposed by Herman.* We 
note that perturbations with [=~ are dominant in 
germanium, and with I',5~ are dominant in silicon. 

We have analyzed, using Eq. (8), the line widths 
observed at 4°K in the specimens which gave the 
sharpest lines. The relaxation times for electrons were 
approximately isotropic, with 7(Ge)=6X 10-" sec and 
7(Si)=7X10-" sec. The effective relaxation times for 
the light mass hole resonances were 7(Ge)=7X10-" 
and r(Si)=7X10-" sec; for the heavy mass hole reso- 
nances, t(Ge)=>5X10-" sec and r(Si)>6X10-" sec. 
These data were taken with optical excitation of 
carriers. The lines did not appear to sharpen appreciably 
on pumping to 2°K, but the specimens may possibly 
have been at a higher temperature. At rf power levels 
below the ionization limit it did not appear that the 
widths were dependent on the rf power levels in the 
range covered. The line shapes of the electron reso- 
nances appeared to be approximately Gaussian, while 
the elementary theory predicts a Lorentzian shape. 

Several remarks can be made about the relative 
intensity of the light and heavy mass hole resonance 
lines. At the resonance maximum the energy losses are 
proportional, according to Eq. (15), to the static 
conductivity oo= Ne*r/m*. Therefore, 
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“F. Herman, Phys. Rev. 95, 847 (1954). 














Fic. 12. Possible extra 
line, as indicated in ger- 
manium at 55° from a [001 ] 
direction in a (110) plane. 


> ELECTRONS 


EXTRA PEAK 








ABSORPTION IN ARBITRARY UNITS 





yt 


0 500 1000 = 1500 
FIELD IN OERSTEDS 

















If the population ratio N;/N, of the two bands is 
determined by considerations of thermal equilibrium, 
we have 


Ni/Nn= (mi/m)}, (84) 
as the volume in phase space corresponding to an 
energy range AE is proportional to (m*)?. Thus, 


I (D)/I(h) = (mi/my)*(11/ Ta). 


In silicon and germanium it appears that 7&£rn, so 
we would expect, roughly, 


Ge: [()/I(A)=3; Si: 1Q/T(A)=3; (86) 


as the average mass ratio is about § for germanium and 
3 for silicon. 

The integrated intensity will be proportional to the 
product of the peak intensity and the line width 
Aw,= 1/r= (e/m*c) AH, so that the integrated intensity 
ratio is 


(85) 


I (I)/9(h) = (1m,/my)}. (87) 


We therefore expect 
Ge: 9(1)/9(h)=1/20; Si: 9()/9(h)=1/5. (88) 


The experimental ratios are consistent with these 
estimates. 
6. FURTHER REMARKS 

Kip“ at the Amsterdam Conference reported the 
tentative observation in germanium of several extra 
lines, that is, lines which cannot be assigned to the 
hole or electron band edge energy surfaces. The obser- 
vational situation on the extra lines is rather unsatis- 
factory at the moment, as one of the lines (the one 
shown in Fig. 12) is feeble and does not often appear. 
The second extra line (not shown) is erratic in appear- 
ance, and when it does appear it is rather too strong 
to be creditable; we are inclined to believe that at 
least in our own work the appearance of the second 


“A. F. Kip, Physica 20, 813 (1954). 
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line may often be accounted for by a slight misorien- 
tation of the specimen, as a 5° misorientation can 
remove the degeneracy of one of the electron resonance 
lines in the (110) plane by a splitting of as much as 200 
to 300 oersteds for some directions. There are several 
mechanisms which one might invoke for the production 
of extra lines, including (a) the possibility of resonance 
on excited bands or near higher local minima on the 
usual band; (b) partial breakdown of the selection rule 
An=+1 on the fluted surfaces, as suggested privately 
by Dexter, Lax, and Zeiger; (c) nonclassical effects at 
low temperatures, as hinted at by Kohn and Luttinger®; 
(d) distortion of the form of the energy surfaces in the 
valence band at small & as a result of the Zeeman 
splitting of the band edge states; and (e) if the plot 
of m* vs kw should be horizontal at several separated 
ky values, extra lines should appear. 

We have recently observed cyclotron resonance of 
electrons and holes in InSb, and we have a preliminary 
indication of cyclotron resonance in InAs. Details of 
this work will be published separately. 


45 W. Kohn and J. M. Luttinger, Phys. Rev. 96, 529 (1954). 
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Measurement of Shot Noise in CdS Crystals 
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The noise power spectrum associated with photoconduction current in CdS crystals with indium electrodes 
is found to flatten off at low frequencies at a value that corresponds closely to the noise inherent in the 
photon absorption process itself plus that associated with the random nature of the carrier recombination 
process. It is found that the noise power is not a unique function of the photoconduction current, but varies 
as the square of the applied voltage, and linearly with light intensity, as suggested by a simple model not 


unlike that of the photomultiplier. 


EASUREMENTS of noise associated with the 

passage of current through semiconducting 
materials have led to a variety of theories,~* most of 
which center about boundary layer phenomena. The 
essential observations that these models seek to derive 
are (1), the large excess of noise relative to thermal 
and (2) a 1/f spectrum down to extremely low fre- 
quencies. Most of the models are complicated and have 
the flexibility to account for a wide range of spectra 
and often do, in fact, give a fairly good fit with observa- 
tion. There are simple models*® involving processes 
within the body of the semiconductor itself which yield 
spectra that flatten off at low frequencies and give noise 
levels much lower than those reported by most 


1W. Schottky, Phys. Rev. 28, 74 (1926). 
2G. G. McFarlane, Proc. Phys. Soc. (London) 59, 366 (1947). 
3 A. Van D. Ziel, Physica 16, 359 (1950). 
4W. M. Buttler, Ann. Physik. 11, 362 (1953). 
( 043) Davydov and B. Gurevich, J. Phys. (U.S.S.R.) 7, 138 
1 i 
6 J. H. Gisolf, Physica 15, 825 (1949). 


observers. These models are rather straightforward and 
simple, and represent a possible reference for the study | 
of inner processes in semiconductors, for if the strong 
fluctuations associated with boundary layer phenomena 
could be eliminated, one would gain a useful tool for the 
study of current flow in solids. It is the purpose of this 
note to describe work wherein it was found possible 
to make noiseless ohmic contact to CdS crystals such 
that the noise associated with the passage of current 
through the crystal could be interpreted in terms of 
processes within the CdS crystal itself.’ 

In the study of the electrical properties of crystals 
there is always the important general question o 
separating out the effects of contact electrodes and 
their interaction with the material under study. Such 
interactions often cause nonlinear volt-ampere charac 
teristics and nonlinear potential distributions within 
the body of crystals. The use of gallium® or indium as 


7 Shulman, Smith, and Rose, Phys. Rev. 92, 857(A) (1953). 
®R. W. Smith, Phys. Rev. 92, 857 (1953). 
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electrodes for CdS crystal studies changed the picture 
considerably, for not only was it found possible to 
obtain linear volt-ampere characteristics down to the 
smallest measurable voltages, but linear potential 
distributions within the body of the crystal were also 
observed. It was further found that noise arising from 
current flow through such crystals was considerably 
less than that observed in crystals with gold or silver 
contacts of various types. In fact, some CdS crystals 
showed noise that was closely attributable to the 
random absorption of photons within the body of the 
crystal. 

To develop the simplest of models for fluctuations in 
photoconduction, we begin with a very simple descrip- 
tion of the photoconduction process which involves 
one mobile carrier, no traps, and need not refer to a 
model for the material at all. Quantum gain, time con- 
stant, frequency response, and noise spectrum are all 
interrelated in a simple way, independent of crystal 
model, as follows. From the assumption of unity 
quantum efficiency in the excitation process, and space 
charge neutrality in the materials, one can immediately 
write the quantum gain? as 


Go= 1/T, (1) 


where Go is the ratio of the number of electrons passing 
through the crystal to the number of photons absorbed 
by the crystal, 7 is the carrier lifetime, and T is the 
transit time through the crystal. The frequency 
response of such a model is given by 


1/(1+°7’)}, (2) 


while the mean square noise current per unit band 
width is given by” 


(ine) mw = 4eI Go/ (1 +r?) (3) 


where Io is the crystal photocurrent. 

This noise spectrum can be derived, except for a 
factor of 2, in a simple way by thinking of the random 
absorption of photons as being a source of shot noise 
with a uniform spectrum which is modified by the 
crystal response given by Eq. (2). We would then have 


(in?)wy = 2eF eG o?/ (1-++w?7?) ’ (4) 


where F=average rate of absorption of photons. But 
FeGp=Io, so (4) reduces to (3), with a factor 2 instead 
of 4. Since the spectrum associated with fluctuations 
in gain is in this case identical with that due to random 
arrival of photons, gain fluctuation can be taken into 
account by the simple factor of 2. 


*A. Rose, R.C.A. Rev. 12, 362 (1951). 

"This expression for noise current is derived by considering 
tandom passage of square pulses of current of height e/T, and 
duration S$ with probability distribution (1/r)e~8/*. The usual 
derivations give Eq. (3) with a factor 2 instead of 4. The addition 
actor 2 comes from fluctuations in S$ as pointed out by D. O. 

orth in a private communication. Davydov and Gurevich 
obtained Eq. (3) with the factor 4 for small lifetimes, and would 
have obtained the same result for all lifetimes if they had taken 
Into account the correlation between carriers entering at the 
cathode and those leaving at the anode. 
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Fic. 1. Comparison of observed noise spectrum with noise 
spectrum computed from photon shot noise, crystal gain, and 
frequency response. 


It is most convenient to refer this noise spectrum to 
that of an ordinary temperature limited diode in which 


(in? )w= el o(f), 


where J, is the current in the temperature limited diode 
to give the same noise as is observed in the crystal. 
Hence we can write 


I.(f)=2Golo/(1+w?r’). 
For a uniform potential distribution in the crystal 
Go=1/T=pVor/L’, 


where y=carrier mobility, L=crystal length, and 
Vo=voltage across the crystal length. Then 


MT 1 
I .(f)=2—V oo ——. (5) 

I? 1+"? 
The essential features of this spectrum are (1) that it 
flattens off at low frequencies to a limiting value given 
by 2GoIo, (2) its shape corresponds to the square of 
the crystal response characteristic, (3) for a given light 
intensity, I.(f) is proportional to Vo? and (4) for a 
given Vo, J.(f) is proportional to J». The last two follow 
from the observed linear dependence of J» on Vo, and 
of conductivity on light intensity. Experimental 
establishment of the relationships between these 
observables represents a good foundation from which 
photoconductors can be studied and on which to build 
models for the cases where departures from these 
relations are observed. 

Measurements on CdS crystals with indium pellet 
electrodes show some of the features of the simple 
spectrum described above. Figure 1 shows a comparison 
between measured noise spectrum and the noise 
spectrum computed from photon shot noise, measured 
crystal gain, and measured frequency response of the 
crystal. Although there is scatter at the low end of the 
spectrum, it does flatten off at a value approximately 
twice that predicted by the simplest of theories. If 
one were to insert effect due to surface reflection the 
computed curve would move up toward the measured 
curve by 20 to 30 percent. This value should be com- 
pared with Butler’s‘ measurements of the noise inte- 
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Fic. 2. Dependence of J, on Vo and J, measured at 40 cps. 


grated over the entire spectrum in which he obtains 
noise powers six to eight powers of ten greater than 
that corresponding to the integrated noise derived 
from the simple theory. This suggests that he was 
dealing with complicated processes probably associated 
with electrode contacts. The dashed line which is the 
spectrum computed from measured gain and frequency 
response, represents the minimum possible noise power 
for it is due to the randomness of the photon absorption 
process and fluctuations in gain. The degree to which 
the measured noise approaches the minimum possible 
value represents the degree to which all other processes 
are eliminated. Considering uncertainties in measure- 
ments of crystal gain because of uncertainties in 
surface reflectivities, the closeness with which the 
leveling off noise power approaches minimum represents 
a strong argument for the simplest of models for there 
is not much room for complicated internal processes 
to add to the noise already inherent in the photon 
process. 

There is however only a weak correspondence 
between the shapes of the measured noise spectrum 
and the spectrum derived from the simple model, for 
the half-power points disagree by a factor two, and the 
high-frequency end shows 1/f law for the noise spectrum 
and 1/f? for the response characteristic. Although this 
difference is not understood, it is probably due to 
trapping processes and close study here may indeed be 
a fruitful source of information. 

Figure 2 shows the dependence of noise power on 
Vo and Jo, measured at 40 cps. Square-law dependence 
on Vo and linear dependence on Jo is indicated and 
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Fic. 3. Schematic arrangement for noise measurements. 


corresponds to the simple picture. Curve (a) shows the 
variation in J, with Vp» for constant illumination 
intensity, while curve (b) shows the variation in /, 
with Jo, for constant Vo. Jo is varied by varying the 
light intensity. Although other experiments give 
square-law dependence on voltage, the combination 
of square-law dependence on voltage and linear de- 
pendence on current is new," and represents support 
for the simple model. 

The general picture is that although these observa- 
tions do not rigorously establish this simplest of models, 
it is believed to have sufficient merit to be useful as a 
guide in one’s thinking on fluctuation processes in 
photoconductors. It should be pointed out however 
that not all crystals have shown this behavior. For 
instance CdS crystals with evaporated indium elec- 
trodes which were macroscopically ohmic showed large 
variations in noise power and in general gave more 
noise than those with indium pellet electrodes. There 
were also crystals with indium pellet electrodes which 
gave high noise. 

The measurements were made with the arrangement 
shown in Fig. 3. The signal source E, and the attenuator 
were adjusted to give the same reading on the output 
meter. The General Radio wave analyzer was used for 
readings from 100 cps on up. It has a noise band width 
of about 5 cps over its entire range. At low frequencies § 
the small drift inherent in beat frequency instruments 
made it necessary to build narrow band filters for 
making the noise measurement. Twin 7 feed-back 
filters were built for 10, 20, 40, and 80 cps with noise 
bandwidths of 1 cps or less. To integrate out the slow 
fluctuation, a recorder was used to average each 
reading over several minutes. The crystal response 
was taken with a sinusoidally modulated kinescope 
light source, while the dc gain was measured with a 
calibrated photocell. 

1 A. Slocum and J. N. Shive [J. Appl. Phys. 25, 406 (1954)] 
report measurements in which photocurrent noise in p-n junctions 
can be attributed to random arrival of photons and is proportional 
to photocurrent. However, their measurements correspond to 
unity gain and voltage saturated photocurrents, in contra- 
distinction to the measurements described herein which involve 
high gains and photocurrents proportional to the applied voltage. 
Under this condition it is possible to observe two noise powers 


for a given photocurrent, depending on whether the condition is 
that of low light and high voltage, or high light and low voltage. 
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Interaction between Spin Waves and Conduction Electrons in Ferromagnetic Metals* 
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Department of Physics, University of Illinois, Urbana, Illinois 
(Received September 23, 1954) 


With a view toward understanding ferromagnetic resonance line widths in metals, the relaxation time 
due to the spin wave-conduction electron interaction has been calculated. The effect due to the interaction 
of ferromagnetic spins with conduction electron currents is much more important than that due to the 
interaction of ferromagnetic spins with conduction electron spins. In nickel, for temperatures between 4°K 


and 300°K, the former process yields a relaxation time 10-°— 


10~* sec, while the latter yields 10-°— 10~ sec. 


The interactions do not appear to be strong enough to account for the observed line widths. 





I. INTRODUCTION 


HE role of relaxation processes in determining the 

line width in ferromagnetic spin resonance ab- 
sorption’ has recently been discussed by several 
authors.2~* According to the discussion of KA,‘ for 
temperatures less than about one-half the Curie tem- 
perature, the line width is determined by spin-spin 
interactions of magnetic dipolar and pseudodipolar 
origin. On this view, a calculation of the spin-lattice 
relaxation involves the assumption that the ferromag- 
netic spin system is in thermal equilibrium at a de- 
fnable spin temperature which is higher than the lattice 
temperature. This is an attractive idea and it greatly 
simplifies the calculation of spin-lattice relaxation times ; 
furthermore, the experimental evidence lends some 
degree of support. However, this interpretation leaves 
the line width still unexplained, for it has not yet been 
demonstrated quantitatively that spin-spin interactions 
can lead to the large temperature independent line 
widths that have been observed at low temperatures.® 
Whether or not spin-spin interactions can be responsible 
for the line widths at low temperatures must therefore 
temain an open question. In the calculation which 
follows, we ascertain that the interaction of the mag- 
netization (ferromagnetic spin system) with the con- 
duction electrons cannot account for the major part of 
the line width in ferromagnetic metals at low tempera- 
mtures. The line width must then be due to another 
mechanism which, according to KA, is the spin-spin 
interaction. 

The direct spin-lattice relaxation time has previously 
been calculated using a macroscopic interaction be- 
tween spin-wave and phonon fields.* In the present 
work, a calculation is made, by similar techniques, of 
the relaxation processes which transfer energy from the 
ferromagnetic spin system to the lattice by way of the 


* Research supported in part by the Office of Naval Research. 
‘Ferromagnetic resonance is reviewed by C. Kittel, J. phys. 
radium 12, 291 (1951); J. H. Van Vleck, Physica 17, 234 ’(1951). 

?P. W. ‘Anderson, Phys. Rev. 88, 1213 (1952). 

*N. Bloembergen and S. Wang, Phys. Rev. 93, 72 (1954). 

‘C. Kittel and E. ees 7 og Revs. Modern Phys. 25, 233 
1953) henceforth denoted by 

5N. Bloembergen, Phys. in 8 "572 (1950). A. F. Kip (private 
communication). 

*E. Abrahams and C. Kittel, Phys. Rev. 88, 1200 (1952). See 
also reference 3. 


conduction electrons (s-electrons). Since the conduction 
electron-lattice interaction is so strong (with a char- 
acteristic time of the order of 10~" sec),? we may con- 
sider the s-electrons to be part of the lattice and we 
then treat the energy transfer as a “‘spin-electron re- 
laxation.” The conduction electrons will be treated as 
a degenerate electron gas by means of the single par- 
ticle model in the plane wave approximation. The spin 
waves will be treated by methods discussed by KA. 

It has been shown® that in a ferromagnetic conductor, 
the resonance frequency for the absorption of micro- 
wave power is shifted by an amount inversely propor- 
tional to the square of the eddy current skin depth 6. 
In spin-wave language, this means that the only spin 
waves excited by the rf field have wave vectors x whose 
magnitudes lie close to the value 1/6. This is to be 
compared with the situation in insulators where the 
microwave excitation is limited to those spin waves 
having wave numbers « near zero. In the case of the 
direct spin-lattice interaction, the difference is insig- 
nificant as the phonons of interest have wave numbers 
very much larger than 1/6, and the previous calculation® 
for the direct interaction which scatters kx=0 spin waves 
remains essentially unchanged in the case of metals. 
In order to determine whether the interaction of spin 
waves with conduction electrons can account for the 
line width, it is necessary to evaluate the time constant 
(relaxation time) of the decay of an excess number of 
spin waves of wave number i/6. If this interaction is 
to account for the width, the relaxation time must be 
as short as 10-*-10-" sec. 

Previous work on spin-wave-electron interactions has 
been reported by Samoilovich and Yokovleff' in con- 
nection with electrical resistivity. Kondoh" has pub- 
lished a report on a calculation using the dipolar inter- 
action between s- and d-electrons in the spin-wave 


7It should be mentioned that the relaxation of s-electron spins 
to the lattice is also expected to be very fast due to the large 
spin-orbit coupling. See R. J. Elliott, Phys. Rev. 96, 266 (1954). 

8 C. Kittel and C. Herring, Phys. Rev. 77, 725 (1950). 

9J. M. Luttinger and C. Kittel (unpublished). The present 
author has improved the calculation of Luttinger and Kittel and 
finds that the spin-lattice relaxation time for x=0 spin waves in 
= is of the order of 10-5 sec at room temperature. 

G. ve and V. A. Yokovleff, Zhur. Eksptl. i. 

teak Fiz. 22, 350 (1952). 

i A. Kondoh, Progr. Theoret. Phys. Japan 10, 117 (1953). 
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approximation of Holstein and Primakoff.” There is 
essential agreement between his results and those of a 
similar calculation which forms Sec. IV of this paper. 


II. INTERACTIONS 


The interaction operator which we adopt is 


Hin = Hitz, (1) 


M(t): (r—r, 
A= —f (r) (r a Oe shy (2) 
mc 


|r—r,|? 





H2=8e . H,. (3) 


where M(r) is the magnetization at the point r, r, is 
the position of a conduction electron, p its momentum 
and @ its spin. H, is the magnetic field due to the ferro- 
magnetic spins and has been given by Herring and 
Kittel. In Eq. (3), 8 is the Bohr magneton. H, repre- 
sents an interaction between the ferromagnetic spins 
and the currents due to the motion of the s-electrons. 
Furthermore 1/g is the screening radius“ for the mag- 
netic field due to the s-electron currents and is given by 
(mc?/4anoe”)—* where mo is the s-electron density. This 
screening arises from the collective influence of the set 
of s-electrons and is discussed fully in reference 14. 
H is the ferromagnetic spin—s-electron spin interac- 
tion in the Herring-Kittel approximation. The two inter- 
actions H; and H, will be treated separately since they 
do not interfere. 

The system of conduction electrons is treated as a 
quantized free electron field with the following conven- 
tion for the field operators: 


spin up: g=bre*-t, 


4 

spin down: y=dxe'*"*, 4) 
where K is the electron wave vector. Following KA, 
we have for the spin-wave field: 


M*(r)=M.(1)+iM,(4)= (2g8M,)* Deane™*, 


M~(r)=M.(r)—iM, (4) = (2g8M,)* Date, me 


where a,, bx, dx, and their conjugates are annihilation 
and creation operators and M, is the saturation mag- 
netization. We work thraughout in Gaussian units with 
a sample of unit volume. 


Ill. INTERACTION WITH S-ELECTRON CURRENTS 


The interaction of spin waves with s-electron cur- 
rents does not cause s-electron spin transitions so that 
we may consider interactions with s-electrons of one 
spin only. From Eq. (2), we get the perturbation 


12 T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 


13 C, Herring and C. Kittel, Phys. Rev. 81, 8691(1951). 
4 DPD, Bohm and D. Pines, Phys. Rev. 82, 625 (1951). 
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operator 3C:= f v*Higdr,: 


Hi= (eh/mc)Y xxbx*bx: f dre*(®’—K)-r 


xM(r)- f (RXK'/Riei®'-K)-R-aRGR, (6) 


Here we have considered electrons with spin up. The 
evaluation of the integrals which appear here is fa- 
cilitated by the expansion of e*®’-®)'R in spherical 
harmonics. The result is 


wa 
Hi = (2rieh/mc) (2g8M.)*(1— (q/x) tan (x/q) ] 
XDxdbe*bxe x (KX x)*a_,*+ (KXx)-ax], 
x=K-—K’0, (7) 


plus another term which does not contribute to the 
relaxation. The first term in square brackets creates a 
spin wave of wave vector —x« while the second destroys 
one of wave vector x. In order to evaluate the decay 
rate of spin waves of given wave number, we fix x and 
consider the rate of change of the population in the 
state x if there is a nonequilibrium excess of spin waves 
in that state. The nonequilibrium excess is due to the 
excitation by the microwave field. 

The net number of collisions per unit time which 
transfer energy from the spin system to the s-electrons 
is given by the kinetic equation 


Neon= (24/h)X xe(| Hit |?— | H12|2)6(ectex:—ex), (8) 


where H;* and H;* are those parts of Eq. (7) which 
emit and absorb, respectively, a spin wave of wave 
vector x, and ¢,, ex are the energies of a spin wave and 
an electron of wave vectors x, K. Here «, is equal to 
(2g8A/M,.)x*—g8H where A is the macroscopic ex- 
change constant and Z is the applied constant field. 

_To set up the relaxation time, we fix x and identify 
Non with ”,, the rate of change of population in the 
state x. Further, we take the matrix elements of the J 
creation and destruction operators and average over 
the directions of the vector KXx. The result for 7i, is 


the = (32n°/3) (2h gM ./mc*) 
X[1— (g/x) tan“! («/q) Pe" x (KX x)? 
XC(a+1)(1—fx) fx—ne(1—fr) fe] 
X5(etex-—ex), (9) 
x= K— K=0. 


Here m, is the occupation number of the spin-wave 
state x and fx is the probability of finding an s-electron 
in the state K, that is, the Fermi distribution function. 

In order to evaluate the terms in square brackets, 
we set 2,=n,°—An, where n,° is the value of m, when 
the spin-wave system is in equilibrium with the s-elec- 
trons and An, is the excess population in the state « 
due to the resonance absorption. If An,=0, the terms 
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in square brackets vanish if one accounts for the energy 
§ function. Therefore, 7, is proportional to An, and 
the terms in question become 


— (dfx/dex)éAn. (10) 


Here we have taken into account the energy 6 functions 
of Eq. (9) and expanded the Fermi factors f near the 
top of the Fermi distribution.“ The procedure is 
justified here since the maximum spin wave energy is 
of order one-fortieth of the Fermi energy. 

The resulting expression for 7, in which (10) replaces 
the square bracket of Eq. (9) is treated in the following 
way: The sum is transformed into an integral over K 
space with the introduction of a factor 2/(2m)* where 
the 2 in the numerator accounts for two possible spin 
directions. The energy 6 function is expressed in terms 
of K, x and the angle between them, @, by the sub- 
stitution K’ = K—x. ; 


5(€+ €x:— ex) = (m/h?Kx)6_cosd—F(x,K) ], 
F(«,K)=[(h?x?/2m)+ e,|/(#?Kx/m). 


The 6 function is annihilated by the integration over @ 
and the remaining angular integration is trivial. The 
result is 


tig= — (162re2g8M ,/3mc?h) An, 
X[1— (g/x) tan (x/g) P(ec/x*) 


(11) 


x f K*dK (dfx/dex)[1—F*(x,K)], 


F°(x,K) <1. (12) 
The condition F?<1 arises from the integration over 
§ where we must have cos’*@<1. The factor dfx/dex 
behaves as a 6 function, 6(ex—Er) where Er is the 
Fermi energy for the s-electrons. This and the fact that 
the wave numbers of interest for the spin waves are of 
order 105 assure the smallness of F and it will hence- 
forth be neglected. The integral is easily evaluated with 
this 6-function approximation. The result is 


1/7= —1i,/Any= (32ame’gBM ,/32h*) 
X[1— (g/x) tan («/q) P (e/) Er. 


This result is the relaxation time for spin waves of 
wave number x. In the case at hand we set x=1/6 
= (4trwyt2/pc?)* and find the relaxation time for those 
spin waves which are excited by the microwave field. 
Here p is the resistivity, w is the angular frequency of 
the microwaves, and i is the permeability at resonance. 
For nickel, at 24 400 mc/sec, we have w2=17,5 p=7.74 
micro-ohm cm,!* and 6=1.5X10-* cm at room tempera- 
ture. Thus, from Eq. (13), we find the relaxation time 
at room temperature in nickel 


7r=6X10- sec, 


(13) 


T=293°K. (14) 


4 The method used here is similar to that used in another con- 
nection by A. W. Overhauser, Phys. Rev. 89. 689 (1953). 
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The temperature dependence below room temperature 
is quite insignificant. The reason for this is that as the 
temperature is lowered, the skin depth is reduced in 
magnitude as the resistivity decreases. This results in 
a decrease in the factor x*=6 of Eq. (13) which is 
offset by a concomitant increase of the screening factor 
which appears in the square brackets. The experimental 
value of Jan and Gijsman"® for the resistivity at 14°K 
is about 1/20 of the room temperature result. If we 
use this value in our formulas we obtain 


7=2X10-* sec, T=14°K. (15) 


One would ordinarily expect a somewhat stronger tem- 
perature dependence of the resistivity in a very pure 
sample. However, even if we assume that the resis- 
tivity has decreased by as much as a factor 100, the 
relaxation time at 14°K remains of the same order be- 
cause of the compensation of the aforementioned screen- 
ing and skin depth effects. At room temperature and 
above, the relaxation time increases with 6 because of 
the increased effectiveness of the screening, although 
we must realize that the spin-wave approximation is of 
doubtful validity before these temperatures are reached. 


IV. INTERACTION WITH S-ELECTRON SPINS 


The perturbation operator for the interaction of spin 
waves with s-electron spins is given by 


wf(s)=m) 


where H,=—2n(2g8M,)¥(1/r2) (aax-to_det)e™, 
Evaluation of this expression gives 


Ho= —2mB(2g8M.)* X xu (1/k?) (axe a_,**) 
X[bx*dxen-+dx*bq-xt+ (bx*bx:—dx*dx’) ks | 
X6(x+ K’— K). 


The first two terms in square brackets involve s-electron 
spin flips while the third term does not. Consider first 
that process in which an s-electron flips from down to 
up and a spin wave is destroyed. This and its inverse 
process together give the collision rate by an expression 
exactly similar to Eq. (8) where, for example, 


H2°= —2nB(2g8M .)*(xtK-/x?) 

XL(ne+1) (1—fx) fxt J} (n+ K’— K). 
Here we have taken the matrix elements of the creation 
and destruction operators. fxt, for example, denotes 


the Fermi factor for wave vector K and spin up. For 
this interaction, the rate of energy transfer is given by 


the= (1280968gM ,/15h) YS xcecL(tet+1) (1—fx)fxt 
= n,(1 —fxt) fx ]8(ex-+ ee ex"), 
x+ K’=K, 


where we have averaged over directions of «x. Here 


(16) 


(17) 


16 J, P. Jan and J. M. Gijsman, Physica 18, 339 (1952). 
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€x*= (h?K*/2m)+8H. The terms in square brackets 
are handled in a way similar to the treatment of Eq. 
(9). We assume that there are equal numbers of s- 
electron spins up and down with small error since 
6H/kT<1. With this assumption, as in the case of 
Eq. (9), the terms in square brackets reduce to Eq. 
(10) with the same notation. 

We now proceed as before. The energy 6 function 
becomes (m/h?Kx)5(cos@—F-), where F- is as in Eq. 
(11) save that —28H is added to the numerator. If we 
had considered instead the process in which the elec- 
tron of wave vector K has down-spin and K’ up-spin 
rather than the reverse, we would have gotten a factor 
F+ with +28H added to the numerator. A detailed 
examination of the resulting expression for Q shows 
that we may neglect the distinction between F, Ft, and 
F- since BH&E pr. We therefore account for the two 
kinds of processes mentioned here by the replacement 
of F+ by F and the introduction of a factor 2. From Eq. 
(17) we obtain 


tie= — (64mB*gM ,/15h*)An,(e,/k) 


x f KaK (dfx/dex), F2,K)<1. (18) 


As was the case with Eq. (12), F?<1 for « near 1/6 and 
K at the top of the Fermi distribution. The integral 
then reduces immediately to (m/nh?). 

If we had considered the third term in square brackets 
of Eq. (16), i.e., processes in which the s-electron spin 
does not flip, then we would have gotten the same ex- 
pression as Eq. (18) but reduced by a factor 1/4. To 
take all processes into account we need only multiply 
Eq. (18) by 5/4. The relaxation time for the spin-wave 
—s-electron interaction is therefore given by 


1/7= —n,/An,= (82/3) (m?gB*M ,/h*) (€,/). 
We again set x= 1/6 and find for nickel, 


7=2X10-*/5=10~ sec at T= 293°K 
=10 secat T= 14°K. 


(19) 


V. CONCLUSION 


The interaction considered in Sec. IV is negligible 
compared with the “spin-current” interaction of Sec. 
III. The latter results in a relaxation time whose tem- 
perature dependence does not contradict the experi- 
mental results for the line width between liquid hydro- 
gen and room temperatures. However, the relaxation 
time appears to be at least one order of magnitude too 
large to account for the magnitudes of the observed 
widths. 

The present calculation does not apply to low-re- 
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sistivity ferrites!’ because the free electron model 
cannot work well for d-band semiconductors such as 
the ferrites. 

It is of interest to discuss the relaxation time for the 
“spin-current” interaction in the case that interactions 
between ferromagnetic spins are so strong that they 
account for the line width. In this case, according to 
KA, the spin system is in an equilibrium state before 
other relaxation processes have progressed appreciably. 
The relaxation time for energy transfer to the lattice 
via the conduction electrons is then determined by the 
spin-spin relaxation time (line width) itself for the 
following reason: the spin-current relaxation time for 
spin waves having wave numbers near g is very short 
indeed due to the negligible screening and the smallness 
of g (10° cm™). In this connection see Eq. (13). The 
rate of energy transfer to the lattice is then limited by 
the rate at which energy can be transferred from other 
spin-wave states to those spin waves with wave numbers 
near g by means of spin-spin interactions. This is be- 
cause the relaxation primarily takes place through the 
spin-wave states of wave number g and at a rate some- 
what faster than the spin-spin relaxation time. 

It should be noted that the calculation begins to lose 
validity because of the inadequacy of the spin-wave 
approximation as the temperature rises above about 
one tenth of the Curie temperature (631°K for nickel). 
At higher temperatures, one would expect that the 
relaxation times will become somewhat shorter than 
those predicted here. Within the limits of the spin- 
wave approximation, however, the interactions dis- 
cussed here do not appear to be strong. enough to 
account for the experimentally observed line widths. 
which correspond to relaxation times of 10-°—10-" 
sec. The interaction of spin waves and conduction 
electron currents is stronger, however, than the direct 
spin-lattice interaction calculated previously,® espe- 
cially at low temperatures where it gives much the 
shorter relaxation time. 

The author would like to thank Professor C. Kittel 
for suggesting this problem and Dr. Y. Yafet for 
interesting discussion. He expresses his gratitude to J 
Dr. G. T. Rado for reading the manuscript and making 
instructive comments regarding the importance of the 
effects arising from the finite skin depth. 

Note added in proof —A paper of T. Kasuya [Busseiron Kenkyu 
74, 1 (1954)], in which a calculation is made which is similar to 
the one reported here has come to the author’s attention. Kasuya, 
however, fails to include the effect of screening of the magnetic 
field of the s-electron currents; nor does he attribute the break- 
down to the «=0 selection rule to the effect of the finite skin depth. 


The neglect of these effects yields a relaxation time an order of 
magnitude shorter than the result of the present work. 


17 Galt, Yager, and Merritt, Phys. Rev. 93, 1119 (1954). 
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Elastic- and electrostatic-energy considerations are insufficient for an explanation of cation ordering 
between tetrahedral and octahedral sites in spinels. Tetrahedral, octahedral, and square covalent bonds are 
also important when cations are to be accommodated in these sites. The square bonds in octahedral sites 
can cause the tetragonal distortion observed in Mn3O,, y-Mn203, ZnMn2O,4, CuFesO4, CuCr2O,4, CaIn20,, 
CdIn20,, and metallic indium. A new magnetic exchange mechanism, ‘‘semicovalent exchange,” which is 
consistent with the covalent model, is used to explain the magnetic properties of spinels. 





I. INTRODUCTION 


XPERIMENTAL data on spinels indicate that the 
distribution of cations over tetrahedral and octa- 
hedral sites cannot be explained on the basis of electro- 
static and elastic energies alone. Electronic bonding 
energies must be considered. Also, no explanation has 
yet been given for the difference beween Fe3;O,, which 
alone transforms on cooling from a cubic to an ortho- 
thombic spinel at a relatively low transition temperature, 
and other spinels, such as Mn,O4, ZnMn2O,u, CuFe20,, 
which become on cooling tetragonal at a relatively high 
transition temperature. The tetragonality of metallic 
indium and of CaIn,O, and CdIn2.O, have never been 
explained. For hausmannite there has been no definitive 
selection between the formulas MnO: Mn,O; and 2MnO 
‘MnO,. The difference in resistivity discontinuities 
through the transition temperatures of Fe;O,4, on the one 
hand, and Mn;O, and ZnMn,O,, on the other, has not 
been explained. Neither has any explanation been given 
for the fact that Mn;O, is paramagnetic at least down 
to 72°K despite the large magnetic moments of Mn**, 
Mn*+, and Mn** ions. In this paper it is suggested that 
covalent forces are responsible for the above effects. A 
new magnetic-exchange mechanism, ‘“‘semicovalent 
exchange,” is proposed. 


II. IONIC ORDERING 
A. Description of Spinels 


Many oxides consist of a face-centered cubic lattice 
of 0 ions which is held together by interstitial cations. 
There are two kinds of interstices between the elements 
of such a lattice, tetrahedral interstices with four nearest 
neighbors and octahedral interstices with six nearest 
neighbors. If all the tetrahedral sites are empty and all 
the octahedral sites are filled, the crystal has the rock- 
salt structure; if only tetrahedral sites are occupied, the 
crystal has the zinc-blende structure. In oxides with 
the spinel structure there are cations in each type of 
interstice ; twice as many octahedral as tetrahedral sites 
are occupied. The spinel lattice may be thought of as 

* The research in this document was supported jointly by the 


Army, Navy, and Air Force under contract with the Massa- 
chusetts Institute of Technology. 


an ordered mixture of the zinc-blende and rock-salt 
structure. 

There are two general classes which have the spinel 
lattice, the 2-4 spinels with the formula 2X?+O-Z*+O, 
and the 2-3 spinels X?+O- Y.5+O;. In order to describe 
the cation distribution, these formulas may be written 
as Z(X2)O4 or X(ZX)O4 and X(Y2)O,4 or Y(XY)Oxg, 
where the ions within the parentheses occupy octahedral 
sites. If there is only one kind of cation in the octahedral 
sites, the spinel is called normal. If there are equal 
amounts of both kinds of cations in the octahedral sites, 
the spinel is inverse. If there is an unequal number of 
each kind of cation in the octahedral sites, the spinel is 
mixed. 


B. Critique of Previous Work 


Since the physical properties of any spinel depend 
not only on the kind of cations in the spinel but also on 
their distribution within the interstices, it is important 
to understand what forces are responsible for cation 
ordering within a lattice. Verwey and his co-workers! 
have made a study of the cation arrangement in oxides 
with spinel structure. A summary of the experimental 
determination of cation location is given in Table I. 

Since the observed cation distributions do not always 


1E. J. W. Verwey, Z. Krist. 91A, 65 (1935). 

2van Arkel, Verwey, and van Bruggen, Rec. trav. chim. 55, 
331 (1936). 

3 Verwey, van Arkel, and van Bruggen, Rec. trav. chim. 55, 
340 (1936). 

4 o. W. Verwey and J. H. de Boer, Rec. trav. chim. 55, 531 
(1936). 

5 J. H. de Boer and E. J. W. Verwey, Proc. Phys. Soc. (London) 
49A, E59 (1937). 

“ne Haayman, and Heilmann, Philips Tech. Rev. 9, 185 
(1947). 

TE. J. W. Verwey and E. L. Heilmann, J. Chem. Phys. 15, 174 
(1947). 

aia Haayman, and Romeijn, J. Chem. Phys. 15, 181 
(1947). 

“a de Boer, and van Santen, J. Chem. Phys. 16, 1091 
(1948). 

10 de Boer, van Santen, and Verwey, J. Chem. Phys. 18, 1032 
(1950). 

11 J. H. van Santen, Philips Research Repts. 5, 282 (1950). 

2E. W. Gorter, Compt. rend. 230, 192 (1950); Nature 165, 
798 (1950). 

13. J. W. Verwey et al., Z. physik. Chem. 198, 6 (1951). 

4 F, C. Romeijn, Philips Research Repts. 8, 304 (1953). 
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TaBLE I. Observed cation distributions in some oxides with the spinel structure.* 








X2+ Y%* or Z* Atal Crit (Mn**) Fe3+ 


Ionic 
radius> 0.64 0.70 0.67 


Rh?+ Ga+ In** Gett Snt* = Tit* Si‘* vir 


0.69 0.62 0.92 0.44 0.74 0.64 





0.78 Na Ne It! 
0.91 Ne we (Nye Ie 
0.83 Na Ne Ie 
0.82 Ne Ie 
0.78 Ne Ie 
0. 70?) Tk It 
0.83 Ne (Nye We 
1.03 Ne Ne 


0.78 Al(LizAl;)O.2 Fe;Liz(Cr2)Ox¢ 


Ne If It O° Is i | 


Ne Ie Ie 
Ne 


Ne [Vv]! If Ie 
Ne Cy] 
Fe (LiyFey)0,° 








* [NV] means normal structure inferred, cation distribution not experimentally established. Distributions marked with daggers are not entirely inverse; 
the number of divalent ions in the tetrahedral sites are temperature-dependent. The letters N, J, O, P refer to normal-spinel, inverse-spinel, olivine, and 


phenacite structures, respectively. 


b Atomic Radii: Handbook of Chemistry and Physics (Chemical Rubber Publishing Company, 1953-1954), thirty-fifth edition. Goldschmidt values 


wherever available. 
¢F. C. Romeijn, Philips Research Repts. 8, og (1953). 
. H. B. Lovell, Trans. Brit. Ceram. Soc. 50, 315 (1951). 
ie W. Verwey and E. L. Heilmann, J. Chem. io 15, 174 (1947). 
. F. W. Barth and E. Posnjak, Z. Krist. 82, 325 (1932). 
. Riidorf and B. Reuter, Z. anorg. — 253, 177, 194 (1947). 
F. “Machatschki, Z. Krist. 82, 348 (1932). 


iA. F. Wells, Structural I norganic Chemisiry ae University Press, London, 1950), second edition. 


iL. Passerini, Gazz. chim. ital. 60, 389, 754 (193 
k McGuire, Howard, and Smart, Ceram. Age 60, rh (1952). 
1F, Buschendorf, Z. physik. Chem. (B) 14, 297 (1931). 


coincide with their predictions, which were based only 
on the electrostatic and elastic forces in a purely ionic 
model, Verwey and Heilmann’ suggested that the 
anomalies could be accounted for by the stability of the 
tetrahedral covalent bonds which form about certain 
cations when located in tetrahedral interstices. 

Romeijn“ has suggested that ions with a noble-gas 
outer-electron-shell structure, such as Mg**, Al**, and 
Ti**, are less compressible than ions with a full or half- 
filled d-shell, such as Zn?*, Cd?*, Ga**, In**, Ge*t, Sn**, 
Mn**, and Fe**, so that the latter group is more easily 
accommodated in tetrahedral sites than is the former. 
It is not obvious why a full or half-filled d shell should 
be more compressible than a noble-gas shell. However, 
since the outer electron shells in noble-gas structures 
are separated from the next higher energy levels by a 
considerable energy gap, they do not provide empty 
orbitals for the formation of covalent bonds. In transi- 
tion metals the nd and (n+1)s orbitals differ very little 
in energy. Covalent bonds are therefore easily formed, 
and since covalent bonds involve orbital overlap, they 
are shorter than electrovalent bonds. Therefore the ions 
with outer d shell appear more compressible than those 
with outer noble-gas shell. 

Finally Romeijn and van Santen and van Wier- 
ingen’ considered the effect on electronic binding’ener- 
gies of crystalline fields in ionic crystals of cubic sym- 
metry. They stated that the d shell splits in such a field 
into two set of orbitals, one extending along the (111) 
directions, the other in the (100) directions.’® Van 
Santen and van Wieringen assumed that the former is 
more stable when the outer electron configuration of the 
cation is d or d* (as in Mn**, Cr**, and Ni**), but that 


. H. van Santen and J. S. van Wieringen, Rec. trav. chim. 71, 
120" igs 2). 
16H. A. Bethe, Ann, Physik 3, 133 (1929). 


the latter is more stable for the configuration d? or d’ (as 
in V** and Co*+). An ion with a stable (111) electron 
configuration would, according to van Santen and van 
Wieringen’s express assumption of electrovalent bond- 
ing, fit more easily into an octahedral site where the 
electron charges of the cation can fit between the 
directed anion # orbitals without appreciable overlap. 
An ion with a stable (100) electron configuration would 
fit more easily into a tetrahedral site for an analogous 
reason. 

The assumption regarding the relative stabilities of 
the d-shell bonds has never been substantiated. What is 
more important, however, is that the result of the over- 
lapping of the filled oxygen p orbitals with the empty 
cation orbitals has been ignored. Such an overlap gives 
rise to coordinate covalence which reduces the polarity 
of the cation-anion bond, stabilizes the system, and 
reduces the effective anion radius. The influence of 
electrostatic and elastic energies on cation ordering is 
reduced. It will be shown below that if covalent con- § 
siderations are used to supplement and modify the 
electrostatic and geometric considerations of the purely 
ionic model, the cation distributions in the spinel 
lattice can be readily accounted for without recourse 
to an assumption either with regard to the d-shell 
splitting of various atoms or to the compressibility of 
the d shell. 

The cation distribution in a crystal is determined by 
its minimum free energy A=E—TS, where T is its 
absolute temperature, S is its entropy, and £, its 
internal energy, is the sum of an electrostatic contri- 
bution E;, an elastic (Born-repulsion) contribution £,, 
and an electronic-bonding and exchange contribution 
E,. In the spinel lattice, covalence effects E;, E,, and E.. 
In the absence of covalence E, approximately equals 
zero. Covalent bonding makes E, appreciably negative 





0.39 «0.618 
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and, by decreasing the ionic charge and bond length, 
alters the influence of EZ; and £,. Since disorder corres- 
ponds to high entropy and the entropy contribution 
(TS) increases with temperature, high temperatures 
tend to disturb ordering. 


Ill. COVALENT BONDS 
A. Introduction 


' It was pointed out in Sec. IIA, above, that spinels 
' are an ordered mixture of the zinc-blende and rock-salt 
» structures. It is expected that those metals whose oxides 
' form the zinc-blende structure tend to occupy tetra- 
| hedral sites in spinels as they do in the oxides. Similarly 
/ metals whose oxides are of the rock-salt type tend to 
' occupy octahedral sites. Frequently the relative stabili- 
ties of the two metals in a given interstice in the spinels 
| must be compared before an actual prediction about 
_ their distribution over the two types of sites can be 
; made. 

| The zinc-blende interionic bond is predominantly 
' covalent if the cation is large. Purely ionic forces would 
_ place the cation in the interstices with the largest anion 
' coordination, viz., the octahedral position. The metals 
' whose oxides have the zinc-blende structure are there- 
fore expected to be covalently bound to tetrahedral 
sites when in a spinel lattice. 

The octahedrally coordinated cations of the rock-salt 
| structure may be either electrovalently or covalently 
| bound to their near-neighbor anions. The relative 
_ strength with which a metal, whose simple oxide has the 
' rock-salt structure, is held to an octahedral interstice 
- in the spinel lattice depends upon the relative charge, 
' size, and covalent-bonding of the competing cations. 
Cations which are more stable in octahedral sites in the 
_ simple oxides tend to go into octahedral sites, but may 
_ be forced into tetrahedral sites in the spinel lattice. 
| Therefore both electrovalence and covalence may be 
found in each type of interstice. To distinguish between 
electrovalence and covalence, the valence of the former 
is written in Arabic numerals (e.g., Mg**), of the latter, 
in Roman numerals (e.g., Zn"). 

In spinel crystals the coordination of the close- 
packed-anion interstices limits the possible cation- 
anion bond types which can be formed. If the stable 
covalent-bond types which any cation forms can be 
independently determined, the anion interstices in 
which the steric constraints are compatible with stable 
covalent-bond formation are known. Measurements of 
the steric structure of complex ions containing a particu- 
lar cation provide the necessary independent information 
since the complex-ion structure is primarily deter- 
mined by the stable covalent-bond formation. Complex- 
ion structure is only secondarily effected by steric 
hindrance and the difference in the electronegativities of 
the components. The steric structure of complex ions 
can be determined by optical and by magnetic-sus- 
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ceptibility measurements.” Thus a knowledge of com- 
plex-ion structure gives information about both the 
relative stabilities of a cation in octahedral vs tetra- 
hedral coordination and the possible distortion of the 
steric constraints. 

If covalent bonds are formed in the spinel lattice, 
both bonding electrons come from the anion, and the 
bond is coordinate-covalent. The near-neighbor anions 
perturb the cations so that they form stable, empty 
hybrid orbitals which overlap with the anion # orbitals. 
If the empty orbitals have energies which are nearly 
degenerate with the outermost filled orbitals, if the 
electronegativity difference between the ions is not too 
great, and if the orbital overlap is large, the empty 
cation orbitals interact with the full anion orbitals to 
accept electrons from the anions. Then the anion p 
electrons are induced to share their time between the 
cation and the anion. If empty orbitals are not available 
for hybridization, half-filled orbitals can participate in 
covalence. However, filled cation orbitals obviously do 
not participate in covalent-bond formation. 


B. The Oxygen Orbitals 


The oxygen ion has the structure 15?2s?2°. The p 
orbitals are three mutually perpendicular dumbbells. 
In oxides with the spinel lattice each oxygen has four 
near-neighbor cations, of which three are in octa- 
hedral sites and the fourth is in a tetrahedral site. The 
three octahedral sites are situated along three mutually 
perpendicular directions from the oxygen; the tetra- 
hedral site lies in the (111) direction away from the 
quadrant defined by the three octahedral sites. The 
oxygen can bond covalently with any or all of the 
octahedral-cation neighbors through its three # orbitals. 
In this case, however, there are no anion orbitals 
directed toward the tetrahedral site, and the tetra- 
hedral-site cation-oxygen bond is ionic. 

If the bond toward the tetrahedral site is covalent, 
the overlap of full oxygen orbitals with the empty 
orbitals of the octahedral-site cations is reduced since 
the oxygen # orbitals no longer point directly towards 
the cations. This reduction in orbital overlap reduces 
the strength of any covalent bonding in the octahedral 
sites. 

Thus there is competition between the tetrahedral 
and octahedral sites for overlap with the full oxygen p 
orbitals. Unless strong covalence can occur simul- 
taneously in both types of sites, there will be covalent 
bonding in, at most, one type of site only. If stable 
covalent bonds can be formed in both types of sites at 
once, hybrid (s*) orbitals, which point toward the four 
corners of a tetrahedron, may be admixed with the p° 
orbitals on the oxygen ion. Such orbitals do not overlap 
as much with the octahedral-cation orbitals as do the 
pure #* orbitals, and the strength of the octahedral-site 

17L, Pauling, The Nature of the Chemical Bond (Oxford Univer- 


sity Press, London, 1948), second edition; J. Am. Chem. Soc. 53, 
1367 (1931). 
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covalent bond is reduced from the value it has when the 
tetrahedral-site bonds are ionic. A semiquantitative 
estimate of the proportionate reduction in octahedral- 
site covalent-bond strength due to simultaneous co- 
valence in the tetrahedral sites is given later in 
Appendix I and Fig. 6. 


C. Cation Hybrid Orbitals 


There are three kinds of cation hybrid orbitals which 
are important in the spinel lattice where the steric 
constraints are due to the close packing about either 
tetrahedral or octahedral interstices. If either steric 
hindrance or too large differences in electronegativities 
prevent hybrid covalent-bond formation, ionic bonds 
are formed. The important cation hybrid orbitals have 
tetrahedral, octahedral, or square configurations. 


1. Tetrahedral Orbitals 


The tetrahedral orbitals result from the hybridization 
of (sp*) orbitals.!7 These point toward the four corners 
of a tetrahedron. They are predominantly formed in 
cations with a full d shell which is separated in energy by 
only a small interval from the next empty s and shells. 
Tetrahedral coordination is common for Zn!™! and Cd", 
for instance. The strength of these covalent bonds de- 
creases with increasing atomic number of the cation and 
decreasing atomic number of the anion in any one 
column of the periodic table. 

There is some evidence that Fe*+ and Mn?*, each 
with a half-full, spherically symmetric d shell, form 
bonds which are partially covalent. Although these ions 
form ionic bonds in Fe,03 and MnO, the wurtzite struc- 
ture of one phase of MnS indicates that the possibility of 
covalent-bond formation is by no means negligible. In 
the tetrahedral sites of the spinel lattice, where the 
steric constraints favor the formation of tetrahedral 
covalent bonds, these ions undoubtedly form bonds with 
a partially covalent character. Evidence for this lies not 
only in the fact that the ferrospinels are frequently 
inverse, with a definite tendency for Fe!!! ions to go 
into the tetrahedral sites, but also in the observation 
that inverse ferrospinels have a lattice parameter which 
is roughly 0.06 A smaller than would be expected if the 
lattice were normal.’ This reduction in lattice parameter 
could be due to a shorter cation-anion bond for Fe?! in 
the tetrahedral sites than Fe* in the octahedral sites, 
the difference in bond length indicating the degree of 
covalence in the tetrahedral bonds. 


2. Octahedral Orbitals 


The octahedral, hybrid (d’sp*) orbitals occur in the 
transition elements which have partially filled d shells. 
In this case six bonds are directed toward the centers of 
six faces of a cube. These bonds are not easily identified 
since they are accommodated, without distortion, in an 
octahedral site just as are ions which form predomin- 
antly ionic bonds. These bonds would form most readily 
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about cations with an outer configuration d* or d°. If an 
ion with electron configuration d* forms an ionic bond in 
an octahedral site, it contributes 4.90 Bohr mag- 
netons to the magnetic susceptibility whereas it con- 
tributes no paramagnetic moment if it is bound co- 
valently."” The bond cannot be partially ionic and 
partially covalent since this would require mixing two 
states of different electron spin. In complex ions like 
[Fe(CN). ]* the Fe!! forms covalent bonds, but in the 
oxides the large electronegativity of the oxygen ions 
causes Fe** to form ionic bonds. In d* ions like Cr!™ and 
V1, however, there is no spin change involved in 
changing from ionic to covalent bonding so that par- 
tially covalent bonds can be formed which cannot be 
distinguished from ionic bonds by magnetic measure- 
ments. It is probable that these ions are stabilized in 
the octahedral sites by partial covalent-bond formation. 


3. Square Orbitals 


Finally there are the square, coplanar (dsp*) orbitals 
which point toward the four corners of a square. These 
occur in the transition elements that have one d 
orbital available for hybridization, such as cations with 
outer electron configuration d‘, d’, or d®. Cations which 
form square, covalent bonds can be accommodated in 
an octahedral site. 

The cation Cu!! is known to form square bonds in 
complex ions,!® cupric oxide,’ and cupric salts.” 
Although the Cu!! cation may, theoretically, form either 
four tetrahedral (sp*) orbitals or four square (dsp’) 
orbitals, the square-bond formation in CuO clearly 
indicates that the latter bond type is the more stable 
bond for Cu!! in an oxide lattice. Therefore the Cu” 
cation is more stable in the octahedral sites of the 
spinel lattice where the steric constraints favor the 
formation of square bonds. 

Since cations with the outer electron configuration d° 
can accommodate at most only ten additional electrons 
in a hybrid dsp shell, their maximum coordination num- 
ber is five. Therefore they cannot form octahedral 
(d’sp*®) bonds since this would require exciting two 
electrons to some higher energy level. Since there are 
two vacancies in the d shell, square (dsp*) orbitals can 
be formed. In order to hybridize such orbitals, however, 
the cation must reverse one electron spin to reduce its 
paramagnetic moment to zero. There are many nickel, 
palladium, and platinum complexes,!’!® such as 
[Ni(CN)« }?-, which are both coplanar and diamagnetic. 
It is significant that in their cyanide complexes Ni!! has 
coordination number four whereas Fe!! and Fe! have 
coordination number six. Because an electron spin is 
reversed when d° cations form covalent bonds, the bonds 
these cations form are either covalent or ionic, but never 
a mixture of the two. Since NiO has the rock-salt 


18D, P. Mellor and D. P. Craig, Proc. Roy. Soc. (N. S. Wales) 
75, 27 (1941). 

19 A. F. Wells, Structural Inorganic Chemistry (Oxford Univer- 
sity Press, London, 1950), second edition. 
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structure with the Ni** electrovalently bonded, it may 
be assumed that Ni?*+ forms electrovalent bonds in the 
oxides with the spinel structure. The large difference 
in electronegativities between nickel and oxygen is the 
decisive factor favoring ionic-bond formation. Palla- 
dium, however, is less electropositive than nickel and 
does form square bonds in PdO. If Pd‘! were in a spinel, 
it should form square bonds in the octahedral sites. 
Cations with the outer electron configuration d‘, such 
as Mn**, can hybridize empty (ds#*) orbitals for coor- 
dinate covalence without altering their paramagnetic 
moment. Since it would require energy to reverse an 
electron spin to form (d?sp*) orbitals, the square bond is 
the most stable covalent-bond configuration. These ions 
can be accommodated in octahedral sites with the 
formation of partially or completely covalent bonds. 


D. Summary 


In Table II there is a summary of the covalent-bond 
strengths and the cation distributions favored by the 
covalent forces. The strength estimates depend, of 
course, upon the relative sizes of the cations and the 
interstices. They also depend upon the electro- 
negativity difference between the anions and the 
cations. Finally, they depend upon the strength 
of the covalent bond in the opposite set of lattice sites. 
If a bond cannot be partially covalent, covalent effects 
have no influence unless the bond is completely 
covalent. If such a bond is marked “weak” in Table II 
it means it has a small chance of being completely 
covalent. If such a covalent bond is formed, however, 
its influence is strong. 
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As a rule of thumb, it is suggested that the covalent 
forces be considered first in any prediction of the cation 
distribution in a spinel lattice. If these are weak, the 
energy term E, may be neglected and the Madelung 
energy and geometrical considerations of Verwey and his 
co-workers may be used. If the covalent forces are 
moderate or strong, these are usually the predomin- 
ant ordering influence. With such a simple, qualitative 
rule, all of the observed structures given in Table I, 
except Co(CoSn)O,, can be predicted. Since the Made- 
lung energy strongly favors the observed structure in 
Co(CoSn)Ox,, it is concluded that the covalent forces, 
which are weaker in this instance than when associated 
with any of the other Group IV cations, are not suffi- 
ciently strong to reverse the order. 

Mg2GeO, and MgSiO, have the olivine structure. The 
olivine structure may be described either as an assembly 
of [GeO,]* or [SiO,]* groups with the Mg*+ ions 
between them, or as an infinite array of approximately 
close-packed oxygen ions with Ge!Y or Si!” in tetra- 
hedral and Mg?* in octahedral interstices. This structure 
is analogous to the spinel. It differs, however, in that the 
tetrahedral bonding is so much stronger than the octa- 
hedral bonds that the cubic close packing of the oxygen 
ions is distorted. 

The phenacite structure, which is formed by Zn2SiO,, 
has a tetrahedral coordination about both the Zn! and 
the Si!Y cations. The Si—O and Zn—O covalent bonds 
are apparently sufficiently strong to force all the cations 
into tetrahedral sites and distort the oxygen lattice 
from close packing. 





LEGEND: 
OO Fe**, Mn?*in B site 
Fe>+, Mn**in B site 
Fe>* Mn?*in A siTE 
oO oe 
d=C/a 
x+y=h/a 

















Fic. 1, Ionic model of distortion to tetragonal symmetry due to ordering of B-site ions. 
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TABLE II. Estimated strengths for possible covalent forces in spinel lattices and predicted magnetic moments 
in Bohr magnetons for cations bonded in various ways. 


A. Transition cations. 





Electron-spin config ° Estimated 


Cations 


Orbitals 





d 


= 





strength? 





TiY WV ¢,V! 
2:V neY MoV! 
HFlY ToY wV! 


Tet. (sp°) 
Oct. (d”sp*) 
Sq. (dsp”) 


-> |[- 


<-- 


-- 
<-- 


= 
-- 


Moderate 
Very weak 
Very weak 





y'v 


Nb!Y Mo 


wY 


Tet. (sp°) 
Oct. (d2sp°) 
Sq. (dsp”) 


Weak 
Very weak 
Very weak 





vill tv 
Mol Ru! 
w¥ os”! 


Tet. (sp°) 
Oct. (d”sp*) 
Sq. (dsp”) 


Very weak 
Weak 


Very weak 





vil cll Mnl¥ 
Moll! 


Tet. (sp°) 
Oct. (d’sp*) 
Sq. (dsp”) 


Very weak 
Moderate 
Weak 





Cr! Mall cel 


Mol! RulY 
o!¥ 


Tet. (sp°) 
Oct. (d2sp*) 
Sq. (dsp”) 


Weak 
Very weak 


Strong 





Mn!! gelll CIV 


Rul! 
os!!l IV 


Tet. (s°) 
Oct. (d2sp*) 
Sq. (dsp”) 


Moderate 
Very weak 
Very weak 





Fel! cll! 


Rul! ppl palV 
irlll pV 


Tet. (sp°) 
Oct. (d”sp*) 
Sq. (dsp”) 


Weak 
Weak 


Very weak 





Col! ni! 
Rhi! 


Tet. (sp°) 
Sq. (dsp”) 


Weak 
Weak 





Nil! 
rh! pall aglll 
py a tit 


Tet. (sp) 
Sq. (dsp”) 


Weak 
Moderate 











cul! 





Tet. (sp) 
Sq. (dsp) 




















—~> io 


— 
-- 

















Moderate 


Strong 





1.73 
1.73 
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* Solid arrows refer to cation-electron spins; dashed arrows to spins of anion electrons entering into coordinate covalence. 
_ >Strength estimates are modified by (1) relative size of interstice and cation (i.e., amount of orbital overlap), (2) difference 
in electronegativities of cation and anion, (3) type of bonding in other interstices, and (4) the atomic weight of the cation. 
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TABLE II (continued). 
B. Other cations 








Estimated strengthe 


Mod. strong tet. (sp*) 

Mod. tet. (sp*) and sq. (dsp?) 
Extremely strong tet. (sp?) 
Very strong tet. (sp*) 

Strong tet. (sp) 

Mod tet. (sp) 


Cation 


Gat 
In*+ 
(C*) 
Sit 
Gett 
Sn4t 


Cation Estimated strength 





Electrovalent 
Electrovalent 
Electrovalent 
Strong tet. (sp?) 
Strong tet. (sp?) 
Mod tet. (sp) 








¢ Strength estimates are modified by (1) relative size of interstice and 
cation (i.e., amount of orbital overlap), (2) difference in electronegativities 
of cation and anion, (3) type of bonding in other interstices, and (4) the 
atomic weight of the cation. 


IV. LATTICE DISTORTION 


It is proposed that in spinels the lattice distortions to 
tetragonal symmetry are due to covalent-bond forma- 
tion whereas those to orthorhombic symmetry are due to 
cation ordering in the octahedral sites. In Sec. A, below, 
there is a discussion of the distortions due to ionic order- 
ing. In Sec. B there is a theoretical discussion of tetrag- 
onal distortion due to coplanar covelant-bond forma- 
tion and an application of the theory to CuFe,0,. In 
Sec. C both models are applied to spinels containing 
manganese. Experimental observations are shown to be 
consistent with the covalent model. In Sec. D it is pro- 
posed that the indates and metallic indium are also 
distorted by covalent-bond formation. 


A. Lattice Distortion and Ionic Ordering 


Since 1929.21 it has been known that magnetite 
(Fes04) undergoes a phase transition as the temperature 
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is raised through 119°K. This phase transition produces 
a ninety-fold increase in the electrical conductivity over 
the temperature range 118.9°K <7 <119.9°K.8.2 After 
Verwey and de Boer* had determined that Fe;0, is 
inverse, Verwey* suggested that below the transition 
temperature the Fe?+ and Fe** ions in the octahedral 
sites are ordered in alternating planes perpendicular to 
the c axis. Above the transition temperature disorder is 
produced by the movement of electrons between Fe?+ 
and Fe* ions. The transition temperature is low be- 
cause the transition is electronic, rather than ionic. 

If the lattice distortion below 120°K is due to cation 
ordering in an ionic lattice, it should be possible to 
calculate the ordered-phase lattice parameters from a 
knowledge of the ionic radii. Verwey predicted that a 
tetragonal distortion would result if there was an 
ordering of Fe? and Fe** cations into alternate planes 
of octahedral, or B, interstices. Such a distortion would 
be possible only in a purely ionic lattice in which the 
tetrahedral, or A, site is distorted as shown in Fig. 1. 
The generality of this distortion for all tetrahedral sites 
is apparent from the representation of the spinel struc- 
ture in Fig. 2. Although, as was first suggested by Bick- 
ford, orthorhombic symmetry will result if the tetra- 
hedral site is not distorted as shown, there is no obvious 
reason why, if a purely ionic model is correct, a distor- 
tion to tetragonal symmetry should not occur provided 
the oxygen-oxygen separation is V2a(1—«)>2.64 A. 

The cation-oxygen distance depends upor. the size 
of the cation. If the Fe?+—O*- distance is a(1+¢) and 
the Fe*t—O?- distance is a(1—¢’), then the distortion 


a nd 























ZC - OCTAHEDRAL CATIONS 


@) - TETRAHEDRAL CATIONS 


© - anions 


Fic. 2. The spinel lattice with ordering in the B sites. 


»” P. Weiss and R. Forrer, Ann. phys. (10). iz, Ras (1929). 
21R, W. Millar, J. Am. Chem. Soc. 51, 215 (1929). 
2B. A. Calhoun, Phys. Rev. 94, 1577 11984), 


2E. J. W. Verwey, Nature 144, "327 (1939) ; S50 Verwey and P. W. Haayman, Physica 8, 979 (1941). 


“L. R. Bickford, Jr., Phys. Rev. 78, 449 (1950 
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of the tetrahedral interstice can be calculated from the 
geometrically derived relations: 


(14+-€)=[2(1+$)?—1] cosh, 
s=((1+5)?—3]}' sinh, 
(1—e)=[2(1—$’)?— 1]! cost’, 
do’=[(1—3')?—- 3}! sind’, 
where Aaé and Aad’ give the displacement of the oxygen 
ion from the planes of Fe** and Fe** ions, respectively ; 
v2a(1—e) and v2a(1+e’) give the separations of the 
tetrahedral oxygens near the Fe** and the Fe** planes, 
respectively ; and 6;, 6;’ are the declination angles shown 
in Fig. 1. The height h= (x+-y)a of the distorted tetra- 
hedron can then be calculated from the geometric 
relation, 
(h/a)=x+y=[#—}(1—€)? }# 
+[?—3(1+e)"}. (IV.2) 


Since an ionic model is used, the tetrahedral-site Fe*+ 
—O* separation, (ad), is assumed identical for each of 
the four oxygen ions. If the interionic distances are 
known, a self-consistent calculation for \ can be carried 
out provided use is made of the requirement, 


(h/a)=d(1+6—8’). 


(IV.1) 


(IV.3) 


If the values a(1+¢) =2.15 A, a(1—{¢’) =2.09 A, a=2.10 
A, and d=v3/2 are chosen, then the predicted axial ratio 


for the tetragonal lattice is c/a=A= 1.022." 

Although tetragonal symmetry can be predicted by a 
purely ionic model in which a close packing of hard 
spheres is envisaged, orthorhombic symmetry must re- 
sult if covalent forces play a significant role in the tetra- 
hedral-site bonds. Since the covalent-bond contributions 
which are formed by overlap of Fe*+-(sp*) hybrid 
orbitals and the oxygen » wave functions have their 
maximum strength for tetrahedral coordination, they 
resist any distortion of the tetrahedral bond angles. 
The cation-anion bond angles in the distorted tetra- 
hedral interstice of Fig. 1 would be more nearly tetra- 
hedral if x were reduced and y were increased, i.e., if 
the cation were located closer to the neighboring B-site 
plane perpendicular to the c axis which contains Fe?+ 
cations than that which contains Fe** cations. Thus the 
resistance to distortion of the tetrahedral covalent-bond 
angles forces apart the B-site-Fe’* cations and forces 
together the B-site-Fe*+ cations. Since the ordered, 
B-site-Fe’* cations are arranged in parallel rows which 
are perpendicular to the similar set of parallel Fe** ions 
in alternate planes (see Fig. 2), a separation of the Fe?*+ 
cations and an approach of the Fe** cations produces a 
shear strain so that an orthorhombic distortion results. 
The reported distortion is of this type. Abrahams and 
Calhoun” have measured with x-rays the dimensions 
of the unit cell at 78°K. They reported the ortho- 
rhombic axes to be a=5.912, b=5.945, c= 8.388 A. 


25 See Appendix IT. 
26 S.C. Abrahams and B. A. Calhoun, Acta Cryst. 6, 105 (1953). 
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This discussion leads to the generalization that if two 
kinds of cation occupy octahedral interstices and if they 
order in alternate planes perpendicular to some ¢ axis, 
then the lattice will suffer a distortion to tetragonal or 
orthorhombic symmetry. The magnitude of the dis- 
tortion will depend upon the difference in cation size, 
and the degree of orthorhombicity will increase with the 
strength of the covalent bonds in the tetrahedral inter- 
stices. 


B. Lattice Distortion and Square-Bond Formation 
1. Theory 


If a cation hybridizes (dsp’) orbitals to form four 
square, covalent bonds in an octahedral interstice of the 
spinel lattice, the steric constraints will permit covalent 
bonds to be formed in any one of the three biaxial planes 
of the site. At high temperatures the covalent bonds will 
resonate between the three possible biaxial planes. All 
six octahedrally directed bonds are partially ionic, 
partially covalent, and, since they are equivalent, the 
cubic symmetry of the interstice is preserved. Below 
some ordering temperature, however, the covalent 
bonds are frozen into one of the three biaxial planes, 
and the octahedral-site cation is bound to the six near- 
neighbor anions by four coplanar covalent bonds and 
two linear electrovalent bonds. Because of orbital 
overlap, the four coplanar covalent bonds are shorter 
than the two electrovalent bonds, and the elementary 
octahedron becomes distorted from cubic to tetragonal 
symmetry with an axial ratio c/a>1. If the elementary 
octahedra have tetragonal symmetry, the elastic energy 
of the crystal is minimized when their tetragonal axes 
are aligned parallel to one another. This produces a 
distortion of the bulk lattice from cubic to tetragonal 
symmetry with an axial ratio c/a>1. 

If \ is the fraction of square-bond-forming cations in 
octahedral sites, there exists a value \=Ao below which 
no distortion of the crystal occurs. For \<Ap there is no 
alignment of tetragonally distorted octahedra to pro- 
duce a bulk distortion of the lattice. For a tetragonal! 
distortion of the crystal it is necessary to have a con- 
tinuously linked system of square bonds. For such a 
long-range order to occur, each octahedral ion that does 
not form square bonds must, on the average, have at 
least two of its six octahedral near neighbors that do. 
Therefore, for tetragonal distortion of the crystal 
lattice to occur, at least 25 percent of the octahedral 
cations must form square bonds. This means that the 
minimum Apo equals 0.25. 

If the band model is applied to the crystal, the highest 
occupied electron-energy band is the (dsp) covalent 
band. Because orbital overlap decreases with decreasing 
distortion, the energy of the (dsp?) covalent band is 
raised with decreasing axial ratio so that it becomes 
easier to remove electrons from it. At high temperatures 
some of the electrons are thermally excited from the 
covalent band. However, when an electron is excited, 
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a hole is left in the covalent band so that the coplanar 
covalent bonds in some octahedral site become 
partially ionic. This ionic character resonates among 
three mutually perpendicular planes and reduces the 
difference between the character of the bonds parallel, 
and that of the bonds perpendicular, to the ¢ axis so that 
the tetragonal distortion is reduced. This, in turn, 
facilitates the removal of an electron from the covalent 
band. Thus the loosening of the square bonds from the 
planes perpendicular to the ¢ axis is a cooperative phe- 
nomenon, and the transition from the tetragonal to the 
cubic phase occurs over a small temperature interval 
when the sample is heated. 

Conversely, if the sample is cooled from above the 
transition temperature, there is a temperature at which 
the covalent band is sufficiently full for some of the 
covalent bonds to become frozen into place. This 
“freezing in” of covalent, bonds increases c/a and there- 
fore the orbital overlap. An increase in the orbital over- 
lap reduces the number of electrons which can be 
thermally excited from the covalent bond so that more 
covalent bonds are frozen in. Again there is a fairly 
sharp transition temperature, but, because of the 
difference in axial ratios, this temperature is lower than 
that observed when the sample is heated. This tempera- 
ture difference shows up as a thermal hysteresis which 
varies in temperature change with the magnitude of the 
axial ratio of the tetragonal phase. 

In an ordered-bond model there is a correlation be- 
tween the lattice distortion and the excitation energy as 
measured by the temperature dependence of the con- 
ductivity. A conductivity discontinuity and thermal 
hysteresis at the transition temperature are correlated 
with the discontinuity and hysteresis in the axial ratio. 
Further, the excitation energy decreases slowly with 
increasing temperature so that a plot of the logarithm 
of the conductivity vs the reciprocal of the temperature 
does not give an ideally straight line. 

According to the square-bond model the axial ratio 
c/a depends upon the ratio of the ionic-bond length to 
the covalent-bond length. In Sec. IIIB, above, it was 
shown that the amount of covalence in the octahedral 
site, and therefore the bond length, depends on the type 
of bond in the tetrahedral interstices. If strong tetra- 
hedral, covalent bonds are formed in the tetrahedral 
sites, the octahedral bond becomes more ionic and its 
length is increased so that the c/a ratio is decreased. 
The magnitude of this decrease is estimated in Appendix 


The transition temperature at which the phase change 
from tetragonal to cubic symmetry occurs varies with 
the magnitude of the electronic-excitation energy. Since 
the excitation energy varies with the magnitude of the 
axial ratio c/a, the square-bond model leads to the 
prediction that the transition temperature varies mono- 
tonically as the c/a of the tetragonal phase provided all 
other factors are constant. 

In summary, the square-bond model leads to the 
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following predictions. (a) If cations (such as Cul, 
Mn"!, Pd?!) which form stable (dsp?) bonds occupy 
octahedral sites in an oxide with the spinel structure, 
then the lattice is distorted to tetragonal symmetry 
with c/a>1. (b) At least 25 percent of the octahedral 
cations must form square covalent bonds if lattice 
distortion due to a long-range order of bond orientation 
is to occur. (c) The magnitude of the axial ratio c/a 
increases with the number of cations in octahedral sites 
which form square bonds. However, strong covalence 
in tetrahedral sites reduces the covalence in octahedral 
sites and hence the axial ratio. (d) There is a narrow 
temperature interval through which c/a decreases 
rapidly to 1 to give cubic symmetry. (e) Through the 
transition temperature interval there is a marked in- 
crease in electric conductivity o and a marked decrease 
in the excitation energy. (f) The transition temperature 
depends upon the magnitude of c/a at absolute zero. 
(g) The transition shows a thermal hysteresis. (h) The 
excitation energy decreases with increasing temperature. 


2. Application of Theory to CuFe:0. 


Bertaut?’ has measured the lattice parameter and the 
cation-ordering parameter A in CuFe.0, as a function of 
temperature. The parameter 2 is the fraction of octa- 
hedral interstices occupied by M?* ions; the ferrospinel 
formula is therefore written as M1_2Fes(Fes-2M2a)O.. 
The values A=0, 3, } correspond, respectively, to a 
normal, statistically disordered, and inverse spinel. 
Bertaut observed that CuFe.O, is tetragonal below 
760°C. The axial ratio c/a and the parameter \ both 
decreased monotonically from room temperature to 
700°C. Above 760°C the Cu* cations are randomly 
distributed in the anion interstices, and the lattice is 
cubic. It is especially interesting that Bertaut, who was 
convinced that the distortion to tetragonal symmetry 
was due to cation ordering, was unable to find any 
x-ray superstructure lines. The only ordering through 
the transition is a concentration of Cu** ions in the 
octahedral sites; among the octahedral sites, however, 
these ions are randomly distributed. Since the distortion 
is not accompanied by ion ordering among octahedral 
sites, it appears that the distortion is due to square- 
bond formation. Since the copper ions in CuO are Cul! 
and form square, coplanar bonds, they undoubtedly 
form similar bonds in the spinel lattice. Because of the 
steric constraints, these bonds can only be formed if the 
Cu! is in an octahedral site. If square covalent bonds 
are formed in an octahedral site, the elementary octa- 
hedron is distorted from cubic to tetragonal symmetry, 
and the alignment of these octahedra produces the 
macroscopic tetragonal symmetry of the crystal. This 
hypothesis is consistent with the observation of van 
Santen and van Wieringen” that in CuFe,O, the oxygen 
octahedron surrounding the Cu** ion is tetragonally 
distorted. 


27 E, F. Bertaut, J. phys. radium 12, 252 (1951). 
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The correlation between the axial ratio and the con- 
centration of copper in octahedral sites as functions of 
temperature can be explained on the basis of the 
square-bond model. At room temperature Bertaut 
found 88 percent of the copper in octahedral sites 
(A=0.44) and an axial ratio c/a=1.06. At 700°C the 
concentration of copper in octahedral sites had de- 
creased to 74 percent (A=0.37) and the axial ratio to 
c/a=1.035. The fact that Cu!! migrates from octahedral 
to tetrahedral sites indicates that Cu’! can be readily 
accommodated in tetrahedral sites although, because of 
square-bond formation, it is more stable in octahedral 
sites. The increase in entropy due to this migration 
apparently offsets the corresponding decrease in internal 
energy. That the decrease in the number of square bonds 
in octahedral sites due to the Cu!! migration is accom- 
panied by a decrease in the distortion is consistent with 
the covalent model. 

Quantitative correlation between Bertaut’s observed 
axial ratios and \ produces the relation, 


(A—0.26) =3(c—a)/a forA>0.26.  (IV.4) 


The factor (A—0.26) is a measure of the stress induced 
by square-bond formation. The strain is given by 
(c—a)/a. Equation (IV.4) expresses a linear stress- 
strain relationship (Hooke’s law). It also states that 
in CuFe,O, it is necessary to have 26 percent of the 
octahedral sites occupied by Cu!! before tetragonal 
distortion sets in. This corresponds closely to the esti- 
mate that at least 25 percent of the octahedral cations 
must form square bonds. Equation (IV.4) can be used to 
extrapolate to the case of a completely inverse CuFe20,, 
for which \=0.5. In this case half the octahedral sites 
contain Cu!!, and Eq. (IV.4) gives c/a=1.08. In a 
hypothetical spinel in which all octahedral sites are 
occupied by Cu! ions and in which no covalent bonding 
exists in tetrahedral sites, there are twice as many 
square bonds in the octahedral sites so that c/a=1.16. 
This latter value is significant for comparison with the 
axial ratios of other tetragonal spinels which are thought 
to have square-bond formation in all the octahedral 
interstices.”® 


C. Tetragonal Spinels Containing Manganese 


Hetaerolite (ZnMn,O,) and hausmannite (Mn;0,) 
each form a spinel lattice with tetragonal symmetry. 
Their axial ratios are reported as c/a=9.23 A/8.08 A 
= 1.14," and c/a=9.42 A/8.14 A=1.16,2™ respectively. 
Mason” and Romeijn" have determined that the Zn!! 
cations of hetaerolite are in the tetrahedral interstices. 
This cation arrangement corresponds to the optimum 
configuration for covalent bonding (see Table IT) as well 


28 McGuire ef al., Ceram. Age 60, 22 (1952), report that CuCr20, 
is also an inverse, tetragonal spinel with ¢/a=1.1. Its axial ratio 
varies with temperature in an analogous manner to that of 
CuFe.0,. 

2B. Mason, Am. Mineralogist 32, 426 (1947). 

% G. Aminoff, Z. Krist. 64, 475 (1926). 
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as for Madelung energies. Since the Mn!! cations may 
also form partially covalent bonds in tetrahedral inter- 
stices, it may be analogously assumed that in the haus- 
mannite lattice Mn! cations occupy tetrahedral inter- 
stices. This means that there are only two possible 
cation arrangements for these tetragonal spinels, viz., 
Zn*+ (Mn?*+*Mn*+)O, or Zn*+(Mn,!!")O,4 for hetaerolite 
and Mn?+(Mn?+Mn**)O, or Mn?+(Mne2!"4)O, for haus- 
mannite. If the former arrangement is correct, then the 
distortion to tetragonality might be due to an ordering 
of Mn*+, Mn* cations in alternating planes perpendic- 
ular to the ¢ axis. Such a model was first proposed for 
hausmannite by Verwey." If the latter arrangement is 
correct, then some mechanism other than ionic ordering, 
such as square-bond formation, must be responsible for 
distorting the lattice to tetragonal symmetry. Since it is 
impossible to distinguish between Mn?+, Mn**, and 
Mn* by x-rays, it is necessary to use other measure- 
ments to distinguish between the two alternatives. 
Before the predictions on the basis of the two models are 
compared with various measurements, however, it 
should again be pointed out that Mn* has the electron 
configuration d‘ which, according to Sec. III, is partic- 
ularly suited for the hybridization of empty (dsp’) 
orbitals for coordinate-covalent square-bond formation. 
The square-bond model is, therefore, particularly satis- 
factory for spinels which contain Mn*,, or rather Mn", 
Seven physical properties are discussed below. 


1. Tetragonal Symmetry 


The distortions to tetragonal symmetry in both 
hetaerolite and hausmannite must be caused by the 
same mechanism. Since Zn!!, which is well known to 
form tetrahedral covalent bonds, is tetrahedrally 
coordinated in hetaerolite, the tetrahedral-site bonds are 
certainly largely covalent. Therefore if the lattice dis- 
tortion from cubic symmetry were due to an ordering of 
Mn*+ and Mn** ions in the octahedral interstices, the 
lattice would have orthorhombic symmetry as in Fe;O.. 
However, the lattice has tetragonal symmetry. 

If the square-bond model is correct, then hetaerolite, 
which has strong covalent bonding in both the tetra- 
hedral and octahedral interstices, should have a smaller 
axial ratio than hausmannite which has strong covalent 
bonds only in the octahedral sites. The calculation of 
Appendix I shows that a reduction from c/a=1.16 to 
c/a=1.14 is the order of axial-ratio reduction to be 
expected. 

Further, an axial ratio c/a=1.16 for hausmannite, 
which forms square bonds in each occupied octahedral 
site and no covalent bonds in the tetrahedral sites, is 
exactly the ratio which is predicted from the extrapola- 
tion of the CuFe,O, data. 


2. Transition Temperatures 


The transition of Mn,O, from tetragonal to cubic 
symmetry was first observed at 1170°C by McMurdie 





THEORY OF IONIC ORDERING 


and Golovato* who used a high-temperature x-ray 
technique. Romeijn* has measured the dc conductivity 
of Mn;O, and ZnMn.O, and found a conductivity 
discontinuity in the temperature intervals 1075°C 
<T<1150°C and 950°C <T <1025°C for the respec- 
tive materials. 

Although the Madelung bonding energy of the com- 
pletely ordered state of Fe;O4 is 39.6 kcal/mole” 
greater than that of the disordered state, whereas the 
thermal energy corresponding to a transition tempera- 
ture of 7=120°K is 0.23 kcal/mole, the retention of 
considerable short-range order above 120°K can account 
for this discrepancy. If the phase transition to cubic 
symmetry were due to the same mechanism in Mn;O, as 
in Fe;O4, then the transition temperature should be 
approximately four times higher in the 2-4 spinels since 
the Madelung-energy change due to octahedral-site 
ordering is four times as great. There is no reason to 
assume that the retention of short-range order above 
the transition temperature should be strikingly different 
in Mn,O, than in Fe;O,4. The analogous transition tem- 
perature for Mn;O, would be 480°K, a value which is 
only a third of the observed transition temperature of 
1443°K. 

Since the covalent model offers an entirely different 
mechanism for lattice distortion, no correlation between 
the transition temperature of FesO, and Mn;Q, is to be 
expected. There should, however, be a correlation of 
transition temperatures among the tetragonal spinels. 
On the basis of the square-bond model, the transition 
temperature varies with the magnitude of the axial 
ratio. This prediction is consistent with observations on 
CuFe,O,, ZnMn,O,, and Mn;O0, whose transition 
temperatures are 760°C, 1025°C, and 1170°C, corres- 
ponding to axial ratios 1.06, 1.14, and 1.16, respectively. 


3. Conductivity Discontinuity 


Romeijn'* has measured the conductivity of Mn;O, 
and ZnMn,O, as a function of temperature and found 
that there is a conductivity and excitation-energy 
discontinuity associated with the phase change from 
tetragonal to cubic symmetry. Although there is a 
similar effect in Fe;O,4, the discontinuity in magnetite 
occurs over a 1°C interval and exhibits no thermal 
hysteresis, whereas the manganate discontinuities occur 
over a 75°C interval, are considerably less pronounced, 
and exhibit a marked thermal hysteresis. 

This contrast again corroborates the hypothesis that 
the phase transition in magnetite is due to a different 
mechanism than that in the manganates. The observed 
thermal hysteresis and resistivity discontinuity are 
greater in Mn;O, than in ZnMn,.Q,. Also, the excitation- 
energy discontinuity is greater in Mn;Q,. Such a 
correlation was predicted in Sec. B by means of the 
covalent model. 


31H. F. McMurdie and E. Golovato, J. Research Natl. Bur. 
Standards 41, 589 (1948). 


4. Resistivity at Room Temperature 


Verwey and de Boer‘ investigated the electrical 
resistivity of hausmannite at room temperature and 
found that it was 10® to 10° that of Fe;0,. Romeijn 
reported p(Mn;0,)/p(Fe;04)~10’ ohm-cm/5X10-% 
ohm-cm= 2X 10°. The relatively high conductivity of 
Fe*+(Fe?+Fe*+)O, is due to the transfer of electrons 
from octahedral Fe?+ to octahedral Fe*+ ions. In 
Mn?*(Mnz,!!1)O, there is no exchange of electrons pos- 
sible, and the observed high resistivity follows. 


5. Paramagnetism of Mn3O4 


If Mn;O,4 consists of Mn?+(Mn*+Mn‘*)O,, there 
should be an antiferromagnetic coupling between the 
octahedral and tetrahedral Mn?* cations which is com- 
parable in strength to that between the Fe** cations in 
Fe;04. However, Mn;O, is paramagnetic at room tem- 
perature, and Millar*? has measured the specific heat 
from 72°K to room temperature and found no A-point 
in this range. 

It will be shown in Sec. V, below, that paramagnetism 
in Mn;O, follows from the covalent model. 


6. y-Mn,O3 


The oxide y-Mn,0; is a spinel with 8/3 cation va- 
cancies per unit cell. It has tetragonal symmetry with an 
axial ratio c/a=1.16.4 This is the same axial ratio as 
that found in Mn,O,; the mechanism which produces 
the distortion to tetragonal symmetry is apparently the 
same in each*case. 

If the distortion mechanism consists of an ordering 
of Mn? and Mn** ions in the octahedral interstices, 
then y-Mn,O; must have a unit cell with eight Mn‘t 
ions in octahedral sites and (8/3) Mn‘ ions in tetra- 
hedral sites. The (32/3) Mn*+ would be distributed over 
the remaining interstices of each type. Such a configura- 
tion, however, would minimize neither the Madelung 
energy, which favors all the Mn** ions in octahedral 
sites, nor any covalent-energy contribution due to tetra- 
hedral-bond formation, which favors Mn?* ions in the 
tetrahedral interstices. It is difficult to see, therefore, 
how such a cation distribution could possibly represent 
the minimum-energy configuration. 

In the covalent model, on the other hand, all the 
cations are Mn**, or Mn"!, and the distortion is due to 
square-bond formation in the octahedral sites. If the 
Mn!"! form square, quadricovalent bonds in the octa- 
hedral sites, the manganese ions are more stable in 
these lattice positions, and the correct formula for 
y-Mn203 is Mno;3(Mne)O,. All the vacancies are in the 
tetrahedral sites, and the axial ratio should, as it does, 
equal the value 1.16 which was calculated in Sec. IV B. 
Finally, the observed high electric resistivity’ must 
follow as the covalent bond is full, and there is only one 
type of cation present. 


2 R. W. Millar, J. Am. Chem. Soc. 50, 1875 (1928). 
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7. Laitice Parameters 


If the distortion to tetragonal symmetry in Mn;0, is 
due to the formation of square, covalent bonds about 
Mn** ions in the octahedral interstices, then the a-axis 
is a measure of the covalent-bond length and the c-axis 
is a measure of the ionic-bond length. If the cubic 
symmetry above the transition temperature is due to a 
resonance of the coplanar bonds among the three biaxial 
planes of the octahedral interstices, then the lattice 
parameter above the transition temperature is the 
measure of a bond length which is 3 covalent and } 
ionic. At room temperature c=9.42 A and a=8.14 A, 
so that the equivalent cubic lattice parameter is 
a= %a+4c=8.56 A. The coefficient of thermal ex- 
pansion is estimated as 


Aao/aoAT ~ 10— per degree. 


Since a>=8.56 A, this gives Aao~0.09 A for AT 
=1100°C. At the transition temperature, 1170°C, the 
lattice becomes cubic with a measured lattice parameter 
a’=8.64 A. The lattice parameter which is calculated 
from the assumptions of square-bond formation in 
Mn?+(Mnz!"4)04 is ao +Aao=8.65 A. The agreement is 
satisfactory. 


C. The Indates and Metallic Indium 


Passerini*® has measured the lattice parameters of 
CaIn,O, and CdIn.O,. Each of these crystals was found 
to be tetragonal; their respective axial ratios are 1.12 
and 1.14. The cation distribution in these indates has 
not yet been determined. MgIn2O,, on the other hand, 
was found by Barth and Posnjak* to be cubic and in- 
verse. 

It is known that Cd"! tends to occupy tetrahedral 
interstices where (sp*)-covalent-bond formation is pos- 
sible. It may therefore be assumed that CdIn.O, is 
normal. Ca?*, like Mg’*, forms ionic bonds so that it 
might be expected to occupy octahedral sites as do the 
Mg? ions in MgIn2Ox. 

If the lattice distortions to tetragonal symmetry are 
due to cation ordering in the octahedral sites, then 
MgIn.2O,, which is inverse and has the larger difference 
in ionic radii (ionic radii of Mg**, In**, Cd?*, Ca?*+ are 
0.78 A, 0.92 A, 1.03 A, 0.99 A, respectively), should give 
a larger distortion than CdIn,O, and CaIn,O,. On the 
contrary MgIn.O, is cubic, and CdIn,O, and CaIn,O, 
are tetragonal. 

On the other hand, since the axial ratio of CdInz0, is 
identical with that of ZnMn-;O,, which probably has 
(sp*) covalent bonding in the tetrahedral sites and 
(dsp*) covalent bonding in the octahedral sites, it is 
pertinent to inquire whether CdIn2O, can form the same 
type of bonds. Although gaseous In** has a full 3d shell 
so that square-bond formation appears improbable, a 
study of metallic indium suggests the opposite. 


%L. Passerini, Gazz. chim. ital. 60, 754 (1930). 
*T. F. W. Barth and E. Posnjak, Z. Krist. 82, 325 (1932). 


Metallic indium is face-centered tetragonal with an 
axial ratio c/a=1.076.*» Since the lattice is distorted 
from cubic symmetry, it is not possible to explain the 
distortion by the interaction of the conduction electrons 
with the lattice, ie., by the interaction of the Fermi 
surface with the Brillouin-zone energy-discontinuity 
surfaces.** In y-Mn, which is also face-centered tetrag- 
onal but with c/a=0.937,%" it is possible to explain the 
distortion as dug to magnetic-exchange interactions,** 
but such interactions are not present in indium. Also, 
the indium distortion is in an opposite sense from that 
in y-Mn. 

In the usual discussion of energy bands in metals the 
d, s, and p bands are considered separately. However, if 
the d, s, and p bands overlap, a hybrid band would be 
more stable. In metallic indium there is doubtless an 
overlap of d, s, and p bands. It is suggested, therefore, 
that there is a hybrid, covalent, (dsp?) band in indium. 
This band is full with one electron per indium atom left 
over for metallic bonding (see Fig. 3). If there is a 
(dsp*) band, it will be reflected in square covalent bonds 
about each indium atom. The four nearest neighbors of 
each indium atom are indeed located at the corners of a 
coplanar square. It is suggested, therefore, that just as 
in the case of tetragonal spinels, the distortion to tetrag- 
onal symmetry in metallic indium is due to the forma- 
tion of square covalent bonds. Further evidence for this 
suggestion is given in Appendix III. 

The study of metallic indium indicates that when 
indium is in a lattice, the 3d electrons can be aetive in 
bond formation. It is probably just as correct, therefore, 
to consider the outer-electron configuration of In*+ to be 
d°s as to consider it d. When the steric constraints 
favor (dsp*)-bond formation, the configuration d's 
makes one d wave function available for hybridization 
which can enter into coordinate covalence with four 
coplanar oxygens as illustrated in Fig. 4. If In1!! does 
indeed form square bonds, then the square-bond model 
is applicable to the indates. In!!! in an octahedral site 
tends to cause tetragonal distortion through covalent 
square-bond formation. Normal indates have, therefore, 
tetragonal symmetry due to covalent square-bond for- 
mation in the octahedral sites. On the other hand, In!!! 
in a tetrahedral site tends to prevent tetragonal distor- 
tion because its strong (sp*) bonds weaken the covalent 
bonds in octahedral sites. This was shown in Sec. IIIB, 
where it was stated that the oxygen p orbitals are 
directed toward that near-neighbor cation which forms 
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(dsp*) 
Fic. 3. Metallic indium with a full covalent (dsp?) band. 


* W. Betteridge, Proc. Phys. Soc. oT a 519 (1938). 
36 J. B. Goodenough, Phys. Rev. 89, 282 (19 

37 A. Westgren and G. Phragmen, Z. Physik 33 777 (1925). 

38 C. Zener, Phys. Rev. 81, 440 (1951). 
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Fic. 4, Electron-spin configuration for In!!! forming 
four coplanar covalent bonds. 








the strongest covalent bond with oxygen. In inverse 
indates, tetragonal distortion is possible only if enough 
octahedral cations form sufficiently strong covalent 
square bonds. 

Since In(MgIn)O, is cubic, there appears to be in- 
sufficient covalent bonding in octahedral sites for tetrag- 
onal distortion. There has to be a certain minimum 
number of covalently bound ions in octahedral sites for 
tetragonal distortion. This number depends on the 
strength of these covalent bonds. In CuFe,O, the mini- 
mum number was shown [ Eq. (IV.4) ] to be 26 percent 
of the octahedral cations. Since in In(MgIn)O, the 
octahedral covalent bonds are weaker than in CuFe2O,, 
the minimum fraction of covalently bound ions in 
octahedral sites should here be greater than 26 percent. 
In In(MgIn)O, each oxygen is surrounded by one 
tetrahedral indium and three randomly distributed 
octahedral indium and magnesium ions. Magnesium is 
bound electrovalently. One oxygen can be bound co- 
valently to one tetrahedral and two octahedral indium 
ions through the admixture of oxygen (s*) orbitals 
(Sec. IIIB, and Appendix I). Since only 50 percent of 
the oxygen ions have two octahedral indium near- 
neighbors, only 50 percent of the octahedral indium ions 
form significantly strong square bonds. This means that 
only 25 percent of the octahedral cations can form 
square bonds; as shown above this is insufficient to 
cause tetragonal distortion. 

It is concluded that all normal indates are tetragonal, 
and that the inverse indates are cubic if the bivalent 
cation is electrovalent. If the bivalent cation can form 
covalent square bonds, the indate should be tetragonal 
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even when inverse. Therefore it is predicted that if 
CulIn.O, or PdIn,O, form spinels, they will be found to 
be tetragonal, whether normal or inverse. 

If the square-bond model is accepted for indates, the 
axial ratio of CdIn.O,4 must equal that of ZnMn2O,, as 
has been observed. In each case the spinel is normal, 
and covalent bonds are formed in both tetrahedral and 
octahedral sites, so that the axial ratio c/a=1.14 is 
less than that of Mn;O, (as explained in Appendix I). 

Finally, the axial ratio of CaIn.O., c/a=1.12, is 
greater than the extrapolated value for completely 
inverse CuFe,0,, c/a=1.08. Therefore this spinel can- 
not be inverse. This conclusion finds further support in 
the fact that if it were inverse, it would not be distorted 
because Ca*+ forms electrovalent bonds. The axial ratio 
c/a<1.16 is due to incomplete covalent bonding in the 
octahedral sites. If this indate were completely normal, 
this weakening could not be due to covalent bonding 
in tetrahedral sites. It is concluded, therefore, that 
CaIn,O, is partially inverse; the concentration of 
covalently bound cations in octahedral sites is then less 
than that in the spinels with axial ratios 1.16 and 1.14, 
and the presence of In in both octahedral and tetra- 
hedral sites causes a further reduction in axial ratio. 

It is significant that gallates are cubic and that 
metallic gallium does not have the close-packed, tetrag- 
onally distorted structure. Apparently gallium, like 
mercury, tends to form pairs of atoms, presumably 
through (1/3)s+ (1/V3)p.+ (4/5/3)d, hybrid orbitals. 


H. Summary 


In Table III there is a summary of the properties of 
those spinels which become orthorhombic or tetragonal. 
The orthorhombic-Fe;0, transition is seen to be quite 
separate in character from the tetragonal transitions. 
The orthorhombic distortion has been definitely es- 
tablished as due to ordering of the octahedral Fe?* and 
Fe** cations. The distortions due to ionic ordering are 
believed to be orthorhombic rather than tetragonal. 


TaBLE III. A comparison of some physical properties of spinels which distort from cubic symmetry below a transition temperature 7. 
oa/oy and (€g—€») are the ratio of conductivity and the difference in electron activation energy above and below 7;. 
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This necessarily follows if there is covalent bonding in 
the tetrahedral sites which resists a distortion of its 
coordination angles. 

The tetragonal symmetry in Mn;O,, y-Mn.0s, 
ZnMn.O,, CuFe,0., CuCr20., CdIn,O., and CaIn,O, 
is believed due to the formation of an ordered system of 
four coplanar, covalent bonds and two linear, ionic 
bonds in the octahedral sites which are occupied by 
Mn!"!, Cul, or In"! cations. If the indate is inverse, 
the indium ions which are in the tetrahedral sites bond 
covalently ; those in the octahedral sites form an ordered 
array of square bonds only if the bivalent ions also form 
covalent bonds. The lattice is therefore cubic if the 
bivalent cation is electrovalent. The tetragonal sym- 
metry of metallic indium is also believed due to the 
formation of a (dsp*) covalent bond. 

Finally it is believed that there are no Mn** cations 
in Mn;0,, y-Mn.0;, and ZnMn,2Ox,. 


V. MAGNETIC EXCHANGE 
A. Exchange Mechanisms 


Three mechanisms, known as direct exchange, double 
exchange, and superexchange, have been used to explain 
the interaction between electron spins. These inter- 
actions are based on the Pauli exclusion principle. 
Direct exchange tends to align the net spin on neigh- 
boring lattice elements antiparallel to each other. In 
spinels cations are separated by anions without net spin 
so that direct exchange is negligible. 

Double exchange, as proposed by Zener,® requires the 
transfer of electrons between two kinds of ions, par- 
ticularly two of the same element but with different 
charges, and hence is inhibited if these cations are 
ordered. Double exchange tends to align spins parallel 
to each other; also it produces a relatively high con- 
ductivity. 

Kramers“ suggested the third mechanism, called 
superexchange. Superexchange is due to the admix- 
ture of excited states with the ground state of a system 
containing two like cations separated by an anion. The 
excited states are the result of removing an electron 
from the oxygen ion O*- and placing it in an empty or 
half-filled cation orbital. If the cation orbital is empty, 
the transferred electron aligns its spin parallel to the net 
spin already on the cation in accordance with Hund’s 
rule. If the orbital is already half filled, the transferred 
electron aligns its spin antiparallel to that of the 
electron already there, arid hence to the existing net 
spin on the cation. The O' ion from which the electron 
is transferred has a net spin which is antiparallel to that 
of the removed electron. The net spin on the oxygen ion 
is therefore antiparallel to the spin of the reduced 
cation if the cation d shel] was originally less than 
half filled ; parallel, if the cation d shell was originally at 
least half filled. These alignments are shown in Fig. 5. 


% C, Zener, Phys. Rev. 82, 403 (1951). 
#H. A. Kramers, Physica 1, 182 (1934). 
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Fic. 5. Spin alignment in superexchange. 


According to the superexchange model the net spin 
on the O' ion interacts directly with that of a neighbor- 
ing cation on the other side. It was predicted, therefore, 
that the two cations orient their spin parallel if their d 
shells are less than half filled, antiparallel if the d shells 
are more than half filled. 

Kramers’ model is inconsistent in two ways with the 
concepts of covalence in spinels which are proposed in 
this paper. In the first place it was assumed that when 
the cation d shell is at least half filled, any additional 
electron will occupy a half-filled d orbital and align its 
spin antiparallel to that existing on the cation. The 
Pauli principle would indeed appear to predict such an 
alignment. It should be recalled, however, that this 
prediction is based on the supposition that there are no 
unfilled orbitals available that are degenerate with the 
3d orbitals. When a new electron is added to a cation, 
it can either occupy an empty orbital or a half-filled one. 
In the former case energy may be required to raise the 
electron to the energy of the empty orbital, but this 
energy may be offset when the new electron aligns its 
spin parallel to the existing spin on the cation. In the 
latter case no energy is required to raise the electron toa 
higher level, but no exchange energy is gained, because 
the electron now must align its spin antiparallel to the 
existing spin. Therefore the spin alignment in super- 
exchange depends on whether the exchange energy is 
larger or smaller than the difference in energy between 
d orbitals and the next level. It has been shown 
that, because of covalent overlap, there are indeed 
hybrid orbitals whose energy is about the same as that 
of the filled, or partially filled, d orbitals. Therefore 
superexchange would always produce parallel alignment 
when hybrid cation orbitals are occupied because, in 
effect, the d shell is extended by s and # orbitals of the 
same energy and is therefore less than half filled. 

In the second place Kramers assumed the transfer of 
an electron from an oxygen ion to a cation. Somehow 
this transferred electron must retain its identity as an 
oxygen electron since it is assumed that the spin on the 
resultant O' ion remains antiparallel to that of the 
transferred electron. Without covalence it is not at all 
clear why an electron should be simultaneously identi- 
fied with both a cation and an anion. On the other hand, 
if the excited state of the system is covalent, this would 
indeed be the case. 

In crystals both sides of an O?- orbital may overlap 
with an empty cation orbital. For coordinate covalence 
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the overlapping O?- orbital and empty cation orbital 
should be nearly degenerate. In ionic crystals this is not 
the case for the ground state of the ion. However, if the 
cation in an electrovalent crystal has a net spin, ex- 
change energy is gained if one of the two electrons in the 
oxygen p orbitals is excited to become part of the cation. 
Since only one electron participates in this bond, the 
bond is called “semicovalent.” ‘“Semicovalence” is thus 
defined as a bond due to the coupling of a single anion 
electron to the net spin of a cation. Fe** and Mn**, 
which have been observed to favor tetrahedral sites in 
the spinel lattice, are thought to be stabilized in these 
sites through semicovalence. In Sec. ITIC, 1, the term 
“partially covalent” was used to explain this stabili- 
zation. 

Obviously the electron that participates in semi- 
covalence has a spin parallel to that of the cation. The 
other anion electron therefore has a spin antiparallel to 
the spin of that cation. This other electron may partici- 
pate in semicovalence with a cation on the other side of 
the anion. In that case the spins of the two cations would 
be coupled antiparallel to each other. This model pro- 
vides a mechanism for antiferromagnetic coupling 
between two cations separated by an anion. This 
mechanism is called “semicovalent exchange.’ Its 
strength depends on the overlap between the O*- p 
orbitals and the cation orbitals, and therefore on the 
cation-oxygen-cation angle. If semicovalence occurs 
with one cation only, the interaction between the anion 
and other cations is confined to direct exchange, and 
weak ferromagnetic coupling may result. 

In summary, since the superexchange model has only 
been tested in the case of ferromagnetism and anti- 
ferromagnetism (ferromagnetic coupling can be ex- 
plained by other mechanisms, such as double exchange), 
it is suggested that semicovalent exchange is a more 
consistent model for the antiferromagnetic-exchange 
interactions which have previously been attributed to 
superexchange. There are three conditions which favor 
semicovalent exchange: the formation of predominantly 
electrovalent bonds, cations with empty hybrid orbitals 
which overlap with a full anion # orbital, and a location 
of interacting cations at opposite sides of an anion. 


B. Magnetic Properties of Some Oxides 


There are two exchange mechanisms which are im- 
portant in predominantly electrovalent metallic oxides, 
double exchange and semicovalent exchange. Double 
exchange, which causes ferromagnetic alignment and 
increased conductivity, occurs between cations of like 
atoms, but different ionization, if they are randomly 
distributed on equivalent lattice sites. In a spinel 
lattice there is negligible double-exchange interaction 
between tetrahedral- and octahedral-site cations. 

Semicovalent exchange couples cation moments anti- 
ferromagnetically. This coupling is strongest when the 
cation-anion-cation bond is 180°. In the spinel lattice 
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neighboring octahedral cations make a 90° angle with 
their common anion, and the semicovalent exchange 
between them is small compared to that between the 
tetrahedral and octahedral cations. These mechanisms 
are applied below to several metal oxides, and in each 
the semicovalent-exchange mechanism is compared 
with superexchange. 

It should be noted that cations which form coor- 
dinate-covalent bonds do not participate in either 
semicovalent exchange or double exchange. Such ions 
are therefore paramagnetic. 


1. Some Antiferromagnetic Crystals 


In oxides which have cations in one valence state 
only, double exchange cannot occur. If the metal is a 
transition element, semicovalent exchange is possible. 
Many such lattices are known to be antiferromagnetic. 
A typical example is MnO which has the rock-salt 
structure. Whereas superexchange would require the 
formation of Mn'tO' in an excited state, semicovalent 
exchange couples the system antiferromagnetically 
through electron pairs whose orbitals contain an ad- 
mixture of excited Mn!0!! states. 

It is interesting that the Curie points of manganous 
compounds with the same rock-salt structure increase 
with the substitution of anions of lower electronega- 
tivity, viz, MnO (122°K), MnS (165°K), MnSe 
(247°K), MnTe (307°K)." Such a relation is consistent 
with a model which predicts that the strength of the 
antiferromagnetic coupling is increased as the admixed 
excited states become more nearly degenerate with the 
electrovalent ground state. It is consistent, therefore, 
with both superexchange and semicovalent exchange. 

If one compares the Curie points of the oxides of 
Mn, Fe, Co, and Ni, all of which have the rock-salt 
structure, a similar progression of Curie temperatures is 
noted, viz., MnO (122°K), FeO (198°K), CoO (291°K), 
NiO (523°K). On the basis of a superexchange model 
this progression can be attributed to the progressive 
increase in the ionization potential of the bivalent ion. 
On the basis of a semicovalent model it may be attri- 
buted to a progressive decrease in the energy of the hy- 
brid (d’sp*) orbitals. The high Curie point of NiO 
indicates that semicovalence has a significant stabilizing 
effect on Ni** in octahedral sites of O?- ions. Although 
there is no normal covalence in the Ni?*—O?~ bond, 
semicovalence is possible. The apparent preferance of 
Ni** for octahedral sites in the spinel lattice’ may 
indeed be due to this stabilization. Further, this stabili- 
zation may well explain the normal spinel structure of 
Ge(Niz)O, and Ge(Coz)O, as contrasted with the olivine 
structure of Ge(Mg2)O,. Since Mg**, Co?*, and Ni? 
have comparable ionic radii, this difference in crystal 
structure cannot be understood from any previous 
model. 


41H. Bizette, J. phys. radium 12, 161 (1951). 
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Fe;O, is an inverse spinel, Fe*+(Fe?+Fe*+)O,. The 
interaction between the tetrahedral Fe** ions and the 
octahedral ions can be fully explained by semicovalent 
exchange but only partially by superexchange. Accord- 
ing to both models the tetrahedral Fe** ions would 
couple antiferromagnetically with the octahedral Fe*+ 
ions. However, superexchange does not provide for the 
Fe*+— Fe** interaction since it applies only to inter- 
actions between identical ions. Semicovalent exchange 
corresponds to antiferromagnetic coupling in this case 
also. Between the low-temperature transition and the 
Curie point the spins on the octahedral sites are also 
aligned parallel to each other through double exchange. 
Therefore all the spins of the octahedral-site cations 
are aligned parallel to one another and antiparallel to 
those of the tetrahedral-site cations. In this temperature 
interval both the superexchange and semicovalent- 
exchange mechanisms provide for the ferromagnetism of 
Fe;04. Below 119°K, however, the Fe*+ and Fe** cations 
are ordered so that double exchange cannot occur. At 
these low temperatures the superexchange model 
provides no mechanism for a parallel alignment of all 
the octahedral-site spins. Since Fe;O, is ferromagnetic 
below 119°K, the antiparallel alignment of all octa- 
hedral-site spins with respect to the tetrahedral-site 
spins, and the consequent parallel alignment of the octa- 
hedral-site spins must be due to semicovalent exchange. 
Semicovalent exchange provides the more adequate 
model. 


. 


3 Mn;0, 


It is proposed in this paper that the structure of 
Mn;0,4 is Mn*+(Mnz2!!")Oq. Elsewhere the structure 
Mn*+(Mn**Mn*)O, has been proposed. Mn?+ in 
tetrahedral sites is partially covalent. Mn"! forms 
square covalent bonds. Octahedral Mn?* and Mn‘ 
would be ionically bound. In the Mn*+(Mn?+Mn‘*)O, 
model Mn?* octahedral-tetrahedral interactions would 
be antiferromagnetic according to both superexchange 
and semicovalent exchange. The (Mn? tetrahedral)- 
(Mn** octahedral) interaction cannot be treated with 
superexchange, but semicovalent exchange predicts 
antiferromagnetic exchange. Thus the structure 
Mn**(Mn**Mn**)O, would be ferromagnetic just like 
Fe*+(Fe?+Fe*+)O,. Yet down to 72°K Mn;0, has been 
found to be paramagnetic. ~ 

In the structure Mn?+(Mn!"1)O, there would be no 
octahedral-tetrahedral semicovalent exchange because 
all octahedral-site cations are covalently bound. There 
would be no double exchange because Mn?* and Mn™! 
are ordered in different types of sites. Thus the model 
Mn**+(Mn_""")0, is paramagnetic. Since Mn;0, has been 
found to be paramagnetic as low as 72K°, this observa- 
tion supports the Mn**(Mn,!!")O, model in preference 
to the Mn**(Mn?**Mn*)O, model. 


4. CuFe:O, 


This spinel is partially inverse with the formula 
FesCui_2,(CuaFee2)O4 as discussed in Sec. IV B, 2. 
If Cu!! forms square covalent bonds in the octahedral 
sites, as is suggested in this paper to explain the 
tetragonal structure of CuFe,O,, then the octahedral 
copper does not contribute to the magnetism. 

Since the exchange between the octahedral- and tetra- 
hedral-site cations is the only. spin interaction of 
significance in CuFe,O,, it is expected that the octa- 
hedral-site spins, if they contribute at all to the mag- 
netic moment, are parallel to one another and anti-’ 
parallel to the tetrahedral-site spins. If Mug and May, 
are the atomic moments of tetrahedral-site and octa- 
hedral-site copper respectively, where yg is a Bohr 
magneton, then the magnetic moment per molecule of 
CuFe.O, is |(2—2A)5+2AMy—(2d)5—(1—2A)Ma| up 
= |(1—2d)10—M.+2\(M,+M.)|us. Pauthenet and 
Bochirol® report 2.194, for the magnetic moment of a 
CuFe20, sample which had been quenched from a 700°C 
anneal. Bertaut?’ found that a similarly treated CuFe20, 
sample had an ordering parameter \=0.37. Although a 
direct comparison between data from two different, 
though similarly treated, samples is not strictly justified, 
it is interesting that for \=0.37 the predicted magnetic 
moment of CuFe2O, is (2.6+0.74M,—0.26M a)ug which, 
for M,=1 and M,=0, is 2.3ug(>2.19ug). It is reason- 
able to assume, therefore, that the octahedral-site 
copper ions do not contribute to the magnetic moment. 


VI. SUMMARY 


The covalent bond in spinels has been shown to 
influence cation ordering, lattice distortions, and 
magnetic-exchange interactions. Covalent bonding 
modifies the Madelung-energy and geometrical cal- 
culations of previous workers. Octahedral and square 
covalent-bond formation are as significant as is tetra- 
hedral-bond formation in determining cation ordering 
in spinels. From only qualitative considerations it was 
possible to predict nearly all the observed cation 
distributions. 

While orthorhombic distortion, as observed in Fe;O,, 
can be ascribed to cation ordering in octahedral sites, 
tetragonal distortion is shown to be due to ordering of 
the square bonds in octahedral sites. The two distortion 
mechanisms are vastly different, as is evident from the 
difference in transition temperature, thermal hysteresis, 
etc. A certain minimum concentration of square-bond- 
forming cations in octahedral sites must be exceeded 
for the lattice to distort. Covalent bonds in tetrahedral 
sites tend to hinder tetragonal distortion. 

The structure of Mn;0, was found to be Mn?+ 
X(Mn2!"4)O,4 rather than Mn?+(Mn?*Mn‘*)O,. The 
tetragonal structures of metallic indium and the 
indates are accounted for by the square-bond model. 


“R. Pauthenet and L. Bochirol, J. phys. radium 12, 249 
(1951). 
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Semicovalence is defined as covalent bonding due to the 
coupling of a single electron spin to the net spin on a 
cation. This coupling leads to semicovalent exchange, a 
mechanism producing antiferromagnetic coupling of 
cation spins. The paramagnetism of Mn?*+(Mn,!!)O, is 
explained on the basis of semicovalent exchange, as is 
the magnetization of Fe;O, below 119°K. 


APPENDIX I. THE INFLUENCE OF OXYGEN 
(sp?)-ORBITAL HYBRIDIZATION ON THE 
AXIAL RATIO OF TETRAGONAL SPINELS 


In Sec. IIIB, it has been pointed out that the oxygen 
p’ orbitals in a spinel are instrumental in the formation 
of covalent bonds between oxygen and its near neighbors 
in octahedral sites. Where there are empty cation orbit- 
als in tetrahedral sites the oxygen can be bound co- 
valently to at least two octahedral and one tetrahedral 
cation through the admixture of oxygen (sp*) orbitals 
with the #* orbitals. The #* orbitals overlap strongly 
with the empty orbitals in the octahedral sites but not 
with those in tetrahedral sites while the set of (sp*) 
orbitals that overlap strongly with a tetrahedral site 
do not overlap as strongly with the octahedral sites as 
do the #° orbitals. Therefore the admixture of oxygen 
(sp*) wave functions with the #* wave functions in- 
creases the amount of covalent bonding of oxygen witha 
tetrahedral near neighbor but decreases the amount 
of covalent bonding with the octahedral near neighbors. 

It has been proposed that the tetragonal distortion of 
many spinels is due to square covalent bonds in octa- 
hedral sites. When covalent bonds are formed by one 
oxygen with both octahedral .and tetrahedral sites 
through (sp*) admixture, the bonds are less covalent in 
the octahedral sites than they would have been if no 
covalent bonds with the tetrahedral ions existed. 
Therefore the axial ratio of a tetragonal spinel is a 
maximum when only the octahedral cations are co- 
valently bound, and decreases with increasing amount 
of covalence in tetrahedral sites. 

This can be quantitatively shown as follows. The 
amount of covalence in the octahedral sites due to 
oxygen #*-orbital overlap and that in tetrahedral sites 
due to oxygen (s#*)-orbital overlap is arbitrarily set at 
unity. The amount of covalence in the octahedral sites 
due to oxygen (sp*)-orbital overlap is given by 6(<1), 
that in the tetrahedral sites due to #* overlap by the 
very small fraction ¢. The wave function for the (sp*) 
orbitals and the #* orbitals are admixed in the ratio a:8, 
where a?++6?=1. The normalized mixed wave function 
is then denoted by a(sp*)+8(p*). The amounts of co- 


TABLE IV. Contributions of oxygen (sf) and #* orbitals to the 
covalence in tetrahedral and octahedral sites. 
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Fic. 6. The axial ratio as a function of the amount of 
admixture of oxygen (sp) orbitals. 


valence due to each term in the wave function is shown 
in Table IV. [The physical properties are proportional 
to the square of the wave functions; cross products 
a8 (sp*)(p*) are neglected here. ] Therefore the amount 
of covalence in octahedral sites is (a?5-+?). The amount 
of electrovalence is 1— (a*6+?). If it is assumed that 
the bond length is a linear function of the amounts of 
covalence and electrovalence, the following bond length 
is then derived: 


a’ = (075+ 6?)a+ (1—a?5—B?)c, (A.1) 
where a is the covalent bond length in octahedral sites 
in the absence of (sp*) admixture, and c is the electro- 
valent bond length in octahedral sites. The axial ratio 
is then given by 

C c 

—= , (A.2) 
a’ = (a*6-+-6?)a+ (1-075 —B*)c 


In spinels in which there is no appreciable covalent 
bonding in tetrahedral sites, such as Mn;O,, the axial 
ratio has been observed to be c/a=1.16. The amount of 
overlap of oxygen (sp*) orbitals with octahedral cation 
orbitals is estimated to be about 70 percent of that of 
oxygen * orbitals with octahedral cation orbitals. On 
the assumption that 6=0.8, the axial ratio is plotted in 
Fig. 6 as a function of the admixture of oxygen (s$*) 
orbitals. 

For spinels like CdIn,O, and ZnMn,.O, an axial ratio 
1.14 has been observed ; for Fig. 6 this is seen to corres- 
pond to a=0.6, B=0.8. It is significant that such a large 
amount of admixture of (sp*) orbitals, and hence con- 
siderable covalence in tetrahedral sites, only slightly 
reduces the axial ratio. In fact pure (sp*) wave functions 
for oxygen (a=1, B=0) still allow enough covalence in 
the octahedral sites for distortion to an axial ratio 
c/a=1.10. 


APPENDIX II. CALCULATION OF THE TETRAGONAL 
DISTORTION IN Fe;0, FROM AN IONIC MODEL 


To calculate 6, and 6,’ of Eq. (IV.1), it is first neces- 
sary to obtain @2 and 6,’ which, from the law of cosines, 
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TABLE V. Self-consistent calculation of \ for Fe;O.. 
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0.0013 
—0.0019 


1.020 1°57’ 0°20’ 0.0469 0.0095 0.0247 0.004 
1.024 2°10’ 0°0’ 0.0468 0.0095 0.0273 0 








are given by 
M+ (145) (1-1)? 
0S0o= ’ 
{ (24+ 1)[2(1+5)?—1]}! 
n+ (I= P= (144) 
0865 = > 
{ (247-+1)[2(1—¢) —1]}} 


The angles 6, and 6,’ then follow directly from the 
geometrical relation 


cos(0;+62) = (22+ 1)-!=cos(62’—6’). 


If (14+¢)?=1.0486, (1—¢’)?=0.9905, @?=0.75, then 
the values listed in Table V follow where A=[d?—} 
X (1— 6)? ]}#++-[@—4(1+ e’)? ]}#—A(1+6—8’). The correct 
value of \ is that for which A=0, or A=1.022. 








APPENDIX III. TETRAGONAL DISTORTION 
IN Cd-In ALLOYS 


Betteridge** added small amounts of Cd to In and 
observed the change in lattice parameter. At 100°C, 


14.5 atomic percent of Cd was soluble in In. The axial 
ratio decreased from c/a= 1.068 for pure In to c/a=1.0 
for 4.5 atomic percent Cd. At 20°C the solubility limit 
of Cd was 4.5 atomic percent. Between pure In and the 
solubility limit c/a decreased from 1.076 to 1.04. 

Since the Cd atoms do not contribute to the square 
covalent bonds, the addition of Cd to In adds vacancies 
to the (dsp) band. The tetragonal distortion, and 
therefore the energy gap between the (dsp”) band and 
the conduction band, is reduced. At 100°C and 4.5 
atomic percent Cd enough covalent-band electrons have 
sufficient energy to go into the conduction band so that 
the covalent ordering is destroyed, and the lattice be- 
comes cubic. At 20°C there are fewer covalent-band elec- 
trons which are excited into the conduction band, and 
the c/a ratio is higher, at all cadmium concentrations, 
than it is at 100°C. At 4.5 percent Cd and 20°C the cova- 
lent bonds are still strong enough to force the Cd out of 
solution. The tetragonal symmetry is therefore pre- 
served. 

If the phase transition from tetragonal to cubic 
symmetry occurs in 4.5 atomic percent Cd at 100°C, a 
similar transition might be expected a few degrees 
higher in pure In. The melting point of In is 156.4°C.“ 
Apparently the low melting point of In occurs below the 
phase transition from tetragonal to cubic symmetry. 


4 Taylor Lyman, editor, Metals Handbook, 1948 Edition 
(American Society for Metals, Cleveland, 1948). 
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It has been found that ferroelectric BaTiO; single crystals show a differential etch rate when etched in 
hydrochloric acid. The positive end of the electric polarization etches much faster than the negative one. 
Thus this phenomenon affords a valuable new tool for the investigation of the ferroelectric domains in 
BaTiO;. Some interesting pictures of domain arrangements are shown and discussed. The results obtained 
demonstrate the extremely strong electric dipole-dipole coupling in the forward direction and the weak 
coupling in the directions perpendicular to it. This electrostatic interaction governs the domain patterns in 


ferroelectric BaTiO; crystals. 





I, INTRODUCTION 


T has been found that BaTiO; single crystals show 
a differential etch rate which can be related to the 
ferroelectric domains. The most important result of this 
observation is that we can easily and quickly distinguish 
between the positive and the negative ends of the 
electric dipoles. We find that the positive end (head) 
of the dipole etches quite rapidly in hydrochloric acid 
while the negative end (tail) of the dipole etches very 
slowly, if at all. The usual optical methods have been 
very useful for determining the domain arrangements 
and the direction of the electric polarization. However, 
the sense of the polarization could only be determined 
by applying external electric fields or stresses to the 
crystal.! Thus we find that the optical methods and 
the etching technique complement each other perfectly. 
In the following paragraphs we will report some interest- 
ing results obtained by this new method. 


II. PROCESSING OF SAMPLES 


The method of preparing the crystals for study is 
extremely simple. The crystals are placed in a test 
tube and etched for one to ten minutes, depending upon 
the desired degree of development of the patterns, in 
concentrated hydrochloric acid at room temperature. 
The acid is then poured off the crystal rinsed in water 
and washed in ethyl alcohol. The microscopic patterns 
are studied using reflected light. Magnifications in the 
100X to 200X range are most satisfactory. 


Ill. ETCH PATTERNS OF POLED CRYSTALS 


At room temperature-BaTiO; shows tetragonal sym- 
metry which is associated with a spontaneous polariza- 
tion which may be thought of as a shift of the Ti ions 
with respect to the oxygen octahedra. The polarization 
direction lies parallel to the tetragonal c-axis. Regions 
of the crystal in which all the dipoles are aligned per- 
pendicular to the crystal flat are called c-domains 
because we look along the polar c-axis. Similarly, 
regions in which all the dipoles are aligned in a direction 
parallel to the crystal surface are called a-domains. 
Optically it is very easy to distinguish between an 
a- and a c-domain. However, it has been a problem to 


1 Walter J. Merz, Phys. Rev. 95, 690 (1954). 


determine the sense of a given polarization direction 
because parallel and antiparallel domains have the 
same optical properties and thus look the same. By 
applying external electric fields or stresses it was 
possible to determine the sense of the polarization.’ 

Etching experiments on dc poled crystals show that 
the etchant (HCI) attacks very rapidly at the positive 
end (head) of the polarization and quite slowly at the 
negative end (tail), as can be seen in Fig. 1. The islands 
which are antiparallel regions go right through the 
crystal. Figure 1 represents a poorly poled crystal 
since it consists of almost as many domains polarized 
in one direction as domains polarized in the opposite 
direction. A well-poled crystal usually shows just very 
few scattered circular areas. Whether these areas resist 
the poling voltage or whether they are regions which 
invert after the field has been removed and before the 
crystal has been etched, has not been determined. 
Figure 1’shows beyond any doubt the differential etch 
rate for the two ends of the electric dipoles. 

The etch rate perpendicular to the dipole direction, 
that is for an a-domain, is intermediate between the 
rapid rate for the titanium end of the dipoles and the 
slow rate for the oxygen end of the dipoles. The different 
etch rates are shown in Fig. 2. 
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Fic. 1. Photograph of top and bottom of a poorly poled BaTiO; 
crystal showing many antiparallel polarized domains. Notice the 
perfect mirror image. (One print is reversed.) 
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Fic. 2. Surface appearance of etch response of 
differently polarized regions. 


IV. DOMAIN REFLECTIONS 


Earlier investigations! have shown that the ferro- 
electric domains in BaTiO; crystals are always so 
arranged that there is no build-up of a space charge on 
the domain walls. This implies a very strong coupling 
between dipoles in the dipole direction whereas the 
coupling perpendicular to the dipole direction is weak. 
For example, we could show that the 90° walls between 
two a-domains are always along [011] directions and 
the subdomains in the two a-domains are arranged in 
such a way that the head of one dipole always joins the 
tail of the neighboring dipole as shown in Figs. 3 and 4. 

We have etched some c-domain crystals containing a 
few a-domains which were so arranged as to illustrate 
clearly this strong linear coupling in the forward direc- 
tion (head to tail coupling). This is shown in Fig. 5, 
where the dark areas are the regions where the positive 
ends of the dipoles are at the surface, the bright areas 
where the negative ends of the dipoles are at the surface 
and the grey areas are a-domains as explained before in 
Fig. 2. To the extreme left of Fig. 5 we see a dis- 
tinctively shaped region (a) of inverted polarization. 
On the right side of the two very narrowly spaced sharp 
lines (two 90° walls) we see the mirror image (b) of 
this region. The inverted regions are oppositely poled 
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Fic. 3. Edge of a c-domain crystal of BaTiO; showing antiparallel 
domains obtained by stressing. 
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with respect to each other and also to their background 
region. The two sharp lines represent the boundaries of 
the wedge-shaped a-domain through which the re- 
flection of the oppositely polarized region takes place. 
Figure 5 thus shows in a striking way the strong 
coupling of the dipoles in the forward direction. The 
center part of Fig. 5 shows a second odd-shaped anti- 
parallel polarized region (c) which is reflected through 
a wide a-domain to the right side of the picture (d). 
This reflection is the same type as the first one except 
that the path through the a-domain is large. The 








Fic. 4. Surface of an a-domain crystal showing 90° walls 
and antiparallel domains. 


a-domain can easily be recognized by its intermediate 
shade. 

The same crystal was re-etched in HCl. We found 
that the 90° wall on the left had shifted to the left and 
that the broad a-domain region was subdivided into a 
number of a- and c-domains. The much more compli- 
cated results are shown and explained in Fig. 6. We can 
still observe the remanent images from the first etch 
(compare with Fig. 5), but we also observe changes 
produced by the new domains. We note that the dark 
image (a) (to the left) has shifted to the left because the 
90° wall has shifted. At the point where we observed 
two sharp lines before we observe now three lines. We 
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think this “triplet” is composed of the traces of the 
two original lines lying to the left and the new inter- 
section of the same wall with the surface which has 
moved to the right down the 45° slope of the wall. This 
displacement to the right is equal to the amount of 
material etched away in the second etching. Thus the 
region between the single line to the extreme left and 
the third line of the triplet is now an a-domain. 

The most striking results obtained are shown in the 
center of Fig. 6. Since two c-domains have been intro- 
duced into the a-domain the reflection of the bright 
odd-shaped region (g) on the extreme right through the 
a-domains cannot take place in one step. The reflection 
is accomplished in 3 steps and the sum of the 3 dark 
images (d, e, f) in the center of Fig. 6 is the mirror 
image of the bright spot (g) and is equivalent to the dark 
area (c) from the first etching. This multiple reflection 
again exhibits the strong forward coupling of the electric 
dipoles in a beautiful way. 

In addition to the reflection through a-domains as 
shown and discussed above, there also is a coupling 
through c-domains. In Fig. 5 we can see that the two 
sets of reflections are not independent of each other 
because the four odd-looking regions (a, b, c, d) look 
very similar to each other and are nicely aligned. It 
seems that the first and second pair of reflections are 
coupled through a c-domain. This is substantiated by 
the fact that there are other regions in Figs. 5 and 6 
which show similar behavior. For example, at the upper 
edge of the photographs we can see two sets of cigar- 
shaped reflections (though the last reflection on the 
tight is not too clear). How can we have reflection 
through a c-domain perpendicular to the dipole direc- 
tion? The only way we can explain it is by the very 
strong piezoeffect in BaTiO3. The crystal shown in 
Fig. 5 was originally a c-domain crystal. The a-domains 
which were introduced are wedge-shaped. Thus the 
crystal is probably strained in a complicated way but 
mostly sheared as shown in Fig. 7. The shear stress 7; 
around an axis perpendicular to the paper (y-axis) 
induces a polarization P; in the horizontal direc- 
tion (%-axis) through the piezoelectric strain constant 
d\3(P;=d,s75). The sense of this induced polarization 
P; depends on the sense of the spontaneous polariza- 
tion P,. For the 90° wall at the left we find that P; 
points to the right for the projection on the domain 
wall of the odd-shaped antiparallel region (b) and 
points to the left for the normal surrounding region. 
If we go through the same argument for the 90° wall 
to the right we find that P; would have the opposite 
directions. However, since P; has to be continuous 
(electrostatic coupling) we must have P; pointing to 
the right for the odd-shaped region (c) and to the left 
for the surrounding region. This can only be obtained 
if the spontaneous polarization P, reverses. Thus the 
c-domain has to reverse its polarization in the middle, 
there must be a 180° wall. This is exactly what we 
observe, the 180° wall is very easily visible because one 
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Fic. 5. Top and bottom view of a BaTiO; crystal 
showing domain reflections. 


side of it etches much faster than the other according 
to the arguments given in Sec. III. Thus the two sets 
of reflections are connected through the strong piezo- 
effect in BaTiO;. This coupling, however, requires a 
180° wall in the c-domain. It can be seen that it is not 
as strong as the direct head to tail coupling because the 
two sets of reflections do not quite look the same, 
whereas the direct coupling gives perfect mirror images. 
Even so, it seems very remarkable that such strong 
coupling can be obtained through a c-domain with the 
help of a strong piezoeffect and electrostatic forces. 


V. ETCH PATTERN OF TWINNED CRYSTALS 


An interesting etch pattern of a twinned crystal is 
shown in Fig. 8. It shows a c-domain crystal containing 








Fic. 6. Top and bottom view of a crystal showing 
a multiple domain reflection. 
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Fic. 7. Diagram illustrating the transverse coupling through a c-domain. 


a few a-domains as can be seen very easily using trans- 
mitted polarized light [Fig. 8(b)]. The surface of the 
crystal, however, looks very different.-It is shown in 
Fig. 8(a) using reflected light. The surface contains 
very many dark and bright lines which we call 


“channels.” The picture looks very similar to Fig. 4 
which was obtained optically by straining the crystal. 
One is therefore tempted to believe that the etched 
crystal shown in Fig. 8 is a c-domain crystal with some 
a-domains, but covered with a layer of a-domain ma- 
terial at the surface. That is, it seems, that the polariza- 
tion of the surface is parallel to the surface though the 
crystal is mostly a c-domain crystal. This surface 
polarization would be the electric analogue to the 
domains of closure in ferromagnetism.? However, we do 
not believe that the surface is polarized in a way 
different to the inside of the crystal because the me- 
chanical strains would be very large and would increase 
the energy, though the electrostatic energy would be 
reduced. The etching experiment shows that the surface 
is not an a-domain because the etch is dark or bright 
and not greyish. Thus the surface is c-domain material 
and the dark and bright channels represent plate-like 
domains polarized upwards or downwards, respectively. 
Why are the antiparallel c-domains plate-like? The 
channels are the intersections of these plates with the 
surface. From Fig. 1 we know that in a poled c-domain 
crystal the antiparallel polarized islands are usually 
rounded and not long lines. 

There are three interesting features in Fig. 8 which 
give us some insight into the domain pattern. First, 
there are a-domains present whereas in the case where 
we have rounded islands, as in Fig. 1, there are no 
a-domains. Actually there are more a-domains in this 


? Williams, Bozorth, and Shockley, Phys. Rev. 75, 155 (1949)- 


crystal than one observes in Fig. 8(b). All the sharp 
lines (actually they are double lines) on the surface 
[ Fig. 8(a) ] are the edges where a-domains intersect the 
surface. Only the thicker a-domains can be seen in 
transmitted light as the usual bright bands [ Fig. 8(b) ]. 
The thickness of the very thick a-domains can be 
measured directly by measuring the spacing of the 
double lines in Fig. 8(a) (center right, for example). 
The second feature is that the channels are always 
perpendicular to the aforementioned a-domain edges. 
If the channels coming from perpendicular sets of 
a-domains meet they try to join each other and form 
45° lines. Third, the channels are more perfect (evenly 
spaced and parallel) the more a-domains we find in 
that particular region. Based on these 3 observations we 
propose that the channels, though they are c-domains, 
are caused by the a-domains. As a matter of fact, we 
have never observed channels on crystals where there 
were no a-domains and whenever we have a number of 
a-domains we can observe channels when the crystals 
are etched. 

In order to understand the channels we assume a 
c-domain crystal with two widely-separated a-domains, 
as shown in Fig. 9(a). Since the two a-domains are far 
apart there will be no relation between their domain 
patterns. However, if the a-domains are closely spaced 
(overlap) as shown in Fig. 9(b) the following will 
happen. Let us assume that domain No. 1 consists of 
two parts, then only the lower part of domain No. 2 
will be polarized to the left (head to tail coupling). But 
since the upper part of domain No. 1 is polarized to the 
left and since domain No. 2 is close to No. 1 we will 
find that also the upper part of No. 2 will be polarized 
to the left (heavy arrow) because of electrostatic forces. 
This is similar to the electrostatic coupling through a 
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c-domain as explained in Fig. 7. Now, the whole 
a-domain No. 2 is polarized to the left and thus the 
region above and below it has to be polarized upwards 
(heavy arrows). The same argument can be made for 
domain No. 3. Thus the whole top surface is polarized 
upwards except the intercepts with the a-domains, 
which are polarized to the left. Figure 9(c) shows the 
crystal viewed from the top and shows the plate-like 
domain. The sign of polarization of these plates alter- 
nates. The dark and bright bands are planes polarized 
upwards or downwards, respectively. The width of 
these channels is of the order of 10~* cm or smaller 
(near wavelength of light) which agrees very well with 
the values obtained in Figs. 3 and 4 before.’ Following 
the arguments given in reference 1 [optimal width of 
nuclei and weak sidewise coupling] we conclude that 
the width of 10~ cm is determined by the nucleation 


Fic. 8(a). Surface of a twinned BaTiO; crystal 
observed with reflected light. 


Fic. 8(b). Same crystal observed with transmitted polarized light. 
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Fic. 9. Diagram illustrating the electrostatic coupling 
controlling the channel development. 





and growth of the new domains. Of course, if we use a 
dc-poled crystal we never find channels. We only find 
channels, as shown in Fig. 8, when the crystal is ac- 
poled in such a way that about half of the dipoles 
point in one direction and the other half in the opposite 
direction. In this case, the nucleation can determine 
the size. In order to find channel etch patterns, we have 
to use ac-poled crystals where there are a-domains 
which are closely spaced so that the electrostatic 
coupling through the c-domain is large. If the a~-domains 
are widely spaced, the interaction is small and the 
channels lose their sharpness and spread out in a dis- 
ordered way. If wedge-shaped a-domains are present, 
as in Fig. 5, the channel etch pattern cannot be ob- 
tained. 


VI. CONCLUSIONS AND ACKNOWLEDGMENTS 


The etching technique, as described in the foregoing, 
is found to be a very useful tool for the investigation of 
the dipoles and domains in ferroelectric BaTiO; crystals. 
All the results obtained with optical methods can be 
verified and often clarified. The existence of the very 
strong forward coupling of the dipoles has been clearly 
demonstrated. 

We would like to thank the following people who 
helped us on one or another stage of our work. Many 
problems were discussed with P. W. Anderson, S. S. 
Flaschen, and Mrs. E. A. Woods. E. M. Kelly, J. P. 
Remeika, and E. M. Walters helped us with the prepa- 
ration of the samples. 
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An intermediate-coupling calculation of polaron-phonon scattering has been carried out by expressing 
the scattering amplitude directly in terms of matrix elements between exact eigenstates of the Hamiltonian 
corresponding to the initial and final states of the scattered particle. The basic approximation made is in 
the use of the rather accurate polaron wave functions of Lee, Low, and Pines for these initial and final 
states. The result for the mobility, which is only valid in the low-temperature region (T<@) is 


1 fe 1 
“Saar (a) exp(w/xT), 


where a is the coupling constant for the electron-phonon interaction and f(a) is a slowly varying quantity 


of order 5/4 for 3<a<6. 





I 


CONSIDERABLE amount of attention has been 

devoted in the past few years to the problem of a 
slow electron (or polaron) moving in the conduction 
band of a polar crystal.! The interaction between the 
polaron and the longitudinal optical mode of the crystal 
lattice vibrations is a strong one, for as the electron 
moves through the crystal its Coulomb field displaces 
the positive and negative ions with respect to one 
another; the resultant polarization charge density in 
turn appreciably distorts the motion of the electron. 
The strength of this mutual interaction can be charac- 
terized by a constant, a, which is of the rough order of 
the fourth root of the ratio of the atomic mass to the 
electron mass, and varies between 3 and 6 for most 
polar crystals. It is clear that for an interaction of this 
strength the usual perturbation theoretic methods of 
calculation (in which a is assumed to be much smaller 
than unity) are inadequate, and more powerful methods 
must be introduced. It is this “strong-coupling” aspect 
of the problem which has aroused so much interest on 
the part of the theoretical physicist. 

The energy of a polaron of low momentum may be 
characterized by two parameters, Ey and m*. Ep is the 
minimum energy required to raise an electron into the 
conduction band and m* is the polaron effective mass. 
For the coupling constants of the size one finds in 
actual polar crystals, these quantities have been cal- 
culated quite accurately by the authors and Lee, by 
using a variational approach which is closely related 
to the intermediate-coupling method introduced by 
Tomanaga in meson theory.? In this method of calcu- 


* This work has been supported in part by the Office of Ordnance 
Research, U. S. Army. 

t Now at Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey. 

1H. Frohlich, Advances in Phys. 3, 325 (1954), where a list of 
of references to earlier work may be found. We should also like to 
call attention to a recent paper on the theory of the polaron 
energy levels by R. P. Feynman, Phys. Rev. 97, 660 (1955). 

2 Lee, Low, and Pines, Phys. Rev. 90, 297 (1953), hereafter 
referred to as LLP. A method of approach substantially equivalent 
to that of LLP was developed independently by M. Gurari, Phil. 
Mag. 44, 329 (1953) and S. Zienau, British Electrical Research 


lation it was first assumed that all virtual phonons in 
the polaron cloud are emitted into the same state, 
characterized by a momentum distribution f(%). This 
simple assumption makes possible a solution in closed 
form of the single polaron problem. The next approxima- 
tion consists in allowing two kinds of virtual phonon 
states. Using this, Lee and Pines* have shown that 
corrections to the simple scheme described above were 
quite small for a<6, from which we conclude that the 
LLP wave functions describe the polaron rather well 
in practice. 

Unfortunately no direct experimental check on these 
calculations is at present available. The reason for this 
is that m* and Ep depend upon the “ionization” energy, 
I, and crystal mass, m, which characterize the behavior 
of a fictitious electron interacting with the static crys- 
talline field (but not with the lattice vibrations). These 
are in turn unknown. The situation may be somewhat 
improved by an accurate calculation of the mobility, 
u, of a polaron moving in a weak electric field. (u is 
defined as the average polaron velocity per unit field 
strength.) A comparison of theory with experiment will 
then yield an empirical value for the crystal mass m. 
Finally, if it proves possible to make an experimental 
measurement of m* in a cyclotron resonance experiment 
we should have the desired comparison between theory 
and experiment. 

In this paper we carry out a calculation of the 
polaron mobility which we anticipate will be reasonably 
accurate in the “intermediate coupling” region of a<6. 
Our procedure is to calculate 1/7, the probability per 
unit time that the polaron be scattered by the thermal 
phonons. For sufficiently low temperatures, where the 
scattering is isotropic and elastic, the mobility is given 
by 

p=er/m*. 


It is, of course, somewhat difficult to calculate scattering 
in a strong-coupling situation. Our approach is based 


Association Report ERA—L/T 299, 1953  eanaien and by 
T. Yokota, Busseiron-Jenkyu 64, 148 (1953 
3T. D. Lee and D. Pines, Phys. Rev. 92, ass (1953). 
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on the hope that we can overcome many of these dif- 
ficulties by using the LLP wave functions to describe 
the initial and final states of the polaron. We might 
then expect that in so doing we will have taken into 
account a considerable fraction of the strong electron- 
phonon interaction, so that the effective coupling for 
the scattering of a polaron by a phonon is corre- 
spondingly reduced. However, the conventional method 
of treating scattering problems in field theory‘ expresses 
the scattering amplitude in terms of matrix elements 
between bare particle states. For this reason we make 
use of a different formalism recently derived by one of 
us’ which expresses the scattering amplitude directly 
in terms of matrix elements between exact eigenstates 
of the Hamiltonian corresponding to the initial and 
final states of the scattered particle. 


II 


We adopt the Hamiltonian and notation of LLP, in 
which® 


H=Di a aot Dif Viane® *+ Vita,*e—* 7} — V2/2m, 
(1) 
where 
ion tind (2) 
== 4ra)?, Z 
k (2mw)* 


meéy?/1 1 
JE  » 
(2) n? €0 
The dimensionless number a plays the role of a coupling 
constant for the lattice-electron interaction, a, and a,* 
are phonon destruction and creation operators which 
satisfy the commutation relation [ a,,ax’* ]=6x, n and 
€ are the optical index of refraction and the static 
dielectric constant of the crystal. In using the Hamil- 
tonian we have thus assumed that the effect of the 
static periodic lattice field may be included in the 
crystal mass m. 
According to LLP, the stationary state of the Hamil- 
tonian (1) corresponding to a free polaron of momentum 
Po and energy P,?/2m* is well approximated by 


W (Po) =exp{i(Po— doy. a,*axk)-r}U(Po)®o, = (4) 
where ®po is the free vacuum state defined by 
42o=0, (&o,ho) = 1, (5) 
and where 


U(P)=exp{diLa.*f(k,P)—a.f*(k,P)]. (6) 


Here, 
Vi 


~ ot (i/2mn)— (k-P/m) 


*F. Dyson, Phys. Rev. 75, 1736 (1949). 

> F. Low, Phys. Rev. 97, 1392 (1955). 

* We work in units in which h and the volume of the crystal 
are unity. 


(7) 





f(k,P) = 
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It is shown in reference (5) that the S matrix element 
for the scattering of a polaron in momentum state Pp 
by a phonon of momentum ky into a state specified by 
the momenta P; and k,; is given by 


S=1—27i5(E;— Ey) R, (8) 
where 


1 
R= VeVi far| (¥s(a),ee 
(H— E;—w) —ie 


xem) ) + (wy), 





1 
x 
(P4-u~E—ie 





cwio)}. © 


Here Wo(r) and W;(r), are the exact initial and final 
eigenstates of the polaron, and e¢ is an infinitesimal 
positive constant introduced to ensure that our wave 
functions properly correspond to outgoing waves in a 
coordinate space representation. Ey and Ey are the 
initial and final polaron energies; e.g.,’ 


Eo= P.2/2m*, E;= P?/2m*, 


for sufficiently small polaron energies and Z is the total 
Hamiltonian defined by Eq. (1). It should be em- 
phasized that Eq. (9) is exact. We now, however, will 
make our first approximation, which consists in using 
the solution (4) of LLP for Vo and W;. As pointed out 
by LLP, these wave functions are quite accurate for 
low momenta such that 


(P2/2m*)<e, 


but should not be taken seriously when P?/2m* becomes 
comparable with w. Thus our work will only be valid 
for temperatures such that xT<w or T<@p, the Debye 
temperature for the longitudinal optical mode. 

In the following we shall therefore make a virtue of 
necessity by actually considering only the P—0 limit, 
a procedure which has the advantage of enormously 
simplifying our calculations. This limit, however, must 
be taken with considerable care. Since in a normal scat- 
tering process the cross section, ¢, approaches a finite 
limit as P-0, the transition rate, w= Po, will approach 
zero with P unless something peculiar happens to the 
scattering matrix element. To be more precise, 


w= 2npr|M|*dQ, 


where pz is the density in energy of final states and M is 
an appropriate matrix element which is simply related 
to the R matrix of Eq. (8); the point is that pz—0 as 
P-—0, and we will therefore only find a finite transition 
rate when M has a singularity at P=0. Such a singu- 
larity will, in fact, occur when the polaron is scattered 
by a phonon whose momentum is such that it can be 


(10) 


7 We are measuring polaron energies with respect to the constant 
binding energy Ey=— (ew+/). 
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absorbed by the polaron with approximate conservation 
of energy. Since the width of this “excited” polaron 
state (polaron+absorbed phonon) approaches zero 
with P, the subsequent re-emission of the phonon will 
lead to a resonant scattering matrix-element of the 
form 


M (ko)~ 





(ke—k2)+iAP’ 


where k, is the resonant phonon wave-vector. It follows 
that 
CP 


w~ ~ Di (kok?) 
(ke?—k,?)?-+ A2P* 








R= (2r)°6(Ps+ks— Po—ko) VicoViz ‘ue bo, — 
*) ‘ : F ’ a 4 ? H[Po— dx (ax*axk) +k ]— E—w—ie 


where E= Ey= E; and 
A(P)=(P?/2m)+Di Vice t+ Vitor*+D ax*ano. (12) 


We further commute U(Ppo) through to the left in (10), 
and obtain for the matrix element: 


R= (22)*6 (P;+k,— Po— ko) VioVis* 





1 
x(n 4). 09 
AotAi- (Po?/2m*) ——¢p-~ $e 


We have set U“HU—E=Hvt+Hi—P,?/2m* and 
U-"(P;)U(Po)=1, this latter identity applying in the 
zero momentum limit. Ho and H; are given by 


- Pe f k-ky k-Py 
re setfar( 
k 


2m* m m 


ko? ko ? Py (S: a,*a,k)? 

Eee! Hl 

T z | ze 
2m m* 2m 


k-k’ 
M=> —{f*(k) f(k) acer 
kk’ 2m 


, (14a) 





+2a;*ax f (k) f*(k’) +-ax-*ax* f(k) f(k’) 
> 20,* 0,0, f* (k’) + 2ax*a,,* a; f (k) } 


k- Ko 
~2 tf Batt fas}. (14b) 


Here f(k) is given by (7) and we have suppressed the 
index Po. We may then write 

S=1— (2r)*i5(E;— Eo)5(Py+k;—Po—ko)M, (15) 
where 


M= | Viel*( 4. 





1 
), (16) 
Hot Ai-— (P?/2m*) —w—ie 
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in the limit of P-0. The integration of w over all 
incident phonon wave-vectors ko then yields a finite 
result in this limit. Thus in what follows we shall let 
P—0 almost everywhere, but we shall be careful to 
keep those P dependent terms which lead to the 
P-dependent width in the denominator of M (ko). 

If we now substitute (4) and (6) into our expression 
(9) for the R matrix, we may explicitly carry out the 
integration over r by commuting all r dependent 
factors through the energy denominators from right to 
left. In the limit of P-0 the foregoing discussion makes 
it clear that the second term of (9), with denominator 
(H+w—E»)—ie, will not contribute to our transition 
rate, for Ep is the lowest eigenvalue of H, and therefore 
H+w—E)2w*and can never vanish. Thus we obtain 


1 





u (Ps (11) 





and we have used the fact that ko= ky in the zero polaron 
momentum limit. The transition rate is given by (10), 
so that our remaining task is the evaluation of the 
matrix element (16). 

We do this by introducing 


1 
= —, (17) 
Ho+H— (P2/2m*)—w—ie 





cv 


where 


1 
c= . 
(Ro?/2m)+ (Ko- P,/m*) —@ 
W then satisfies the familiar equation 
1 


V=y)— HW. 
Ho— (P?/2m*)—w—ie 








(18) 


WV may be expanded in states of zero, one, two phonons, 
etc. ; i.e., 


V=ub>+), 14.04*Po= > np? Wye Aye * Po + nae (19) 


We then find that our desired matrix element is 


M=cu| Vio|?. (20) 
We will keep only the zero- and one-phonon terms in 
our expansion (19). This approximation is essentially 
equivalent to that of LLP in that it involves neglect 
of just those terms in H; which LLP neglected in cal- 
culating the ground state wave function and energy. 
Indeed, it would be inconsistent with our use of the 
LLP wave functions were we to attempt a more ac- 
curate solution of (18), and it would in fact be quite 
possible for such a procedure to lead to less accurate 
results than those we obtain below. 

When we substitute the expansion (19) into (18), 
keeping only zero- and one-phonon terms, we obtain 
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the following set of coupled equations: 
u=1+c¢ Ye 1% (K-Ko/m) f*(k), 
u(k-ko/m)f(k) f(k _ k’ 
AE L —w f*(k’/), 


k’ m 


(21a) 





(21b) 


EL= 


where 
AE=[(ko—k)?/2m]+[(ko—k) - Po/m* ]—ie. 


Since the dependence of » on its variable & is explicitly 
given in (21b), Eqs. (21a) and (21b) are essentially 
algebraic in nature, and may be solved exactly. We find, 


= (— ) 
cu=| —{ — }—-oa| , 
2m = 

1 _. (k-Ko)?| f(k) |? 
m &k kPAE(k,Po) 


(22) 


(23) 


where 


(24) 


In obtaining (23) and (24) we have set Po=0 every- 
where except in the expression (22) for AZ. This is in 
keeping with our announced program of letting P go to 
zero everywhere but in the width. We may replace the 
summation in (24) by an integral over k. We recall 
that 1/(a—ie) is a conventional notation for @(1/a) 
+ir5(a), where ® denotes the Cauchy principal value, 


and find 
T=1,+1I,, (25) 
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The integral J; is elementary, and is most easily carried 
out by integrating first over k, and second over angles. 
It is 


T,=aF[ho/(2mw)*], (28) 


where 





F(«)= nf 


1 2 
1+22+ | = 
st 1-24 


(2*—1) 
tan7! 
v—1 


(29) 





2x2 ((i+a2)? x 


We now substitute Eq. (20) and (23) into our ex- 
pression (10) for the lifetime. On integrating this over 
all incident phonons kp and the solid angle dQp;, we 
obtain the mean lifetime for scattering of a polaron, 


=e f dKo| Vio| 4e-2/*7 
tT Sat J |w— (ho?/2m) (L1—I penance 
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where we have used the fact that the mean number of 
phonons of wave-vector ky present at temperature 
Te~*'*?, For low polaron momentum we may re-write 


jnxt «5, ly 
i4d ti, G459" 





so that 
1 = 
. oe ke s1—-iv yt ket Ie 1 
(Pan Go 
2m\1+]; m> (1+J0)4 


(31) 
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We set J2=A Po, and apply the identity 


T 
Lim =-6(B) 


miei (32) 
P-0 B+CP? G 


to obtain 

1 m*e-elT 

ps Qn? J 

asa V (ho) | *5Lw— (ho?/2m) (1— LY/A+h)) 
[Ako?/m(1+/1)?] 


(33) 





Finally we recall that 


J atof bate g(b)]= 70) / (=) 


where k, is the root of g(k,)=w, and find, after some 
algebraic manipulation, 


1 (~) = 
> kunt ff) - 


e)=[--—(=) 


I, is given by (28) and «x; is the root of 


(34) 


(35) 


The mobility u is then® 


RY 
sa pe. a w/«T 
h=— (=) flaje 


2aw m 


(37) 


8 This differs from our previously announced result [Phys. Rev. 
91, 193 (1953)] by a factor of (m/m*). This error we attribute to 
a too cavalier treatment of the limit P-0. It might be added 
that our previous result was obtained by using a somewhat dif- 
ferent scattering formalism which turns out not to be as well 
suited to our problem as.the one which we apply here. 
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Fic.1. f(a) vs a. 


The function f(a) is a rather slowly varying function 
of a, as may be seen in Fig. 1. In the perturbation theory 
limit, J;=0, x,=1, and f(a)=1, so that we get the 
correct weak-coupling value for the mobility.® 


® See reference 1 or footnote 4 of reference 8 for the correction 
of the earlier published values. 
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It is worth noting that although the function f(a) is 
very nearly unity for coupling strengths encountered 
in polar crystals, the dependence of uw on (m/m*)3 
=(1+a/6)- leads to the conclusion that the crystal 
mass m is rather smaller than one would estimate from 
mobility experiments using the perturbation-theoretic 
expression for free mobility. Thus for the experiments 
of Breckenridge and Hosler™ on TiOs, we find m=~9m, 
in place of the considerably higher value m=29m, 
obtained by using the correct perturbation theoretic 
value for their sample 750. 

We will be surprised if our expression for the mo- 
bility turns out to be wrong by more than 30 percent 
in the temperature and coupling region we have con- 
sidered. 

We should like to thank Professor John Bardeen and 
Professor Tsung-Dao Lee for stimulating discussions on 
this subject and related problems. 


1 R. G. Breckenridge and W. R. Hosler, Phys. Rev. 91, 793 
1953). 
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Neutron Irradiation Effects in Cu and Al at 80°K* 


A. W. McReynotps, W. AuGusTyNIAK, MARILYN McKeown, Brookhaven National Laboratory, Upton, New York 


AND 


D. B. RosENBLATT, Pitman-Dunn Laboratories, Frankford Arsenal, Philadelphia, Pennsylvania 
(Received December 31, 1954) 


A cryostat is described for pile neutron irradiation in the BNL reactor of samples at liquid nitrogen 
temperature. One-month irradiation resulted in resistivity increases of 20 and 33 percent for Cu and Al, 
respectively, at 80°K, and increases by about a factor of 5 in critical shear stress for both. Subsequent 
studies of the kinetics of recovery processes were made by a number of isothermal annealing curves at 
various temperatures from —80°C to 500°C. In copper, two-thirds of the resistivity effect anneals out from 
—80° to 20°C, activation energy ~0.6 ev, with no decrease in critical shear stress effect. Both effects then 
anneal together near 320°C, with energy 2 ev. In aluminum, both effects completely anneal out together 
near —60°, with 0.55 ev energy. Data are correlated with diffusion activation energy for lattice defects. 


I, INTRODUCTION 


FAST nuclear particle passing through a crystal 
lattice ejects a number of atoms from their sites 
by collision. The effects of the resulting lattice defects 
on the physical properties have been extensively studied 
in the past few years. The defects may reasonably be 
assumed to be initially primarily vacancies, interstitials 
or clusters of these. In general however the nature of 
the defects, their effect on physical properties, or the 
kinetics of their motion and recombination are not yet 
well established. The present studies were directed 
toward further information on these three points, 
through observations on the kinetics of the annealing 
process by which radiation effects are healed. 
It has been shown in prior work that although semi- 


* Under the auspices of the U. S. Atomic Energy Commission 


conducting and insulating crystals show large effects, 
particularly in electrical and optical properties, from 
pile irradiation, the effects in metals are much smaller.’ 
This is partly accounted for by the lesser sensitivity of 
metals to small numbers of defects. It was also assumed, 
as is now verified by these and other experiments,” ~* 
that a large fraction or all of the radiation induced 
lattice defects may anneal out rapidly even at room 
temperature, although higher temperatures are re- 
quired for diffusion and for annealing of dislocations. 
In order to “freeze in” the radiation effects apparatus 

1 Review articles of earlier work are: D. S. Billington and 
S. Siegel, Metal Progr. 58, 847-52 (1950); J. C. Slater, J. Appl. 
Phys. 22, 237-56 (1951); F. Seitz, Discussions Faraday Soc. 5, 
271-82 (1949); G. J. Dienes, Ann. Rev. Nuc. Sci. 2, 187 (1953). 

2 Albert W. Overhauser, Phys. Rev. 90, 393 (1953). 

3 Marx, Cooper, and Henderson, Phys. Rev. 88, 106 (1952). 

4R. R. Eggleston, Acta Metallurgica I, 679 (1953). 
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has been developed for keeping samples at the center 
of the BNL nuclear reactor continuously at liquid 
nitrogen temperature for long periods of time. At this 
temperature even such defects as interstitial atoms and 
lattice vacancies should be relatively stable. On the 
other hand, although the macroscopic temperature is 
low, a large amount of ionization energy is dissipated in 
the collision processes causing intense local heating in 
just the small region around the defects. It might be 
expected then that some immediate rearrangement 
would partly heal the defects. It has been indicated by 
Brooks’ that most likely this local heat is dissipated 
through the electronic system too rapidly to be com- 
municated to the nuclei as vibrational energy. This 
conclusion is substantiated by the present results of 
low temperature neutron irradiations and results of low 
temperature cyclotron deuteron bombardments,?* both 
of which indicate that a significant amount of damage 
can be frozen in. 

In order to correlate measurements on various physi- 
cal properties, a large number of identically prepared 
wires of two face-centered cubic metals were simul- 
taneously irradiated. Dimensions were chosen to be 
suitable for subsequent measurements of electrical 
resistivity, elastic plastic, and anelastic mechanical 
properties, as well as diffraction examinations of the 
structure. 

As described below, of these properties only electrical 
resistivity and critical shear stress were found to be 
suitable indices of the degree of radiation damage to 
the lattice. Electrical resistivity is convenient because 
it should be expected to vary roughly linearly with the 
number of any particular kind of defect, exhibits 
moderately large effects, and can be easily and precisely 
measured under a variety of experimental conditions. 
Critical shear stress, although more difficult and less 
precise to measure, has the advantages that it is sensi- 
tive to smaller amounts of irradiation and exhibits even 
larger changes of the order of a few hundred percent. 
Theoretically it is somewhat difficult to interpret 
quantitatively, but offers the possibility of studying the 
interaction of interstitial atoms and vacancies with 
dislocations. 


II. EXPERIMENTAL METHODS 


Production and observation of fast-neutron radiation 
effects on the samples required their irradiation near 
the center of the reactor for a period of the order of 
one month while maintaining continuously a tempera- 
ture near that of liquid nitrogen, and subsequent 
physical measurements while still at low temperature. 
Since development of a cryostat for the purpose in- 
volved mostly problems peculiar to reactors rather than 
the usual low-temperature techniques, general design 
considerations will be discussed briefly. The available 
radiation space in the BNL reactor is in the form of a 


5H. Brooks (private communication). 
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4-inch square hole extending through the shield and the 
graphite structure of the reactor. Coolant must be 
transferred from an external source horizontally along 
this hole to a suitably insulated container 18 feet from 
the outside wall. Further, a mechanism is required for 
removal of the samples in a manner not allowing 
appreciable temperature rise. 

Restrictive conditions inherent in reactor irradiations 
are: (1) Access holes through the shield for coolant and 
samples must be shielded to prevent radiation leakage. 
(2) Activation during radiation prevents removal of 
the cryostat for alteration or repair and necessitates 
heavily shielded handling facilities for samples removed. 
(3) Construction materials must be limited to a few 
elements which are not strongly activated by irradia- 
tion and which have low enough absorption cross 
section not to deplete the neutron flux through the 
sample. (4) Further, the physical properties of the 
construction materials must not be seriously affected 
by radiation damage (i.e., all plastics, waxes or oils, 
rubber, etc., are excluded, but metals or other crystals 
and glass may be used). (5) Absorption of y-ray and 
neutron flux generates heat directly in the sample and 
internal cryostat parts, so that the lower limit of heat 
input is determined rather by the mass of the system 
than by its insulation against thermal conduction from 
outside. (6) Since irradiations of the order of a month 
are required and it is essential that low temperature be 
uninterrupted during this period, an automatic control 
system for supply of coolant is necessary and must 
have small probability of operational failure. 

Several alternative systems were considered, in par- 
ticular, blowing in a continuous stream of cold Ne gas 
from a liquid N» tank outside the reactor, or circulating 
helium gas between the cryostat and an external liquid 
Ne tank by means of a compressor. Such methods of 
continuous circulation, however, require maintenance 
of low temperatures not only around the sample, but 
also along the entire 18-foot length of leads from the 
external apparatus. The consumption of liquid nitrogen 
is thus large because of the large area for thermal 
conduction and large mass of radiation absorbing ma- 
terial. It was therefore more satisfactory to have only a 
small volume around the samples kept cold by a small 
reservoir of liquid nitrogen inside the reactor, the 
reservoir being replenished by periodic additions of a 
few cubic centimeters of liquid. It was found that such 
small quantities of nitrogen could be projected by air 
pressure along a horizontal warm metal tube with loss 
of only about 30 percent between external tank and 
internal cryostat. 

The “irradiation cryostat” used is shown in Fig. 1. 
The inner quartz Dewar flask was designed to have as 
small mass as practicable and, since it had to be hori- 
zontal, a small mouth to minimize air circulation by 
convection. It is enclosed in a thin aluminum tank to 
which are connected five aluminum tubes leading out 
through the reactor shield. One of these, of 1-inch 
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Fic. 1. Irradiation cryostat installed in BNL nuclear reactor for 
irradiation of samples at liquid nitrogen temperature. Samples 
are inserted through tubes to the quartz Dewar flask in which a 
nitrogen reservoir is automatically maintained. 


diameter, is connected by a plastic tube to an outside 
container and used for periodic injections of liquid 
nitrogen. The other four parallel tubes, 0.400-inch inside 
diameter, permit insertion of four independent samples. 
The outer ends of these sample tubes are normally 
closed by shielding plugs allowing only an exit aperture 
for the nitrogen gas, so that the system is sealed against 
accumulation of moisture during prolonged operation. 
The sample containers are 6-inch long aluminum tubes, 
coupled at one end to a length of quartz tube. Because 
radiation heating of the sample necessitates good 
thermal contact with the coolant, the coupling is 
designed to allow one end of the aluminum tube to 
rest in the pool of nitrogen on the bottom. The quartz 
tube extends out of the cold region into the entrance 
tube. The sample containers can be inserted individually 
while the reactor is in operation by simply being pushed 
along the tube. For removal a small clip device is pushed 
in on the end of a steel wire to grip a knob on the end 
of the quartz tube to pull it out. The removal opera- 
tion could be accomplished with a time of 10-15 seconds 
between departure of sample from the inner cryostat 
and its storage in a shielded flask of liquid nitrogen 
outside the reactor. This is rapid enough both to prevent 
appreciable warming of the sample during removal and 
to make radiation exposure of operating personnel 
negligibly small. After removal from the reactor, 
samples can be stored indefinitely under liquid nitro- 
gen to allow decay of activation before making physical 
measurements. Automatic control of the cryostat is 
accomplished through a chromel-alumel thermocouple 
with junction located at the bottom of the quartz 
vacuum vessel and a Leeds and Northrup recording 
and controlling potentiometer. When temperature rises 
above a preset value, a control unit outside the pile 
applies compressed air pressure for a few seconds to 
the tank outside, injecting additional nitrogen. Since 
the neutron absorption cross section of nitrogen is 
small, but not negligible, it is desirable for maximum 
flux to keep only a small supply near the sample. 
Procedure for the two irradiations performed was 
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therefore to inject nitrogen for a period of about six 
seconds, a quantity of about 100 cc. After this had 
boiled away and the inside temperature had risen to 
—150°C, the controller initiated the next injection 
cycle. Under normal operating conditions, the time for 
one complete cycle ranged from 4 to 10 minutes and 
consumption of liquid nitrogen was one to two liters 
per hour, depending on reactor power level, mass and 
nature of samples, and operation features of the filling 
mechanism. Rate of heat absorption of the cryostat 
was measured to be about three times as great with the 
reactor at full power as from thermal conduction alone 
when the reactor was shut down. A dummy sample con- 
taining a thermocouple was used to verify, however, 
that radiation heating did not cause the sample tem- 
perature to exceed that recorded from the controlling 
thermocouple. It should be mentioned that the cryostat 
apparatus described and shown in Fig. 1 has been 
succeeded by a second model. The present BNL facility, 
which has been in operation about two years, has the 
same general operating characteristics, but uses an all 
aluminum system with continuously pumped evacuated 
space between inner and outer vessels. This revised 
apparatus was developed subsequent to these experi- 
ments by R. W. Powell, J. Fleeman, and others. 

The samples used in the measurements reported 
here were 99.99 percent pure copper and standard 2-S 
aluminum, both drawn into wire form. These materials 
were chosen primarily because there is a considerable 
body of information on their properties and secondarily 
because their nuclear properties, 13-hr half-life for Cu, 
2.3-min half-life for Al, make possible physical measure- 
ments without shielding precautions after a relatively 
short storage period. The copper was drawn into wires 
of 0.028-in. and 0.013-in. diameter, vacuum-annealed 
for two hours at 450°C, and furnace cooled before 
irradiation. The aluminum was drawn into 0.032-in. 
wire and also annealed for two hours at 450°C. The 
aluminum sample containers were filled with a number 
of identical 5-inch lengths of the annealed wires for 
simultaneous irradiation. The first irradiation was for a 
period of 30 days with an integrated neutron flux of 
approximately 1.1X10'*. The second group of samples 
was irradiated for the same time, but is not directly 
comparable to the first since a temporary apparatus 
breakdown after 15 days allowed temperature to rise 
for a few minutes to a maximum of about —50°C, 
resulting in an undetermined amount of annealing. 

Measurements of physical properties after irradiation 
were made without radiation shielding, and by tech- 
niques standard except for design of apparatus to allow 
installation of samples transferred at 80°K from the 
cryostat and to allow electrical and mechanical meas- 
urements on samples immersed in liquid nitrogen. 

Electrical resistivity was measured by passing 4 
current of a few amperes through the sample and com- 
paring by a Leeds and Northrup type K potentiometer 
the potential drops across the sample, an unirradiated 
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control sample, and a standard resistor. For measure- 
ments with the 0.013-inch copper wire, current and 
potential leads were soldered to each end of five-inch 
wires, all but a few millimeters of the end being kept 
immersed in liquid nitrogen to prevent annealing by 
the soldering process. The 0.028-inch copper and 
aluminum samples were mounted in a jig with four 
knife-edge contacts as current and potential leads. All 
measurements were made at 80°K, with the sample 
immersed in liquid nitrogen, the control sample being 
immersed in the same bath to correct for slight tempera- 
ture variations. Relative resistance measurements were 
accurate to 0.1 percent or better, but it was not at- 
tempted to measure dimensions of samples to this 
accuracy for determination of absolute resistivity. 
Apparatus is shown schematically in Fig. 2. Annealing 
was accomplished stepwise by rapid transfer of the 
sample holder to. a second liquid bath held at the 
desired temperature and returned to the nitrogen bath 
for measurement. Since the samples reached bath 
temperatures in a time of the order of a second, annealing 
intervals could thus be as little as ten seconds. For 
temperatures — 80°C to 50°C an alcohol bath was used, 
and for higher temperatures, oils, molten wax, or salt 
baths. 

Mechanical properties were studied by means of a 
torsion pendulum as illustrated in Fig. 2. The pendulum 
was suspended from an upper fiber of 0.004-inch diam- 
eter wire, which had negligible rigidity compared to 
the samples. The sample wires were held in pin vises 
or spring clamps at each end, the arrangement being 
such that installation could be made under liquid 
nitrogen. Torque could be applied to the system by a 
galvanometer-type arrangement of a magnetic coil on 
the pendulum between the poles of a permanent magnet, 
and deflection was measured by a conventional optical 
system. Natural frequency of torsional oscillation pro- 
vided a measure of elastic moduli, and decay of ampli- 





Fic. 2. (a) Torsion pendulum for low-temperature measure- 
ments of mechanical properties of irradiated wires. (b) Wire 
sample mounted for electrical resistivity measurements under 
nitrogen and annealing in liquid bath. 
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Fic. 3. Annealing of resistivity induced in Al wires by neutron 
irradiation. Annealing was in successive steps with all resistivity 
measurements made at 80°K. Initial resistivity refers to the 
irradiated state before any annealing. Dashed curve is of the form 


of Eq. (3). 


tude a measure of internal friction. Torsional stress- 
strain curves were obtained from current vs deflection 
data. Although plastic strain is nonuniform, flow be- 
ginning at the outer surface of the sample, the critical 
shear stress may be readily determined and is less 
dependent on sample geometry than in usual tensile 
tests. As in the case of the electrical resistivity, most 
measurements were made with the samples immersed 
in a flask of liquid nitrogen, and annealing between 
measurements was accomplished by rapid removal of 
the nitrogen flask and substitution of an alcohol bath 
at desired temperature. For annealing temperatures 
above 100°C, this method could not be used, and it was 
necessary to remove the sample for annealing in a wax 
or salt bath and replace it later. Since stress-strain 
curves were a destructive test, one sample was required 
for each run, and annealing was carried out before 
installation. 


Ill. RESULTS 
Resistivity 


Resistivity of the Al wires was measured in the 
irradiated condition and as a function of annealing 
time at temperatures of —40°, —50°, —60°, and 
—80°C. One sample was used for each temperature, 
and the annealing carried out in successive steps, with 
all measurements of resistivity being made at 80°K. 
Results are shown plotted in Fig. 3 as percent of the 
initial (irradiated) value. The corresponding value for 
fully annealed material could be determined more 
accurately by measurement after prolonged annealing 
than from data prior to irradiation, and is indicated in 
each case by the final points on the curve. If the assump- 
tion is made that the radiation induced excess resistivity 
depends linearly on the number of defects, and that 
these anneal out by a single process, the relation 


dR/dt=—kR* (1) 
should govern the isothermal annealing. This leads to 
R= Rye for n=1, (2) 
R=(ai+b)" for n=2, (3) 
R=(ai+b)-? for n=3. (4) 
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Fic. 4. Annealing data on Al wires from Figs. 3 and 9 plotted 
to determine heat of activation. Points represent the time to 
anneal out the indicated percent of the radiation induced excess 
resistivity and critical shear stress, respectively. 


The data in Fig. 3 are found to be fit fairly well by the 
second of these relations, n= 2, which is shown in the 
figure as the dashed curves, adjusted for fit at 50 
percent annealing. Such dependence on the square of 
the defect concentration seems reasonable if the anneal- 
ing process occurs by recombination of interstitial 
atoms and vacancies. Further, if the process is governed 
by a heat of activation, as would be expected if limited 
by diffusion rates, the rate constant a in Eqs. (1)—(3) 
should vary with temperature according to 


a=ape~=/*t, , 


where E is the activation energy. 

As pointed out by Parkins, Dienes, and Brown,* the 
heat of activation can be determined from a plot of 
In t versus 1/T, for equal degrees of annealing at different 
temperatures, regardless of the functional dependence 
of R on ¢ and T. Such a plot is shown in Fig. 4, for 
stages where excess resistivity has decreased by 40, 60, 
and 80 percent of its original value. The linearity and 
parallelism of these three curves demonstrates that the 
annealing is governed by a single activation energy 
over the range studied. The value derived is 


E=0.55 ev. 


Critical shear stress data included in the same figure 
will be discussed later. 

The annealing process in Cu as shown in Figs. 5 and 6 
is somewhat more complex and occurs in two or more 
distinct stages. For each temperature in the range 
—80°C to —20°C, the decrease of resistivity follows 
rather accurately from 10 to 10 000 seconds an equation 
of the form 


dR idR 
—=-—=F(1), (5) 
dint ¢ di 


where F(7) is a function of temperature but not time. 
6 Parkins, Dienes, and Brown, J: Appl. Phys. 22, 1012 (1951). 
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Thus, the progress of annealing is much too rapid at 
short times to be consistent with any of Eqs. (1-4) as 
comparison with Fig. 4 indicates. This result is also in 
contrast with Overhauser’s measurements on deuteron- 
irradiated copper, which were found to fit Eq. (2) with 
n=2.5. With increasing temperatures, the data show 
some indication of a second stage in the annealing 
process less dependent on temperature. Although an- 
nealing appears nearly completed at 1000 seconds at 
20°C, it continues at about the same rate after 1000 
seconds at 100°C. Relative heights of the curves for 
various temperatures in Fig. 5 cannot be compared 
significantly, however, since slight variations between 
samples in the amount of accidental annealing during 
soldering of electrical leads affects this comparison. It is, 
therefore, possible to derive only a rather rough value 
of the activation energy: 


E=0.6 ev. 


A considerable fraction of the radiation effect is still 
retained at these temperatures and first begins to anneal 
out appreciably in the temperature range 300-350°C. 
Annealing curves for 300°, 325°, and 350°C are shown 





100 


o 0 
oa 0 


o 


PERCENT INITIAL RESISTIVITY 
© © © © © 
Nw fF Oa 











100 10% 10 
ANNEALING TIME -SECONDS 


Fic. 5. Annealing of resistivity induced in 0.013-in. Cu wires 
by neutron irradiation. Measurements at 80°K. Curves indicate 
annealing processes with approximately logarithmic decrease of 
resistance with time. 
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Fic. 6. Annealing of resistivity induced in 0.013-in. Cu wires 
by neutron irradiation. Initial resistivity refers to the state after 
long anneal at 20°C to complete 11 percent reduction in resistivity 
by the low-temperature process. 
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in Fig. 6. Initial resistivity in this case refers to the 
state of samples irradiated at low temperature but 
subsequently stored for 48 hours at room temperature 
to allow the lower-temperature process to go sub- 
stantially to completion. Since the shortest annealing 
times at high temperature were one minute, only the 
latter parts of the curves appear in Fig. 6. It is never- 
theless possible to derive an approximate value for the 
activation energy of this higher-temperature process: 


E=2.0 ev. 


Critical Shear Stress 


Critical shear stress was measured from stress-strain 
curves, or rather torque vs deflection curves for the 
torsion pendulum. Typical data are shown in Fig. 7, 
where the horizontal scale represents maximum shear 
strain at the surface where the first plastic flow occurs. 
Irradiation is seen to produce an increase of approxi- 
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Fic. 7(a). Torsional stress vs strain for Al wires after 30-day 
neutron irradiation at 80°K and after subsequent 10-minute room 
temperature anneal. Strain refers to the maximum value at wire 
surface. 
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c Fic. 7(b). Torsional stress vs strain for Cu wires after 30-day 
ltradiation at 80°K, and after high-temperature anneals. Critical 
Shear stress values were determined from each curve. 
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Fic. 8. Annealing of Al wires hardened by 30-day neutron 
irradiation at 80°K. Each critical shear stress point is determined 
from the torsional stress-strain curve on one sample, as in 
Fig. 7(a). 


mately a factor of 6 in the critical shear stress of Al. As 
compared with resistivity, critical shear stress is an 
inherently imprecise quantity, depending on the extent 
of deviation from elastic behavior chosen as a criterion 
of beginning of plastic flow. Using the criterion of 
2X10~* plastic strain, a series of stress-strain curves 
were taken after different annealing times. In Fig. 8 
each point represents the critical shear stress determined 
from one stress strain curve. As in the case of resistivity 
data, a heat of activation can be determined by plotting 
In ¢t vs 1/T for equal amounts of annealing at the three 
temperatures. These points, shown in Fig. 4, demon- 
strate that annealing of both resistivity and critical 
shear stress is governed by the same heat of activation, 
since the families of lines lie parallel to each other. 
Comparison of the two sets of curves shows further 
that longer times are required to reach a given stage of 
annealing in critical shear stress. It may be concluded 
that a smaller number of residual defects are necessary 
for the same relative effect, that is, the radiation effect 
on critical shear stress approaches saturation more 
nearly than for resistivity. 

The annealing effects on critical shear stress in copper 
were similarly measured, with results as shown in 
Figs. 7(b), 9, and 10. As for aluminum a large increase 
in strength results from irradiation, but in copper very 
little annealing occurs below 300°C [Fig. 7(b)]. In 
Fig. 9 each point is derived from one stress-strain 
curve, the samples having been annealed 10 minutes 
each at different temperatures. The shear-strength 
drops rapidly between 300° and 400°C then more 
slowly. Further softening at 500°C and above cannot 
be unambiguously attributed to removal of lattice 
defects since at these temperatures some grain growth 
is also possible. A series of critical shear stresses were 
determined after different times and temperatures of 
annealing as seen in Fig. 10. The isothermal annealing 
curves are of a general form consistent with decay of 
irradiation effects according to either Eq. (2) or Eq. (3). 
As for aluminum the annealing of resistivity occurs 
somewhat more rapidly but nearly enough in the same 
temperature range to establish that both result from the 
same process. The activation energy determined as 
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_ Fic. 9. Annealing of Cu wires hardened by 30-day neutron 
irradiation at 80°K. Each sample was annealed 10 minutes at 
the indicated temperature. 
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Fic. 10. Annealing of Cu wires hardened by 30-day neutron 
irradiation at 80°K. Each point was determined from one stress- 
strain curve, as in Fig. 7(b), 


described above is E=1.9 ev. The activation energies 
for the various annealing properties studied may be 
summarized in Table I. . 


Other Physical Properties 


The irradiation effects on some other physical proper- 
ties were investigated to the extent of determining their 
suitability as an index of radiation damage. In each 
case the effect was found not suitably large compared 
to expected accuracy of measurement. The torsional 
rigidity modulus was measured by the natural frequency 
of the torsional pendulum and found not to change on 
annealing by an amount greater than the }-percent 
reproducibility attainable in replacing samples after 
annealing. Internal damping effect likewise was found 
not to exceed the somewhat larger experimental error 
resulting from extreme sensitivity of such samples to 
slight plastic deformation. Warren’ found that Cu—Si 
single crystals irradiated at the same time as the Cu 
and Al specimens and examined subsequently at Massa- 
chusetts Institute of Technology showed negligible x-ray 
diffraction line broadening. 


Discussion 


The observed annealing effects in copper occur in 
two more or less distinguishable stages up to room tem- 
peratures, with a third stage at around 300°C. At the 


7B. E. Warren (private communication). 


McREYNOLDS, AUGUSTYNIAK, 
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lowest temperatures studied, —80° to —40°C, the time 
rate of decrease of resistivity is proportional to 1/¢ over 
the entire range, beginning at a few seconds. Thus the 
rate is initially very high but rapidly decreases. Such 
behavior could be accounted for as a distribution of 
activation energies, ranging from 0 to 0.6 ev, the lower 
energy processes going to completion in the early 
stages. Alternatively, with the more specific model of 
vacancy-interstitial recombination, it can be accounted 
for by the additional assumption of a distribution of 
initial spacing between pairs. Annihilation would be- 
come slower as close spaced pairs disappeared first. In 
the next temperature range, —20° to 40°C the curves 
conform more nearly to a bimolecular form, [Eq. (3) ] 
with a single activation energy of around 0.6 ev. These 
results seem consistent with several recent studies on 
resistivity effects from deuteron bombardment by 
Overhauser? and by Marx,’ from a-particle bombard- 
ment by Eggleston,‘ and from mechanical deformation 
by Manintveld® and by Eggleston.® These various in- 
vestigations, which are reviewed by Broom,” all showed 
a low activation energy of 0.2-0.25 ev at temperatures 
~— 100°C, then a second activation energy of 0.67-0.88 
ev at temperatures ~0°C. Overhauser’ found activation 
energies increasing linearly with temperature up to 
— 30°C above which a single energy prevailed. His one 
isothermal curve, at —18°C corresponded to Eq. (1) 
with m= 2.5 rather than m= 2 as for a bimolecular recom- 
bination. A distribution in initial pair spacings, which 
he suggests to explain the apparent spread of activation 
energies, might also be expected to distort the shape of 
the isothermal annealing curve, however. 

Those lattice defects which are annealed out in the 
above low-temperature stages are responsible for the 
major part of the radiation induced excess resistivity. 
It is interesting, however, that their removal has 
negligible effect on the critical shear stress. It remains 
high until, around 300°C, there is reached another 
annealing stage in which both the remaining excess 
resistivity and the increase in critical shear stress are 
removed, presumably by disappearance of a different 
type lattice defect. The associated activation energy of 
~2 ev is in accord with Eggleston’s observed 2.12-ev 
energy for a-particle induced resistivity effect, as well 
as Redman, Coltman, and Blewitt’s!"' measurement of a 


TaBLE I. Activation energies for annealing of neutron 
irradiation effects. 








Activation energy—ev 
Resistivity Critical shear stress 


0.55 0.55 


Temperature range 
°, 





Al — 80° to —20° 


—80° to —20° 0.6 
Cu 300° to 350° 2.0 


(no effect) 
1.9 








8 J. A. Manintveld, Nature 169, 623 (1952). 

9R. R. Eggleston, J. Appl. Phys. 23, 1400 (1952). 

10 T. Broom, Phil. Mag. 3, 26 (1954). 

11 Redman, Coltman, and Blewitt, Phys. Rev. 91, 448 (1953). 





NEUTRON IRRADIATION 


2.2-ev activation energy in critical shear stress effect of 
neutron irradiation on copper single crystals. All three 
values are in agreement with the energy 2.07 ev for 
self-diffusion in copper as reported by Meier and 
Nelson.” 

In the case of aluminum, where the temperature 
ranges for annealing are lower, the situation is some- 
what simpler than for copper, since only one stage of 
annealing is observed. Also, there is unfortunately little 
previous work for comparison. By analogy with copper, 
also a face-centered structure, one might expect a 
qualitatively similar sequence of annealing stages. For 
aluminum, both resistivity and critical shear stress are 
restored to the fully annealed state in the —80° to 
-40°C process, which would seem therefore to be 
comparable to the 300°-350°C process in copper. There 
is further evidence of the correspondence of these two 
stages in that the aluminum isothermal annealing curve 
follows the bimolecular form of Eq. (3), consistent with 
the high temperature data for copper but in definite 
contrast to curves for copper at room temperature and 
below. A third test of the analogy between copper and 
aluminum would be equality of the activation energies 
for the annealing process and for self-diffusion, but 
data for aluminum self-diffusion are lacking, primarily 
because of the absence of a suitable radioactive tracer 
isotope. Indirect values from magnetic resonance 
methods by Seymour! and from consideration of 
dilute solution diffusion by Nowick™ give 0.9 ev and 
1.4 ev, respectively. Both are much greater than the 
0.55 ev found for annealing of radiation effects. If the 
analogy is nevertheless considered valid, other stages 
of radiation annealing in aluminum are to be expected 
at much lower temperatures. These would not have 
been observed in our experiments with — 150°C irradi- 
ation, 

Although our data plus those of the various references 
quoted show a consistent pattern in the annealing 
kinetics of resistivity and critical shear stress of the 
two materials, they are still hardly sufficient for definite 
identification of the lattice defects involved. One may 
set up a rather speculative general model however. The 
initial state of the irradiated metal must involve a 
distribution of interstitials and vacancies. With in- 
creasing temperature one of these will become mobile 
enough to diffuse through the lattice. According to 
Huntington’s" calculations the interstitials should have 
lower activation energy (around 0.25 ev) and diffuse 
first. Removal of defects can then proceed by annihila- 


2M. S. Meier and H. R. Nelson, Trans. Am. Inst. Mining 
Met. Engrs. 147, 39 (1942). 

4 F, W. Seymour, Proc. Phys. Soc. (London) A66, 85 (1953). 

4 A. S. Nowick, J. Appl. Phys. 22, 1182 (1951). 

16H. B. Huntington, Phys. Rev. 91, 1092 (1953). 


BPP eCGrRS IN Cu AND Al 425 
tion of pairs. A spread of activation energies may be 
expected both from the initial nonuniform distribution 
and from the fact that both vacancy and interstitital 
diffusion is involved. These single defects have large 
effect on resistivity but not necessarily on shear 
strength. Not all of the single defects are removed by 
recombination however, many diffusing instead to dis- 
locations and either by settling there or by changing 
the shape and position of the dislocation edge, im- 
peding its motion. At this stage the configuration is 
relatively stable and results in some increase in re- 
sistivity and a large increase in shear strength. In order 
for further annealing to occur, temperatures must be 
reached at which appreciable self-diffusion occurs, that 
is, at which thermal energy is sufficient for both 
creation and diffusion of vacancies. 

Observations and tentative interpretations are sum- 
marized below: 


(1) Neutron irradiation with total flux 1.110" 
n/cm? causes increases in electrical resistivity of copper 
and aluminum by about 20 and 33 percent, respectively, 
and increases by about a factor of 5 in critical shear 
stress for both. 

(2) In the range —80° to +20°C, two-thirds of the 
resistivity effect in copper anneals out with no decrease 
in the critical shear stress effect. This process is to be 
associated with the removal from the lattice of vacancy 
and interstitial defects by diffusion and probably 
annihilation. There is evidence of a spread of activation 
energies up to 0.6 ev. 

(3) In the range 300° to 350°C another stage of 
annealing in copper removes the remaining resistivity 
effect and all of the critical shear stress effect simul- 
taneously, with activation energy 1.9 to 2 ev. This 
process is associated with ordinary self-diffusion, where 
creation of new vacancies and their diffusion is made 
possible by thermal energy. The shear strength removed 
in this process probably results from impedance of mo- 
tion of dislocations by their interaction with vacancies 
and interstitials which diffused to them in the lower 
temperature processes. 

(4) In aluminum both the resistivity and critical 
shear stress effects of irradiation anneal out together in 
the temperature range around —60°C, with activation 
energy 0.55 ev. There is evidence that this process is 
analogous to the 320° process in copper. Other annealing 
stages are, therefore, to be expected at low tem- 
peratures. 


The authors are indebted to R. A. Meyer for design 
work on the irradiation facility and to G. H. Vineyard, 
G. J. Dienes, and others for discussions of the interpre- 
tation of the results. 
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The paramagnetic resonance spectra of four different infrared stimulable strontium sulfide phosphors 
have been investigated. The hyperfine spectrum in SrS:Eu,Sm phosphor confirms the existence of divalent 
europium. The quantum efficiency in this phosphor is less than 1 photon per 10 europium activators. The 
ground state of europium is split by 0.18 cm because of spin-orbit coupling in a cubic field. The manganese 
spectrum in a solid solution of strontium sulfide and selenide is discussed. 





INTRODUCTION 


ES ger processes involved in fluorescence and phos- 
phorescence of inorganic phosphors are at 
present imperfectly understood. Most of these 
phosphors contain paramagnetic activators, which 
form luminescent centers or traps. These paramagnetic 
ions are in a definite valence state and may lose or 
gain electrons in these processes. In many cases the 
valency of these activators is not known with certainty 
or can only be inferred with difficulty from chemical 
or spectroscopic evidence. Often there are auxiliary 
activators present in the phosphor. These may have 
been incorporated without knowledge or design into 
the lattice of the host material, and owe their origin 
to the impurity of the chemical substances of which the 
phosphor is made. Moreover, there is at present no 
direct way of measuring the number of activators 
taking part in these processes. 

Paramagnetic resonance is an ideal method for 
studying the valence state of paramagnetic impurities, 
as each ion of different valence state has a separate 
spectrum. It gives, moreover, information as to the 
number of paramagnetic ions per unit cell and an 
indication of their location in a single crystal. Un- 
fortunately it is very difficult to grow single-crystal 
phosphors. In general, phosphorescent substances are 
available only in powdered form. 

As the paramagnetic spectrum is a function of the 
orientation of the crystalline electric field with respect 
to the external magnetic field, the resonance lines are 
very much broadened due to the random orientation 
of the crystallites. Only in a few cases, where the 
spectrum shows little anisotropy, is information easily 
obtained. This fact limits the impurities which can be 
studied in this manner to a restricted group, in the 
main to divalent manganese, divalent europium, and 
trivalent gadolinium. These paramagnetic ions have 
an S ground state; their spectra are centered around 
g=2.00 (g is the gyromagnetic ratio of the electron 
spin) and can be studied at room temperature. 

This paper reports some new results on powdered 
phosphors which contain divalent europium or divalent 
manganese. These strontium sulfide phosphors are 
activated by two impurities, a dominant activator, 
presumably the luminescent center, and the auxiliary 


activator, probably the electron trap. The crystal 
structure of strontium sulfide is of cubic symmetry,! 
and, therefore, no undue complications caused by low- 
order symmetries of the crystalline field were anticipated 
in the interpretation of the spectrum. 

The paramagnetic spectrum of divalent manganese 
has been intensively studied. The ground state is 
S52. Experiments of Bleaney and Ingram? on man- 
ganese salts and the interpretation of the spectrum by 
Abragam and Pryce*® have shown that the six-fold 
degeneracy is removed mainly because of the noncubic 
portion of the field in the salts studied. A very pro- 
nounced hyperfine structure due to the magnetic 
moment of Mn* has been found. This has been ex- 
plained as arising from an unpaired electron because of 
configurational interaction in which a 3s electron is 
promoted to the 4s state. 

Schneider and England‘ and Hershberger and 
Leifer’ have investigated ZnS phosphors activated 
with manganese. They find that hexagonal ZnS gives a 
complicated spectrum, while cubic ZnS shows only 
the central six lines so characteristic of the hyperfine 
structure spectrum of manganese. In the phosphor 
discussed here, the crystal host consisted of a solid 
solution of cubic strontium sulfide and strontium 
selenide. It was interesting to find out to what extent 
the diamagnetic neighbors influence the hyperfine 
structure. 

Divalent europium has a half-filled 4f shell and, 
therefore, a ground state of 8S7/2. In a cubic field the 
ground state is split into a twofold degenerate level, 
followed by a fourfold, and then again by a twofold 
degenerate level. The ratio of the separation of the 
levels is 5:3. A theory of the splitting of the energy 
levels in the presence of an external field for various 
directions of the crystalline axes with respect to this 
field has been developed by DeBoer and van Lieshout* 


1R. W. G. Wycoff, Crystal Structures (Interscience Publishers, 
New York, 1948). 
2B. Bleaney and D. J. E. Ingram, Proc. Roy. Soc. (London) 
A205, 336 (1951). 
3A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
— 135 (1951). 
E. E. Schneider and T. S. England, Physica 17, 221 (1951). 

( oW. D. Hershberger and H. N. Leifer, Phys. Rev. 88, 714 
1952). 

6 J. DeBoer and R. Van Lieshout, Physica 15, 568, (1949). 
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for trivalent gadolinium in a cubic field. This theory 
should also apply to divalent europium. A hyperfine 
spectrum resulting from the magnetic moments of the 
two isotopes of europium was found by Bleaney and 
Low’ while investigating one of these phosphors. This 
paper is not concerned with the nuclear information 
derived from this spectrum but mainly with the impli- 
cations of the spectrum as far as these phosphors are 
concerned, 


PROPERTIES OF THE PHOSPHORS INVESTIGATED 


The phosphors for which the paramagnetic resonance 
spectra were examined are all infrared-stimulable. 
They all have two or more rare earth activators. They 
are SrS:Eu,Sm (Std. VI); SrS:SrSe:Eu,Sm (B 1); 
SrS:Ce,Sm (Std. VII); and one experimental phosphor 
similar to B 1 but containing in addition Mn (and a 
little gadolinium). The dominant activators (Eu, 
Ce - - +) constituted less than one part per ten 
thousand per mole of strontium sulfide, and the 
auxiliary activator (Sm) about 5-10 times this amount. 

Considerable experimental work has been done on the 
optical,“ photoconductive,?*= and _ electrolumi- 
nescent properties of these phosphors. Their optical 
characteristics can best be explained by a concrete 
example of Std. VI. This phosphor can be excited by 
blue or ultraviolet light. It stores the energy, and on 
subsequent illumination by infrared radiation it emits 
visible light. The usual explanation of the mechanism 
of infrared stimulability is illustrated in Fig. 1. Blue 
light (Av;) excites the luminescent center, which is 
the dominant activator, in our example divalent 
europium is ionized and loses an electron to the conduc- 
tio band. The electron is captured by a low-lying 
trap, the auxiliary activator (trivalent samarium). 
The energy level of samarium is only 1.25 ev below 
the conduction band, and infrared light (v2) can, 
therefore, ionize the auxiliary activator. The electron 
is captured by a trivalent europium ion and emits 
visible light (dv). 

These events can be written as chemical reactions 
as follows: 


Eu**+ hy, Eu**+ ¢, 
Sm*+-+ ¢-—Sm?* ; 


Sm?*+ hy.—Sm**-+ e, 
Eu*++ e—Eu?+-+ hp . 


Excitation: 


(1) 


Stimulation: 


aoe) Bleaney and W. Low, Proc. Phys. Soc. (London) 68, 55 

*Urbach, Pearlman, and Hemmendiger, J. Opt. Soc. Am. 36, 
373 (1946). 

°G. Fonda and F. Seitz, Preparations and Characteristics of 
Solid Luminescent Materials (John Wiley and Sons Inc., New 
York, 1948). 

P. Brauer, Z. Naturforsch. 1, 70 (1946); 2a, 238 (1947). 

1 F, Stockmann, Naturwiss. 10, 226 (1952). 

® Low, Braun, and Steinberger, J. Opt. Soc. Am. 44, 88 (1954). 

8 J. J. Dropkin, ‘“Photoconduction in Phosphors” Polytechnic 
Institute of Brooklyn, 1954 (unpublished). 

“ Low, Steinberger, and Braun, J. Opt. Soc. Am. 44, 504 (1954). 
(A full report is in preparation.) 
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Fic. 1. Schematic picture of energy bands and levels 
in an infrared storage phosphor. 








In the case of Std. VII the cerium changes valencies 
from a trivalent to a quadrivalent state. 

This picture accounts for the fact that the wavelength 
of the emitted light (Av;) differs for the various 
phosphors, whereas the peak stimulation frequency is 
substantially the same for all these phosphors. The 
emitted light is a characteristic of the dominant 
activator, whereas the stimulation frequency is a 
function of the auxiliary activator Sm, common to all 
these phosphors. 

To substantiate this picture it would be necessary 
to show that the activators are in the unexcited state 
in their proper valencies and that these valencies 
change on excitation. There is some evidence’ that 
there is trivalent samarium in the unexcited phosphor. 
The evidence that europium is in the divalent state is 
not so conclusive. No characteristic line spectrum,’ 
so peculiar to trivalent europium, has been found. 


EXPERIMENTAL RESULTS 


All measurements were made at 3 cm, and a range of 
0-6000 gauss was scanned, at room, liquid oxygen, and 
liquid hydrogen temperatures. The apparatus was the 
standard 3-cm setup used at the Clarendon Laboratory.” 
In the case of Std. VI, the influence of ultraviolet light 
on the paramagnetic spectrum was investigated. This 
was done by removing the sample from the cavity, 
placing it in a wide glass vessel, and exposing it to 
very strong ultraviolet light for half an hour. The 
glass vessel was shaken off and on to make sure that 
as many grains as possible were exposed to the radiation. 
The signal to noise ratio was compared before and 
after excitation. While the results were not entirely 
reproducible, because of instability of the oscillator, 
and because the cavity was not always filled to the 
same level, one can conservatively estimate that 
changes of 10 percent would have been observable. 

Std. VI.—Three phosphors of slightly different 
europium-to-samarium ratio and of different phosphor 


18 R, Tomaschek, Ergeb. exakt. Naturw. 20, 268 (1942). 
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Fic. 2. The paramagnetic resonance spectrum of SrS:Eu,Sm. 
The hyperfine spectrum consists of two groups of 6 lines due to the 
two europium isotopes with nuclear spins of 5/2. It confirms the 
presence of divalent europium in this phosphor. 


grain sizes were investigated. The same spectrum was 
obtained at all times and at all temperatures. The 
observed spectrum is shown schematically in Fig. 2. 
These twelve lines were superimposed on a very broad 
line of roughly 100 gauss total width. The spectrum 
was centered around g=2.00. The signal increased 
with the amount of sample in the cavity without any 
noticeable broadening. The lines were very narrow, the 
half-width at half-intensity being slightly less than 2 
gauss. As will be discussed later, the spectrum can be 
resolved into two groups of six lines each of nearly 
equal intensity, corresponding to the relative abundance 
of the two europium isotopes (47.8 percent and 52.2 
percent).!6 

B 1.—This phosphor, containing Eu and Sm in a 
solid solution of SrS and SrSe, shows a broad line of 
roughly 100 gauss centered around g=2.00. There 
seemed to be some components superimposed on this 
line but of such small intensity*that no quantitative 
measurements were made. Only one sample was tested. 

B 1 with additional manganese-—The spectrum is 
shown in Fig. 3, as seen at room temperature. At 
liquid hydrogen temperature the spectrum saturates 
and broadens so that only 6 lines are seen. The spectrum 
is centered around g=2.00. The half-width at half- 
intensity was about 4-5 gauss. The two center lines 
were broader and could not be resolved into two 
components. The spectrum can be reconstructed as two 
groups of 6 lines, with the center of gravity of these 
lines nearly coinciding. The separation of the outermost 
components is 475 gauss, corresponding to a hyperfine 
structure constant A=95 gauss; and of the next inner 
components 460 gauss, corresponding to A4=92 gauss. 
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Fic. 3. The paramagnetic resonance spectrum of Mn?** in a 
SrS:SrSe phosphor. The spectrum is centered around g=2.00. 


16Q. C. Hess, Phys. Rev. 74, 773 (1948). 
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Sid. VII.—This line shows a fairly strong line close 
to g=2.00 at room temperature (see Fig. 4). At liquid 
oxygen and liquid hydrogen temperatures, one can 
resolve two additional lines of smaller intensity asym- 
metrically placed with respect to the center line. 
Besides, at least two weaker components could be 
seen on the oscilloscope. In addition, there is at liquid 
hydrogen temperature a very intense, bell-shaped 
line of about 100 gauss total width at g=1.33. This 
line disappears at liquid oxygen temperature. Various 
phosphors were investigated, and in all phosphors 
essentially the same spectrum was obtained. Those 
phosphors which were made with LiF flux showed 
slightly greater absorption. 


INTERPRETATION OF RESULTS 


There are two kinds of spectra to be considered, 
those which contain only rare earth activators and 
those which have manganese in addition. In the former 
the magnetic carriers are the 4/ electrons, and in the 
latter those in the 3d shell. In the ion group the 3d 
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Fic. 4. The paramagnetic resonance spectrum of SrS:Ce,Sm. 
The spectrum is centered around g=2.00. The question mark 
indicates that the line was about of noise level intensity and could 
not be determined with any certainty. 


shell is the outermost shell and is, therefore, exposed to 
very strong crystalline electric fields. The orbital 
component contributes only slightly to the spectro- 
scopic splitting factor through spin-orbit coupling. 
The g factors of the iron group are, in general, close to 
two and show little anisotropy. 

In the rare earth group the crystal field is much 
smaller than in the iron group and even less than the 
spin-orbit interaction. This is due to the fact that the 
4f electrons are partially shielded by the 5s°5° electron 
shells and, therefore, do not feel the total neighboring 
charge, and is also due to the larger distance from the 
diamagnetic neighbors. The g factors in the rare earth 
group show considerable anisotropy and vary consider- 
ably from the value two. The relaxation time is, in 
general, much shorter than in the iron group and, 
therefore, in many cases can only be detected at very 
low temperatures. 

Std VI (SrS:Eu,Sm).—As previously outlined, we 
may expect that the activators will have the following 
valencies: Eu?+, Eu*t, Sm*+, Sm*+. The ground state 
of Eu*+ and Sm? is 7Fo and would not show any 
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resonance spectrum. The spectrum of Sm** has been 
found in an ethyl sulfate crystal.!” It can only be 
| detected at very high magnetic fields (gy=0.596, 
g,=0.604) and at temperatures lower than liquid 
hydrogen. We would, therefore, not expect to detect 
this spectrum with the magnetic field and temperatures 
employed. The ground state of divalent europium is 
8§/2. Its eightfold degeneracy is partially removed by 
| means of the spin-orbit coupling in the cubic field. 
DeBoer and van Lieshout® calculated theoretically the 
| energy levels in an external magnetic field. They find 
that the spectrum is strongly dependent on the orien- 
tation of the magnetic field with respect to the crystal- 
line electric field axes. In the powder only the 3-—3 
transition is observed. The energy levels in a strong 
field are given by 


Ex;= +BH+[(5/4)+ (45/4)¢ lb018°/8H+ +++, 


a) = 35/128— (1135/64)¢ 
+ (10875/128)¢?— (3675/32)y, 


where ¢ and y are the direction cosines of the magnetic 
field with respect the cubic axes x, y, z. That is, 


o=4a70,/+4,7a/7+a/a/, 
y=a7a,’a,’, 


and 86 is the over-all splitting at zero magnetic field 
due to spin-orbit interaction in a cubic field. The 
central transition then is given by 


hy= E,,—E_,=g8H+ 2a,5°/BH, (3) 


| where g= 2.0023. 
| The spectrum observed confirms the presence of 
Eu*+. The narrow lines indicate that the spectrum 
must indeed be isotropic. The measured g factor is 
1.991,+0.001, very close to 2.0023. Assuming that the 
_ deviation from the free spin value is entirely due to 
| spin-orbit coupling (and not to spin-spin interaction 
arising in a distorted electron distribution), we can 
calculate the zero-field splitting. Using ¢=3, (¢?)w 
| =1/21, ~=1/1.5, one finds 6=0.023 cm™ and the 
over-all splitting 86=0.18 cm™. There are no experi- 
mental data from susceptibility measurements which 
might give the zero-field splitting for divalent europium. 
In trivalent gadolinium, which has the same ground 
state as divalent europium, in the salt Gd2(SO,)3-8H.0, 
Benzie and Cooke'® find a splitting of 0.94 cm™. In 
the paramagnetic spectrum of gadolinium ethyl- 
sulfate, Bleaney eé al.! find that the main splitting 
is due to spin-spin interactions in the noncubic field 
of these crystals. Nevertheless, they find that the g 
factor is also 1.991, indicating that the deviations of 
the g factor in both substances is probably due to 


" G. S. Bogle and H. E. M. Scovil, Proc. Phys. Soc. (London) 
A65, 368 (1952). 

18R. J. Benzie and A. H. Cooke, Proc. Phys. Soc. (London) 
A63, 213 (1950). 

® Bleaney, Scovil, and Trenam, Proc. Roy. Soc. (London) 
A223, 15 (1954). 
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spin-orbit coupling. This splitting should be compared 
with the cubic contribution of 0.0134 cm™ in the 
ferric alums” and the even smaller splitting of 0.001 
cm™ in the manganese salts.? This seems to support 
the contention that the splitting observed here is 
mainly due to spin-orbit coupling which is much 
weaker in the iron group. 

The nuclear information obtained from the hyperfine 
structure has been discussed elsewhere.’ The spectrum 
can be described by the formula: 


hv=g8H+Am+3(A2/hy){II+1)—m}, (4) 


with g=1.991,+0.001, A151=30.82+0.2, A1s53= 13.79 
+0.2 (A in units of 10~¢ cm). It confirms”! the nuclear 
spin of 5/2 for the two isotopes and gives the anomalous 
large ratio of the nuclear magnetic moments as 
M151/#153= 2.235+0.03. The hyperfine structure prob- 
ably has its origin in the configurational coupling of 
4s? 4f7 5s? and 4s? 4/7’ 5s 6s. This will not appreciably 
influence the theory of Elliott and Stevens.?? Rough 
calculations on erbium and other rare earth ethyl- 
sulfates, taking into account a configurational inter- 
action of this magnitude, show a slightly better agree- 
ment between the theory and the experimental data. 

The narrow lines observed with SrS might make it 
possible to observe the spectrum of trivalent gadolinium 
and see whether any hyperfine structure can be resolved. 
It is planned to try to make such a phosphor. 

The quantum efficiency of some of these phosphors 
has been studied. Urbach* reports that in some of 
Std. VI phosphors there is one photon emitted per 
three samarium activators. Ellickson,™ studying Std. 
VII, comes to the conclusion that only 1 photon is 
emitted per 8 samarium ions, and in his phosphor this 
corresponds to 1 photon per 60 cerium activators. In all 
these phosphors the dominant activator was present 
in larger quantities than the auxiliary activator. Their 
measurements involve the assumptions that (a) in 
the preparation of the phosphors the mole ratio of the 
components has not changed, i.e., that all the activators 
have been incorporated in the strontium sulfide 
lattice; and (b) that all the activators have the proper 
valencies before excitation so that they can contribute 
to the phosphorescence. If either of these assumptions 
should not be correct, the efficiency would be higher. 

The failure to observe any change in the signal-to- 
noise ratio in our measurements seems to indicate 
that the efficiency is less than one photon per 10 
europium ions. Unlike Urbach’s and _ Ellickson’s 
phosphors, these phosphors have a larger amount of 
samarium than europium as activators. 


2B. Bleaney and R. S. Trenam, Proc. Roy. Soc. (London) 
A223, 1 (1954). 

21H. Schuler and T. Schmidt, Z. Physik 94, 547 (1935). 

2 R. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A218, 553 (1953). 

%3 See reference 9, pp. 119. 

*R. T. Ellickson, J. Opt. Soc. Soc. Am. 36, 501 (1946). 
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B 1. (SrS:SrSe,Eu,Sm).—No information can be 
obtained. The spectrum is probably similar to Std. VI. 

B 1 with manganese (SrS:SrSe,Eu,Sm,Mn).—The 
spectrum of Mn?* has been discussed in detail by 
Bleaney and Ingram.? Abragam and Pryce*® showed 
that the spectrum in a pure cubic field could be repre- 
sented by 


5K= gBH-S+ (a/6) (S+S!+ S34) 
+A(SI)+B(SiI2+S,Iy), (5) 


where g is the spectroscopic splitting factor, 8 the Bohr 
magneton, H the external field, S the electron spin 
operator, J the nuclear spin operator, a the measure of 
zero-field splitting resulting from the cubic field 
interaction which has terms proportional to S;‘, So’, 
S;‘, where the S; are the components referred to the 
cubic axes. A and B are hyperfine structure constants 
of nearly equal magnitude. In case there is a noncubic 
portion of the symmetry, the energy levels will be 
split much more as the operator in this case would be 
quadratic in S. 

The hyperfine structure of Mn* has nearly a constant 
value in various salts investigated and is isotropic 
within a few percent. 

With a powder of cubic structure only the 3——} 
transition is observed,®> with its characteristic 6 
hyperfine lines. 

The spectrum observed, as shown in Fig. 3, shows in 
the main the spectrum of Mn?* incorporated in a cubic 
lattice of SrS. The splitting of the 6 lines into narrow 
doublets, with the center of gravity nearly constant, is 
somewhat puzzling. According to Abragam,”* the 
hyperfine structure is due to configurational interaction 
and should, therefore, be the property of the free ion. 
Possibly these two groups of 6 lines are due to the two 
nonequivalent manganese ions, one surrounded by 
sulfur, the other by selenide neighbors. This would 
indicate that the amount of configurational interaction 
might be dependent to a small degree on the crystalline 
surrounding. If a distortion in the cubic field be present, 
this would also produce a hyperfine structure but 
probably less than 10~* cm™, or less than 1 gauss. 

The sulfide to selenide ratio in these phosphors was 
of the order of 1:5. The signals of the two groups of 
lines was, however, of nearly equal intensity. If the 
above interpretation is correct, this would indicate 
that Mn** is more easily substituted in the strontium 
sulfide than in the strontium selenide. Further experi- 
ments with widely different ratios of selenide to sulfide 
might clarify this point. 

Std. VII (SrS:Ce,Sm).—Cerium can be in the 
divalent, trivalent, and quadrivalent states. In the 
quadrivalent state it is diamagnetic. In the trivalent 
state the ground state is 7/5). and in the divalent state 
if it exists the ground state is *H, (as in trivalent 


25 J. S. Van Wieringen, Physica 19, 397 (1953). 
26 A. Abragam, Phys. Rev. 79, 534 (1950). 
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praseodymium). No measurements on a single crystal 
of cubic symmetry have been made so far. In trivalent 
cerium, in a single crystal of cerium ethylsulfate, 
Bogle ef al.” find at liquid helium temperatures two 
resonance lines, one due to the +5/2 levels and the 
other to the +3 level, the latter lying lower. Their 
values are gu(3)=0.955, g,(3)=2.183, gu (5/2) =3.72, 
g,(5/2)=0.2. Lancaster and Gordy”® find in powdered & 
concentrated cerium oxalate a spectrum at g=1.95 
at room temperature with the narrow line width of 170 
gauss. Similarly, Kurenev and Salikhov™” report aff 
spectrum at room temperature in cerium sulfate. 
Cerium has no odd isotopes and, therefore, no hyperfine FF 
spectrum. 

We cannot account for the spectrum shown in Fig. 4 
with certainty. It is possible that the central strong line 
with g slightly less than 2 is due to the trivalent cerium 
level of 3. This would be very similar to the line observed 
by Lancaster and Gordy. As the g factor seems to be 
very anisotropic, the g, would be very strongly weighted 
corresponding to the fact that the majority of ions lie 
perpendicular to the field. This would peak the line 
near g= 2.00. But as rare earths are difficult to obtain 
with very high purity, one cannot be sure whether the 
central line may not be the results of gadolinium or 
possibly neodymium (g,= 2.073), which may be present 
as small impurities. The other weak lines are probably 
impurities as well. : 

We similarly cannot assign the very strong line at 
g=1.33 seen only at liquid hydrogen temperatures. 
It is possible that this line may be due to praseodymium, 
which has been shown to have a hyperfine structure of 
about 90 gauss.*-*! This illustrates how difficult it is to 
get any definite information from powdered specimens. 


CONCLUSIONS 


The work with strontium sulfide phosphors has 
indicated that quantitative information in powders can 
be obtained only with magnetic activators which have 
a very isotropic spectrum, like ions with an S ground 
state. With these ions one finds very narrow lines. In the § 
case of europium-activated phosphors, we confirm the 
presence of divalent europium and could calculate the 
zero-field splitting. The quantum efficiency is less than 
1 photon per ten europium activators. An apparatus is 
being set up which will make it possible to measure the 
changes on excitation (by x-rays) in situ and thus 
determine the efficiency with greater accuracy. 

The narrow lines seen give hope that a hyperfine 
structure in gadolinium may be observed. We have 


27 Reported by B. Bleaney and K. W. H. Stevens, Repts. 
Progr. Phys. 16, 149 (1952). 
( 26 + W. Lancaster and W. Gordy, J. Chem. Phys. 19, 1181 
1951). 

2 V. Y. Kurenev and S. G. Salikhov, Zhur. Exsptl. Teort. i Fiz. 
21, 864 (1951). 

%” B. Bleaney and H. E. D. Scovil, Phil Mag. 43, 999 (1952). 

31 Davis, Kip, and Malvano, Atti accad. nazl. Lincei 11, 7/ 


(1951) 
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embarked on a systematic study of all rare earth 
activators in strontium sulfide. An attempt will be 
made to grow single crystals. 

Part of this work was done while the author spent 
the summer at the Clarendon Laboratory, Oxford. 
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phosphors. 
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The temperature dependence of the width of the forbidden band gap has been determined, between 90° 
and 400°K, for cadmium sulfide, cadmium selenide, cadmium telluride, and zinc selenide, by measurement of 
photosensitivity as a function of wavelength. The location of the maximum photosensitivity, often very 
sharp, at the wavelength corresponding approximately to the width of the band gap, makes this method very 
convenient for the determination. Structure exists in the photosensitivity maxima of cadmium sulfide and 
cadmium selenide, suggesting the existence of double conduction or valence bands. 


INTRODUCTION 


HE temperature dependence of the width of the 

forbidden gap of a semiconductor is commonly 
| determined by measuring the dependence of the absorp- 
tion on wavelength, at a number of different tempera- 
tures. Such measurements have been made by Kroeger,! 
Seiwert,2 and Hoehler® for cadmium sulfide. Their 
results indicate that the absorption-edge shifts to 
longer wavelengths at the rate of about 1 A/°K for 
increasing temperature. 

Because of the broadness of the absorption edge in 
most semiconductors, it is somewhat difficult to 
determine a width for the forbidden gap accurately, 
and hence to determine accurately the temperature 
dependence of the gap width. In many cases, such 
striving for greater accuracy may be pointless, because 
of an inherent lack of definition in the band edges 
themselves. But, at least experimentally, it is much 
} simpler to determine a quantity which is very nearly 
equal to the width of the forbidden gap for photo- 
conducting crystals, by measuring the photosensitivity 
as a function of wavelength. Most photoconducting 
crystals show a rather sharp maximum of photo- 
sensitivity at a wavelength corresponding closely to 
the width of the forbidden gap, as determined from 
measurements of absorption. Niekisch* and Caspary 
and Mueser,® have determined the temperature de- 
pendence of the forbidden gap for cadmium sulfide 
from measurements of photosensitivity as a function 
of wavelength. Their results also indicate approxi- 
mately a 1 A/°K shift in absorption edge. 

1F, A. Kroeger, Physica 7, 1 (1940). 

*R. Seiwert, Ann. Physik 6, 241 (1949). 

*G. Hoehler, Ann. Physik 4, 371 (1949). 


‘E. A. Niekisch, Ann. Physik 8, 291 (1951). 
°R. Caspary and H. Mueser, Z. Physik 134, 101 (1952), 


The purpose of this paper is to present data on the 
variation of the width of the forbidden gap with 
temperature between 90° and 400°K, for crystals of 
cadmium sulfide, cadmium selenide, cadmium telluride, 
and zinc selenide. 


EXPERIMENTAL 
Materials 


The preparation of single crystals of “pure” cadmium 
sulfide, cadmium selenide, and zinc selenide by S. M. 
Thomsen, by reaction between the elements in the 
vapor phase, has been described in a previous publi- 
cation.* The growth of crystals of cadmium telluride 
by D. A. Jenny and E. B. Lawton, by slow cooling 
from the melt, has also been previously reported.’ 
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Fic. 1. Spectral curves of photosensitivity for (1) zinc selenide, 
(2) cadmium sulfide, (3) cadmium selenide, and (4) cadmium 
telluride, at room temperature. 


6R. H. Bube and S. M. Thomsen, J. Chem. Phys. 23, 15 
(1955). 
7D. A. Jenny and R. H. Bube, Phys. Rev. 96, 1190 (1954). 
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Fic. 2. The location of the photosensitivity maximum (or maxima) as a function of absolute temperature, 
for cadmium sulfide, cadmium selenide, cadmium telluride, and zinc selenide. 


Electrical contact to the cadmium sulfide, cadmium 
selenide, and zinc selenide crystals was made using 
melted indium electrodes.* The’ ends of the crystal of 
cadmium telluride were plated with nickel and copper, 
and then leads were soldered to the plated portions. 


Measurements 


Photosensitivity spectra were measured with a 
500-mm Bausch and Lomb grating monochromator, 
using the photoconductivity vs temperature apparatus 
previously described.® The highest resolution compatible 
with reliable measurements was used at all times; a 
resolution of 16.5 A was used for all measurements on 
cadmium sulfide and low-temperature measurements 
on cadmium selenide, 33 A for high-temperature 
measurements on cadmium selenide and all measure- 
ments on cadmium telluride, and 49.5 A for all measure- 
ments on zinc selenide. 


RESULTS 
Temperature Dependence of Gap Width 


Spectral curves of photosensitivity at room tempera- 
ture are given for the four different crystals in Fig. 1. 
In plotting the curves, the data were corrected so as to 
indicate the photocurrent for an equal number of 
photons incident per second at any wavelength, 


®R. W. Smith and A. Rose, Phys. Rev. 92, 857(A) (1953). 
*R. H. Bube, J. Chem. Phys. 23, 18 (1955). 


assuming a linear current-light relationship." All of the 
crystals show a sharp photosensitivity maximum 
except cadmium telluride, and even for this crystal 
the identification of the maximum is not difficult. 
The decrease in photosensitivity for wavelengths 
shorter than the wavelength for maximum photo- 
sensitivity for cadmium sulfide, cadmium selenide, 


and zinc selenide, is probably due to the fact that & 
radiation in this range is heavily absorbed in surface & 
regions which have an intrinsically smaller photo-— 
sensitivity than volume regions. In the case of the ™ 
cadmium telluride crystal, it is probable that the very & 
rapid decrease of photosensitivity for wavelengths & 
shorter than the absorption edge is caused both by & 


this effect, and also by a geometrical effect whereby 
the applied field is concentrated across a section 


of the crystal somewhat distant from the surface upon & 


which the radiation is incident. 

The location of the photosensitivity maximum is 
plotted in energy units in Fig. 2 for each of the four 
crystals, as a function of temperature. The constants 
involved in a linear relationship between band gap in 
electron volts and absolute temperature were derived 


10 The assumption of a linear current-light curve is not justified & 


for the cadmium selenide crystal, which has, for the light in- 
tensities used, a superlinear current-light dependence [see: R. H. 
Bube, paper in Proceedings of the Conference on Photoconductivily 
(John Wiley and Sons, New York, 1955)]. For this reason, the 
photosensitivity at longer wavelengths may be somewhat greater 
relative to that at shorter wavelengths than the curve in Fig. ! 
for CdSe indicates. 
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from each of these plots by means of the method of 
least squares. Over this temperature range, an approxi- 
mately linear relationship may also be derived between 
the wavelength corresponding to the absorption edge 
and the absolute temperature. These relationships are 
summarized in Table I. 


Structure in the Photosensitivity Maximum 


A detailed inspection of the photosensitivity maxi- 
mum of cadmium sulfide, and of that of cadmium 
selenide (the two crystals for which the sharpness of 
the maximum and the resolution which could be used 
make such inspection meaningful), reveals that the 


) photosensitivity maximum for both cadmium sulfide 
+ and cadmium selenide exhibits two components. The 
» existence of such structure in the case of cadmium 
' sulfide was suggested in the data previously reported 
- by Klick.” 


In Fig. 3(a)-3(e), the photosensitivity spectral re- 


sponse vs wavelength curve for cadmium sulfide is plotted 
| in the wavelength range of the maximum for several 
temperatures. At the lowest temperatures, there is only 
a slight indication of structure in the curve, but at 
» 218°K and above, the presence of two components, 


TABLE I. Dependence of band gap (photosensitivity maximum) 
on temperature betw een 90° and 400°K. 








Cadmium sulfide 
E=2.57—0.00052T ev 
A=4807+1.10T A 


Cadmium selenide 
E=1.84—0.00046T ev 
A\=6726+1.84T A 


Cadmium telluride 
E=1.52—0.000367 ev 
A=8110+2.23T A 


Zinc selenide 
E=2.80—0.00072T ev 
A=4401+1.30T A 


E=2.59—0.00052T ev 
A=4772+1.10T A 


and 
and 


E=1.85—0.00046T ev 
A=6661+1.84T A 


and 
and 








q separated by about 35 A is clear. The separation between 


| the two components, which amounts to about 0.017 


ev, does not change detectably between 218° and 


341°K. 


Similar results for cadmium selenide given in Fig. 


3(f)-3(j), show that structure in the curve is detect- 


able over the whole range of temperatures used. The 


' separation between the components is about 65 A, 


apparently independent of temperature. In energy 
units, the separation is about 0.015 ev, very nearly 


"C. C. Klick, Phys. Rev. 89, 274 (1953). 
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Fic. 3. The photocurrent (in arbitrary units) at the maximum 
of the photosensitivity vs wavelength curve for (a)— (e) cadmium 
sulfide, and (f)—(j) cadmium selenide, at several different 
temperatures. 


the same as that found for cadmium sulfide. Both 
maxima have been plotted in Fig. 2 for cadmium 
selenide. 

The relative magnitude of the two components for 
cadmium sulfide appears to be approximately in- 
dependent of temperature. But for cadmium selenide, 
the low wavelength component increases in magnitude 
relative to the high wavelength component between 
93° and about 200°K, and then decreases for tempera- 
tures between 200° and 314°K. 

The existence of such structure in the photosensi- 
tivity maximum suggests the presence of double 
conduction or valence bands. No simple model of 
double bands seems able to describe adequately the 
experimental results. In particular, the temperature 
dependence of the relative magnitude of the two 
components for cadmium selenide seems to require 
an explanation involving more than optical transitions 
only. 

The author is indebted to R. H. Parmenter and F. 
Herman for discussions on the nature and properties 
of multiple bands. 
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Polarization Effects on the Brightness Waves of Electroluminescence 


FRANK MATOssI 
U.S. Naval Ordnance Laboratory, White Oak, Maryland 


(Received December 6, 1954) 


Electroluminescence excited by sinusoidal fields yields two maxima per half-period of the field. The inten- 
sity ratio of these maxima depends on field frequency and on the superposition of ultraviolet-excited lu- 
minescence. These observations are shown to be related to the existence of polarization effects, which are 
treated theoretically by extending previous theories of polarization effects in semiconductors (Jaffé and 
others), taking into account periodic excitations of centers by the field. 





INTRODUCTION 


ECENTLY, several authors presented theoretical 
treatments of polarization effects in semicon- 
ductors.!? These are based on a set of differential equa- 
tions governing the kinetics of electron and hole dis- 
tribution under the influence of excitation, recombina- 
tion, and diffusion processes in the presence of an elec- 
tric field. This theory was successfully applied to the 
understanding of some capacitance effects. From ob- 
servations of electroluminescence excited by non- 
sinusoidal fields, it could be inferred that polarization 
effects are important also in electroluminescence.‘ 
Similar conclusions were presented by Curie® in dis- 
cussing the brightness waves and other features of 
sinusoidally excited electroluminescence, 

It seems proper, therefore, to relate some pertinent 
results of electroluminescence experiments with the 
theory of the polarization effects worked out by the 
aforementioned authors.-* This will be done for 
sinusoidal fields only. By introducing into the equations 
of this theory a term that takes into account the 
periodic excitation of electrons to the conduction band 
by the periodic electric field, it is possible to describe 
some characteristic properties of the brightness waves. 


OBSERVATIONS 


The experimental results discussed are: 


(1) In many electroluminescent phosphors (poly- 
crystalline powders embedded in a dielectric) two 
brightness maxima appear for every half-period of the 
field. One is essentially in phase with the field, the 
other is out of phase. The former is called a B-maxi- 
mum; the latter, a C-maximum, in conformance with 
the designation of related peaks observed with non- 
sinusoidal fields. The existence of the C-peaks, which 
always occur when the external field is diminishing, is 
assumed to be due to the recombination of polarization 
charges diffusing back into the interior from the surface 
where they had been held up by the field; but also the 


1J. R. MacDonald, Phys. Rev. 92, 4 (1953). 

2R. J. Friauf, J. Chem. Phys. 22, 1329 (1954). 

3G. Jaffé, Ann. Physik 16, 217, 249 (1933); Phys. Rev. 85, 354 
(1952). 

4S. Nudelman and F. Matossi, J. Electrochem. Soc. 101, 546 
(1954). 
5D. Curie, J. phys. radium 14, 510, 672 (1953). 


intensity and the shape of the B-peaks is influenced by 
the polarization charges since these affect the internal 
field responsible for the electroluminescence processes. 
This interpretation‘ for the peaks observed in non- 
sinusoidal fields is considered to be applicable also to 
the two maxima of the sinusoidal case. 

(2) If an electroluminescent phosphor is excited 
simultaneously by ultraviolet radiation and an electric 
field that is strong enough to excite electroluminescence 
without the ultraviolet, the brightness waves show the 
B-peaks only. The C-peaks appear only after removal 
of the ultraviolet excitation; however, not at once but 
only after some time in the order of several minutes. 
Figure 1 shows the difference of a brightness wave with 
and without simultaneous ultraviolet excitation. 

(3) The ratio of the intensities of the C-peaks to the 
B-peaks increases with frequency so that the-C-peaks 
at 1000 cps become as large as the B-peaks. 


The specific results mentioned under (2) and (3) 
were obtained® with a phosphor prepared in the same 
manner as the phosphors used in the green Sylvania 
electroluminescent panel.’ Similar qualitative results 
were also obtained with some other phosphors. 


THEORETICAL CONSIDERATIONS 


The equations governing the charge distribution in 
semiconductors are given by! 


0p/dt= kime— koenp+ D,(0°p/d2") —pyLd (pE)/dx], 
dn/dt=kyn.-— kenpt+- Dy (0n/dx*)+ wal d(nE)/dx], 
dn,/dt= —k\n-+konp, 
0E/dx=4re(p—n)/e. 


These equations describe the time rate of change of 
the number (per unit volume) of electrons (m) and 
holes (~). They take into account excitation of lu- 
minescence centers (ki,, where »-=number of un- 
excited centers); recombination (ken); diffusion (Dp, 
D,=diffusion coefficients for holes and electrons, re- 
spectively) ; motion under the influence of an electric 
field E obeying Poisson’s equation (uy, uz= mobilities, 
e=dielectric constant, e=electronic charge). Transi- 


(1) 


6S. Nudelman (private communication). 
as” Rulon, and Butler, J. Electrochem. Soc. 100, 566 
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POLARIZATION EFFECTS 


tions to traps are not included. These are not important 
in electroluminescence, as indicated by the much faster 
decay with field excitation compared to that with ultra- 
violet excitation of the green luminescence band.* 

The equations can be solved approximatively for 
sinusoidal voltages V= f Edx=V;, exp(iwt) by writing 
for 2, p, %-, and E expressions of the form! 


n(x,t) = no(x)+m1(x) exp (iwt) (2) 


and neglecting terms with higher powers of exp(iw/). 
Furthermore, it is assumed 


(3) 


which implies Ey>=0, (”.)o=N—co, where N=total 
number of centers. 

These assumptions restrict somewhat the applica- 
bility of the equations. This is discussed in detail by 
MacDonald.! The restrictions do not affect, however, 
the general features of the solutions as long as these 
are essentially determined by m, 1, (m-)1, Ei. The 
changes in time will be described with sufficient 
approximation even if correct solutions for equilibrium 
may not be obtained. The assumption of bimolecular 
‘recombinations is also an approximation, which is 
‘usual in considerations of this type. It is justified in 
' cases of continuous excitation, as is the case in electro- 
| luminescence, even if other processes should prevail.® 
Thus, increased qualitative insight is expected in 
applying the equations to electroluminescence effects 
even if it may not be possible to use the final formulas 
for quantitatively exact evaluation. 

The general solution of (1) is then given by 


m= At sinh[pt+(x—L/2) ]+A- sinh[p~(x—L/ 2)], 
fi= Bt sinh[pt+(«—L/2) ]4+ B- sinh[p~(x—L/2)], 


where LZ is the thickness of semiconductor layer; pt 
and p~ are given by the coefficients of the differential 
equations for »; and m, and the ratios of the constants 
) At, etc., can be determined from the boundary condi- 
tions, for which the condition is accepted that charges 
cannot flow across the surfaces of the phosphor particles. 

For the application to electroluminescence, a term 
which describes the effect of excitation of centers by 
the periodic field is added to the terms considered in 


No= po= Co, 


(4) 





Fic. 1. Brightness waves, 60 cps. a: with, 6: without ultra- 
Violet. Light output, ----— field. The zero level of light 
output in a is far below the lower edge of the figure (superposition 
of ultraviolet excited steady output). The units of light output 
are different for a and 6. 


®D. Curie, Ann. phys. 7, 746 (1952). 
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Eq. (1). If ki is replaced by 
ki=Rot+k’ exp(iwt), (5) 


the equations for »; and m can be written, after some 
elementary calculations, in the form 


tpi = (RoA— koco) (pit) 
+D,0"1/02? — ppcoB (p1— m1) 
-S rLN- Cot Rod (co— N)/keco], 
deo = (koA— aco) (p1+ m1) 
+D,0?n;/02?+ pnCoB (pi— m1) 
+ r’'LN-— Cot Rodv (co— N)/k2co], 
A= koco/ (Rotiw), B= Are/e. 


The last term can be simplified by assuming weak ex- 
citation so that V>>¢co. 

Equation (5) separates a steady excitation from a 
periodic one. fo is interpreted as describing excitation 
by ultraviolet radiation, and k’, as the contribution of 
the field to excitation. Since the field is described by 
E, exp(iwt), all the effects related to the field have the 
period 27, too, and also zero average values. However, 
the observed electroluminescence effects are, of course, 
always positive and have, furthermore, the period 7, 
since a negative field has the same effect as a positive 
one. This purely formal difference is a consequence of 
the aforementioned assumptions and is not essential 
to the following considerations, since only the changes 
produced by the field are of interest. The frequency of 
the effective field, which is twice the frequency of the 
external field, will therefore be considered as the fre- 
quency w of the equations, notwithstanding the fact 
that some phosphor particles or parts of them may 
emit only in the one half-period and not in the other 
one. This is due to special conditions at the surface of 
the particles which restrict the actions of the effective 
field essentially to the one half-period. This need not be 
considered in the mathematical formalism. 

Equation (5) furthermore assumes that the excita- 
tion follows the field. This implies that E must be 
understood as the internal field in the phosphor par- 
ticle, not as the applied field. Any phase shifts con- 
sidered here are, therefore, measured relative to this 
internal field, which itself may be shifted with respect 
to the applied field. The internal field can be obtained 
from the last Eq. (1). 

The calculations can be substantially simplified by 
assuming up=yu, and D,=D,, although u»~xu, would 
probably be a more realistic description of the properties 
of the phosphor particles. The general rules will not be 
affected by this simplification, so that only the case of 
equal mobilities will be treated. 

For pp=Hn=p, Dp=D,=D, we have 


d?(p1—m1) /02°= a(pi— m1), 
0(pitm)/d°=b(pitm) +e, 


(6) 


(7) 


9 J. F. Waymouth, Phys. Rev. 95, 941 (1954). 
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with 
aD=2poBt+iw, bD=2keco—2koadvA+iw, 
cD=2k' N (w+ ikw)/(ke?+w?). 
The solutions are 
fi= pio—c/2b, n= no—¢/ 2b, (8) 
where 10 and mo are the solutions of Eq. (7) for k’=0 
or c=0, i.e., 
pio= —M1=A sinha(x—L/2) (9) 
with a= 2(uco8/2D)*(u-+i2) ; w, P= 3[ (1t+-w?/4y?co*6")* 
+1]. 
The intensity is given by 


T=constpn 
=const[co?+co(pit m1) exp (swt) + pim exp (2iwt) ], 


which can be written, because of Eqs. (8) and (9), as 


I=const[co?—co(c/b) exp (iwt) 
— (pie’— 2/48’) exp(2iwl) J. 


(10) 
We write 
—c/b=o+ir, pr’=ttin, 


where 


o=(1/M)2k'N(2kocotkho), t=—(1/M)2k’Nw, 
M=4k2c°+4kokocot ko?+a?. (11) 


£ and 7 can be determined from Eq. (9). In order to 
eliminate the dependence on x, an average value 
(pic?) may be used. The exact expressions for & and 
7 are not important. It is sufficient to know that & and 
n grow with frequency. 

Equation (10) can be interpreted as representing a 
brightness wave with two components U and V of 
periods 2r and 7, respectively, superimposed on a 
constant background. It is 


U=co(o?-+7°)! exp (iwt) = Uo exp (iwi), 


rye 


=Voexp(2iwl). (12) 


These components have phase shifts against exp(iw/) 
or exp(2iwt), gy and gy, given by 


tangy = — 7/o=w/ (2kocotho), 


wne( (9. 


If and 7 can be neglected, i.e., for very low frequencies 
and very weak excitation, we have 


gv= 2¢u and Vo= U?/co. 


In this case, the superposition of the two components 
leads to two maxima coinciding with the maxima and 
minima of the U-component. 


FRANK MATOSSI 





Fic. 2. Components of brightness waves. —— U and J. 
—-—-—-— Superposition of U and V. ---- Applied field. The mini- & 
mum of U+V is not exactly at the place of the minimum of V; & 
this is neglected in Eq. (14). 


As can be seen from Fig. 2, the heights of these § 
maxima are approximately given by Jg=2Vot+U,, 
Ic=2Vo—Ub5, respectively, so that the ratio of the 
intensities is 


p=Ic/Ip=(2Vo—U0)/(2Vot VU»). M 


If ¢ and 7 cannot be neglected, so that gy¥2¢v, 
Eq. (14) should be modified, but, even as it stands, it 
provides a reasonable approximation also in the more 
general case. In Fig. 2, we have assumed 2Vo>Ui, 
which will be true for sufficiently weak excitation. 


(14) 


DISCUSSION 


Because of the very complicated dependence of p on 
the parameters w, Co, ko, k’, ke, u of the problem, only a 
very general discussion can be given; but this is 
sufficient for the purpose of a qualitative comparison § 
with the observations. 

Ig and Ic are identified with the observed B- and C- & 
peaks. It is easily seen that Uo/2Vo becomes smaller 
with increasing frequency as soon as the contribution 
of the ¢ and 7 terms becomes appreciable; that is, for 
not too low frequencies (if w is not small compared to 
uco8). Therefore, the observed increase of the C-peaks 
with respect to the B-peaks can be expected since p 
tends to unity if Uo/2Vo becomes zero. Low mobilities 
and weak excitation are essential for the observation 
of this phenomenon. Although numerical values are & 
not available, this conclusion seems to be compatible 
with the general experience. 

If ko increases, Uo/2V increases too. This is obvious 
for the case of small values of £ and 7, but it will be 
true also for higher values because the dependence on 





POLARIZATION EFFECTS ON BRIGHTNESS WAVES 


ky is contained only in o and +. Therefore, p becomes 
smaller, indicating that steady excitation by ultra- 
violet suppresses the C-peak. 

Since this result has been obtained in a rather in- 
volved manner, a nonmathematical consideration may 
make it more plausible. Without ultraviolet, two 
processes superpose. One is the excitation of electrons 
by the field and their subsequent recombination (B- 
peaks). The other is movement of electrons under the 
influence of the field producing inhomogeneous dis- 
) tribution of charges. When and if these charges diffuse 
) back, they too may recombine (C-peaks). Ultraviolet 
radiation increases the number of electrons excited to 
the conduction band,¥which tends to decrease the 
| charge inhomogeneity/and, therefore, decreases the 
» chance of recombination through back diffusion. The 
fact that the C-peaks recover only slowly after cutting 
off the ultraviolet excitation may, then, be interpreted 
» as indicating that the electrons produced by the ultra- 
| violet radiation disappear only gradually so that the 
' case of a pure polarization effect is attained only after 
) some time. That these electrons disappear more slowly 
» than would be expected from the decay of ultraviolet 
| excited phosphorescence, may be understood by the 
' consideration that the field has displaced the electrons 
| from the centers so that recombination is more difficult. 

The case of absence of polarization charges may be 
studied by considering Eq. (1) again, but for n=O, 
D=0. This condition prevents the piling up of charges. 
Then the equations reduce to 


dp/dt=On/dt=[kotk’ exp(iwt) |N—kop?, (15) 


if again weak excitation is assumed. This is an equation 
of Mathieu’s type, which admits periodic solutions only 
for particular values of the parameters.” Although this 
equation may, therefore, not be useful for the sta- 
tionary state, it can be used for the nonstationary 
state in the first instants after the application of the 
field, when polarization has not yet come into play. It 
is convenient to modify Eq. (15) slightly by writing, 
B for ko=0, 


dp/dt=k' cos*wt— kop’. 


0 E. T. Whittaker and G. N. Watson, Modern Analysis (Uni- 
versity Press, Cambridge, 1927); L. Brillouin, Wave Propagation 
in Periodic Structures (McGraw-Hill Book Company, Inc., New 
York, 1946). 
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cos*wt is an approximation for |coswt|. This takes into 
account the equivalence of positive and negative fields. 
A possible solution is 


I= (w*/ke) (§+9'/$)? tanhut, (16) 


where ¢ is a periodic function with the period z and the 
properties ¢(—x)=4(x), ¢(—«)’/=—¢(x)’ or $(—2) 
=—$(x), o(—«)'=$(x)’; $(x)’=do(x)/dx, x=wt. $ is 
a parameter, approximatively given by {?=kok’/2w?. 
This represents a periodic ripple with increasing ampli- 
tude superimposed on a steady rise of average intensity. 
This corresponds well to observations." 

For long times, Eq. (16) describes, of course, a 
periodic behavior of the brightness waves, but specific 
statements about phases or number of maxima cannot 
be made. In any case, the general theory of Mathieu’s 
equation permits only one linearly independent periodic 
solution if there is one at all. 

Finally, it may be pointed out that the phase shifts 
indicated by Eq. (13) cannot be observed directly since 
additional frequency-dependent phase shifts may occur 
that are also due to polarization effects, viz., to the 
phase shift of the internal field with respect to the 
applied field. For the problem of this paper, these phase 
shifts are irrelevant. It shall only be mentioned that 
the expression for the phase shift of the fields derived 
from Eqs. (1) and (9) is different from that given by 
Destriau and Curie’ who take into account only the 
continuity of charge flow and the Poisson equation. 

There are still other phase shifts observed® if small 
fields are applied to ultraviolet excited electrolumines- 
cent phosphors. An extinguishing effect is obtained, and 
the brightness waves are shifted in the opposite direc- 
tion than in the case of high fields. This effect is due to 
changes in the number of available electrons, not to 
moving polarization charges, and is controlled by the 
lifetime of the electrons in the conduction band.® 


CONCLUSION 


The foregoing considerations sufficiently indicate 
that the processes occurring in semiconductors as in- 
ferred from capacitance effects are also responsible for 
electroluminescence effects. Moving polarization charges 
are essential for the description of the observed char- 
acteristic details of brightness waves. 


- F. Vigean, Compt. rend. 236, 1151 (1953). 





PHYSICAL REVIEW 


VOLUME 98, 


NUMBER 2 APRIL 15, 1955 


Magnetic Rotation Phenomena in a Polycrystalline Ferrite. II* 


Davip Park 
Williams College, Williamstown, Massachusetts 


(Received December 27, 1954) 


The calculations of an earlier paper are extended to the determination of the entire permeability tensor of a 
polycrystalline sample of a ferrimagnetic material in which there is a slight over-all magnetization. The 
calculation takes account of the largely random orientation of the magnetic axes of the crystallites and of the 
fact that their characteristic resonant frequencies are statistically distributed. It is shown that the magnetic 
interaction between crystallites can be included, but it does not greatly affect the form of the final results. 





1. INTRODUCTION 


N an earlier communication! we have studied the 

high-frequency magnetic properties of a sintered 
polycrystalline sample of ferrimagnetic material, as- 
suming that the dispersion is caused by magnetic 
rotation and that the crystallites differ in their charac- 
teristic resonant frequencies and in the orientation of 
their magnetic axes, which was assumed random. In the 
work to be reported here we have considered the 
situation in which the sample shows a net uniform 
magnetization. The magnetized crystallites are no longer 
oriented at random, but in some axially symmetric 
distribution to be specified later. The remaining as- 
sumptions will be the same as in I. The permeability is 
now a tensor, and whereas in I the off-diagonal terms 
averaged out, here they will give rise to a magneto- 
optical rotation (the “ferromagnetic Faraday effect”’). 
It is hoped that these results can help in finding out 
about the mechanisms at work in ferrimagnetic sub- 
stances. Progress in this direction has been hampered by 
the fact that calculations of the diagonal part of the 
permeability tensor based on two very different as- 
sumptions—that the high-frequency permeability is due 
to Bloch wall motion and that it is due to domain 
rotation—have both given results at least roughly in 
agreement with experiment.’ It appears unlikely, how- 
ever, that wall motion can produce a Faraday effect 
comparable to that produced by domain rotation. We 
shall show below that the rotatory properties of a 
sample of any shape are completely determined in the 
theory of domain rotation when one knows the spectrum 
of the complex initial permeability. We have treated the 
initial permeability (i.e., the situation in which there is 
essentially no externally applied magnetizing field) be- 
cause it seems that here the distinction between the two 
theories will be the most critical. 

The calculation will be given in three steps, which 
consist of finding the permeability tensor uy successively 
in an infinite homogeneous medium, an infinite poly- 
crystalline medium, and a polycrystalline sample of 


* This work was supported by the Sprague Electric Company. 

1D. Park, Phys. Rev. 97, 60 (1955), cited as I. 

2 C. L. Hogan, Bell System Tech. J. 31, 1 (1952); Revs. Modern 
Phys. 25, 253 (1953). 

3G. T. Rado, Revs. Modern Phys. 25, 81 (1953). 


finite extent. All the main results of I will be rederived 
here as special cases. 


2. PERMEABILITY OF AN INFINITE CRYSTAL 


We start with the equation of motion of M, the 
magnetic moment per unit volume, in the form first 
given by Landau and Lifschitz‘: 


dM/dt=yMX Hr— (\/M?)MXMXHr, (1) 


where Hr, composed of the alternating applied field h 
and the fixed anisotropy field Hao, is the total field acting 
on M, ¥ is the effective value of the gyromagnetic ratio 
of the two-lattice system,® and X is a constant responsible 
for the damping. Setting M.+iM, equal to M, and 
similarly for the other quantities, we find that (1) can be 
written 


M,=—iy'(HaMy-hM.), 2) 


y= (1—-ia)y, a=)/yM, (3) 


and we have chosen the axes so that the z-axis is parallel 
with Ho. We have written M, for the approximately 
constant z-component of the magnetization, and have 
assumed that the z-component of h is negligible beside 
Hao. If we assume that all fluctuating quantities are 
proportional to e~**¢ (noting as in I that the two 
imaginaries i and j are to be distinguished), we can 
solve (2) to find for the alternating susceptibility: 


M, 
(ijw/1—ia)-+yHao 


where 


a) | 





xX+=M,/h,= 


It is customary to express the relation between the 
alternating quantities bfand h in terms of a permea- 


bility tensor® 
ee 

o> . 
—jx p 


(") (") 
= u 5 
by hy 
41. Landau and E. Lifschitz, Physik. Z. Sowetjunion 8, 153 
(1935). 
5 R. K. Wangsness, Phys. Rev. 93, 68 (1954); F. Brown and D. 
Park, Phys. Rev. 93, 381 (1954). — 
6D. Polder, Phil. Mag. 40, 99 (1949). We use the opposite sign 
of j from Polder and Hogan. 


by writing 
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The same relation can also conveniently be written 
by = (u—aju)hy = (1+-4arx4)hy, (7) 
whence we have (in the notation of I): 
w—1=44 Rey, x=4arj Imixy. (8) 


The advantage of using the variables labeled + and — is 
» that we have thereby diagonalized the permeability 
| tensor. 
3. PERMEABILITY OF AN INFINITE 
POLYCRYSTALLINE MEDIUM 

' In order to analyze the magnetization of a uniformly 
' magnetized polycrystalline medium, let us focus atten- 
tion on a crystallite X, surrounded by a group of 


neighbors. We shall assume that the neighbors are, 


typical enough so that their average alternating mag- 
netization is close to M, the average of the sample as a 
whole. The total alternating field acting on the crystallite 
: X is, as in I, given roughly by an expression of the form 


H=h—pM, (9) 


' where the second term is to take account of the inter- 
, action between crystallites. We shall assume that any 
external magnetizing field present is much weaker than 
Ho, So that it does not affect the resonant frequencies of 
the crystallites. To take it into account is straight- 
forward, unless the external field happens to be com- 
parable to Ho, but it complicates the analysis. 

We shall need to use two systems of coordinates, a 
fixed system § in which the z-axis is the direction of the 
static magnetization of the whole substance, and a 
system ¥ in which the z-axis is parallel to the static 
magnetization of X. In this latter system we have 


M,=x+H,, M-=x-H_, 
where, as in (7), 
x= (1/4) (u—1—ijx), x-= (1/4) (w—1+ijx). (11) 


Suppose that 2 is a matrix which rotates X into &. 
Then, if H is given in §, it will be 2-H in %. The 
® alternating magnetization will be given in ¥ by x%—“H, 
and in & this becomes 


M=%-H. (12) 


We can omit the z-components of both H and M, the 
former by our choice of the system & and the latter 
because it will clearly vanish by symmetry. Then if 
a,B, --+ stand for + or —, (12) is 


Ma=Aapxpl-'p,Hy. (13) 


In terms of a standard set of Euler angles,” we have? 


ea —P a= —# 
oC. 2e( 
—p gt —p# 
"H. Goldstein, Classical Mechanics (Addison-Wesley Press, 


Cambridge, 1951). 
*See the Appendix. 


(10) 


where 


a=e +9) cosh0, b= —ieh-©) sind, 


6 being taken as the angle between the two z-directions. 
With this we can write out (13). Keeping only the terms 
which do not vanish when averaged over all ¢ orienta- 
tions of X, we find for the alternating components 


4nM,=[(u—1—7jx) cos#30 

+(u—1+ijx) sin 4], 
4nM_=[(u—1—ijx) sin¥9 

+ (u—1+7jx) cos*}@]H_, 


and for the fixed component we have evidently 


(14) 


' M.=M, cos), (15) 


where M, is the saturation magnetization of the 
crystallite. Averaged over all 0, these become 


4n(M.)=§(u-1)Hz, (M.)=0, (16) 


as was found by another way in I. 

If there is a net magnetization the average over 0 
becomes a weighted average. Let us suppose that far 
from saturation the weighting function is 


f)=3(1+k cos#) (k<1). 


With this we find that the average (MW); becomes $2M,. 
This is the net magnetization of the sample, which we 
shall call M and in terms of it we can write the remain- 
ing averages as : 


4r(M .) = (3 (u—1)FijxM/M.H.., (17) 


with w and « given by (8). Another choice of angular 
distribution function will introduce slightly different 
numerical coefficients, but the difference should be 
unimportant. 

We can now carry out the average over the different 
characteristic resonant frequencies. Assuming as in I a 
frequency distribution function 








q(wx)= 


=a | 


where we have denoted 7H 4 in (4) by ws, we have for 
the averaged values 


(H)e—1=4eryM, Reip(w), (X)g=4ajyM. Imip(w), (19) 


where 
q (wx) dws 


4 wef (éjo/1—ta) toe 


The integrals can be evaluated exactly, and writing 
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(u) a= (u') ot hg etc., we find 
Dall — A?+o;°)?+44%o 2 
(u’)g= ire 
A—B ae — B+0;°)+-4B'a:? 
2Ao1 





(20a) 


2Bos 
+). (20b) 


— tan 
ow B+o? 


LA-a)+or IL (B+a)*+02'] 
A-B [(A+w)*+o2][(B—w)*+o2] 





(x)= (20c) 


20 w 


yM, 
(tax 
A-—B w— A2—o? 


2o ) (204) 
B—o? 


Finally, we can write down the formulas which take 
into account the interaction between crystallites al- 
though, for reasons set forth in I, we have felt it 
unnecessary to use them in computation. If we average 
(17) over w, and write the result as (Mx); «= (x4), Hs 
and define the actual susceptibility of the substance as 
Xa+=(M 4); o/hs, we can use (9) to find 


(x)= 2 


(x+) fq 
I+p(x+)s.0 


of which (I 13) is a special case. Neglecting p, we have 
for the » and x of the bulk substance 


Ma—1=3((u)g—1), ka=M(k)e/Ms. — (21) 


Figures 1 and 2 show the spectra of 4, and x, which are 
computed from the constants deduced for a particular 
sample of nickel ferrite in I. The frequency at which x,’ 
vanishes is given in general by 


wo [B (A?+0,°)/A ]}. 


Xa+= 


(22) 


10 
Mc/sec 


Fic. 1. Real and imaginary parts of the diagonal element ya of 
the bulk permeability tensor computed for a particular sample of 
nickel ferrite. 
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The predicted values of xq are smaller than those plotted 
by a factor of 3M/2M f assumed to be much less than 
unity. (The factor of } was introduced into x, so that 
corresponding tomtions in (20) would appear on the 
same scale.) It will be noted that «x, is linearly pro- 
portional to w at low frequencies. The relation as given 
by (20) and (21) is 


—- 1 1 ) 
 A=B\B+jex A+joid 


In the case discussed in I, in which o;/A=02/B=\, we 
find for the first two terms 


dry af ) A?4+AB+B? ) icin 
rere eas 1+jr AB Of 


These constants describe the behavior of the materia! 
in bulk. For experimental purposes, however, it is often 





(23a) 





10 
Mc/sec 


Fic. 2. Real and imaginary parts and modulus of the off- = 
element xq. The ordinate is axa, where a is 2M,/3M 


convenient to have the ferrite in the form of a small 
sample, sometimes several small spheres, next to the 
short-circuited end of a wave guide, and it has been 
pointed out by Brown? that spectra measured in this] 
way may differ markedly from those predicted by (20) 
because of the influence of demagnetizing factors. What 
follows is essentially Brown’s analysis, extended to take 
account of the off-diagonal components of u 


4. EFFECTIVE PERMEABILITY 


Let b be the alternating induction within the sample, 
and define an effective permeability tensor yu. by 


b=uh, 


where h is the applied external field. The field within the 
sample is 


(24) 


h,=h—NM, 


on™ (unpublished). See also C. Kittel, Phys. Rev. 73, 155 
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where N is the demagnetizing tensor and M is the 
magnetization. We have further: 


b=h;+4eM and b=u.h, 


where wa is the actual permeability of the bulk substance 
as given by (21). From the last four equations it is 
easy to show that y, and yz, are related by 


Ue= valLl+N(yo— 1)/4r J". 


| Suppose now that N is diagonal, and equal to the unit 
matrix times a number 4mv. (The general case is also 
possible, but the result is rather academic.) Then 
expressing wu in the form (5), with a similar expression 
for ue, we find after an elementary calculation: 


Ma’ —Ka?)(1—v)patv(uar—Ke’) | 
Se (1-9)? 
, (1—v)(uP—Ke’)ka 
" (0-Apct rede P— (1— ee 


In the initial permeability region or the remanent state, 
| ka?/u@? is generally very small. If it is neglected, we find 


(25) 


(26a) 





(26b) 





Ka (1—v)ka 


=, (27 
(1—v+ vp)? 


Me 


1—y-+, 


Occasionally in practice, it is only convenient to measure 
He, Me’, and |x|. By (27), these are 
Me = C( sa V) ba’ + V(ta?+Ma’”) //D, 
Me = (1—v)ua”’/D, |e] = (1—»)|xa]/D, 
D= (1—v+ypq’)?+ 40" 
Figure 3 shows how demagnetization affects the 
permeabilities plotted in Figs. 1 and 2. 


| For frequencies from zero up to the neighborhood of 
B, we find from (23b): 


(28) 


kel “ 
Ka| =————_ 
AB (1+)! 
1—» 


x1 44 A+ABTB 
(140)? 


A*B? 





+0009}, (29) 


If data are available on |xa|, u.’, and yu’, then it is 
probably best to rewrite (27) in terms of yu,’ and pu,” to 
get (for spheres) 


6| Ke 
|kal = i 


(3— meme” 


then calculate |xa| from the data, and compare the 
result with (29) or (21). 

Measurements of the spectra of some of these 
quantities have been undertaken by Brown. A determi- 
nation of |xq| is reported in the article following. 


(30) 


Mc/Sec 


Fic. 3. Elements of the effective permeability tensor for a 
small spherical sample. Figures 1, 2, and 3 are all drawn to the 
same scale. 


It is a pleasure to acknowledge my indebtedness to 
Dr. Fielding Brown, who suggested this calculation and 
has helped greatly in the clarification of the physical 
problems involved. 

APPENDIX 

Suppose we have two Cartesian coordinate systems, 
X’ and §’, with variables x, y, z, and a matrix A which 
rotates X’ into §’. If the variables are chosen as x,, x_, 2, 
with +,=«-iy, we shall call the systems ¥ and &. To 
pass from X’ to ¥ or &’ to R amounts to a transformation 
of X’ or R’ by a matrix 


, +i 
C=)1 -i 0}, 
0 0 1 


so that, with respect to X, the rotation matrix is 
Y=CAC 
which with the Euler angles of reference 5 can be written 
a -- —2ab 
A=}—o a —2a*d* |, 
ab* a*b aa*—bb* 
with 
a=) cosh, b= —ie~H—©) sint9. 


To find 2{-', we note that since A is orthogonal, one can 
write 7 
%1=CA7C1=CAC=CEN(CC), 
where the dash denotes the transpose, and with 
°2 06 040 
CC=)2 0 0}, (CC)*=/4 0 O}, 
00 1 001 
a aia ig 


2a*b 
Y=} -b"%@ @ 2ab* |. 


we find 


—a*b* —ab aa*—bb* 


In the restricted calculations reported in this paper, only 
the submatrix transforming (%,,x_) is required. 
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A direct experimental observation of domain rotation in the 
initial permeability region of sintered nickel ferrite has been made 
using a technique similar to that originated by F. Bloch to observe 
nuclear precession. A 5-mm diameter sphere of ferrite is sur- 
rounded by crossed transmitter and receiver loops adjusted for 
minimum rf signal when the sample is demagnetized. Application 
of an external steady field (as low as 5 oersteds, perpendicular to 
both loops) then causes a measurable receiver loop output which 
cannot be eliminated by readjusting the planes of the loops. The 
motion of the net magnetic moment is thus rotational. In the 
present case, the external field is needed only to polarize the 
sphere, the field for Larmor precession being supplied by the 
equivalent anisotropy fields seen by each individual domain. 


Since the applied field is much smaller than these anisotropy fields, 
a plot of the detector loop output (per unit applied field) vs fre- 
quency delineates the rotational resonance spectrum of the poly- 
crystalline sample. Measurements have been made from 20 
Mc/sec to 800 Mc/sec and can be described qualitatively using the 
theory of domain rotation. In order to understand the relatively 
low dispersion frequency indicated by the measurements, it is 
hypothesized that intermediate conditions exist in some poly- 
crystalline ferrites between the situation in which the initial per- 
meability is purely a result of domain rotation and that in which 
motion of domain walls is the dominant mechanism. The dis- 
tinction between the models is thus probably not very sharp. 





I. INTRODUCTION 


HE permeability spectrum of sintered ferrites has 
been the subject of a number of investigations.'~* 
In all studies previous to that of Rado,® the single 
dispersion of the permeability which was observed in the 
region of several megacycles to several kilomegacycles 
was attributed to a natural ferromagnetic reso- 
nance in which the domains were considered as pre- 
cessing in an internal anisotropy field under the influ- 
ence of external excitation. Wijn ef al.’ have also studied 
the magnetic spectra of ferrites under mechanical 
stress and have obtained results pointing toward do- 
main rotation as the principal mechanism. 

In contrast to this work, Rado has found that the 
permeability spectrum of Ferramic A has two dis- 
persion regions at room temperature, one at about 50 
Mc/sec, and the other at 1400 Mc/sec.® In this study, 
the loss peak at lower frequency was ascribed to a 
resonance of domain walls as suggested by Déring® and 
Becker,” whereas the higher frequency one was at- 
tributed to domain rotation. This conclusion rested in 
part on a comparison of the magnetic spectrum of the 
solid ferrite with the spectrum of the same material 
measured in powdered form. In the latter case the 
50-Mc/sec peak was absent, whereas the 1400-Mc/sec 
peak remained but in altered form. Rado’s identification 
of the peak at 50 Mc/sec was thus based on the assump- 
tion that this resonance, if due to domain rotation in 
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5G. T. Rado, Revs. Modern Phys. 25, 81 (1953); this reference 
refers to earlier work of Rado and others. 
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®W. Doring, Z. Naturforsch. 3a, 374 (1948). 

1R. Becker, Physik. Z. 39, 856 (1938); Ann. Physik (5) 36, 
340 (1939). 


an anisotropy field, would be a fundamental aspect of 
the material and thus would not be affected by grind- 
ing. Its disappearance was thus taken to exclude do- 
main rotation, leaving domain wall motion as the 
responsible mechanism. Inasmuch as ferromagnetic 
anisotropy arises from structurally dependent prop- 
erties (strain and internal demagnetizing fields), as 
well as from the fundamental magnetocrystalline anisot- 
ropy, the argument does not appear entirely convinc- 
ing. This is especially true in the light of recent work®" 
in which the magnetic spectrum is found to_ depend 
markedly on demagnetizing effects which could cer- 
tainly be applied either to the sample as a whole or to 
individual particles within a heterogeneous sample, 
and which would thus operate differently in a sintered 
mass and in a powder-wax mixture. 

The present writers have studied the magnetic 
spectrum of nickel ferrite,* in an attempt to identify 
the mechanisms contributing to the initial permeability. 
As the finely divided and pressed ferrite powder was 
sintered at increasing maximum temperatures, the 
single observed loss peak was found to move to lower 
frequencies. Quantitative comparison of the char- J 
acteristic frequency of this dispersion with the sus- 
ceptibility at low frequencies in each case was made 
using a relation proposed by Snoek! and recently 
analyzed by Park.” Agreement between theory and 
experiment was taken as indicating the existence of 
domain rotation in the sample studied. Since the poly- 
crystalline grain size was relatively small (0.5 to 3 
microns), domain walls were not considered to con- 
tribute significantly in the particular comparison made. 

The present work originated in an attempt to obtain 
more direct evidence of the mechanism involved and 


1D). Park, preceding paper [Phys. Rev. 98, 438 (1955)] in 
which a derivation is given of effective values of x, and u, in terms 
of their values for bulk material. This paper is hereafter referred 
to as IT. 
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makes use of a technique similar to the first used by 
Bloch" to observe nuclear precession. By arranging two 
mutually perpendicular loops around a small sphere of 
ferrite, an attempt has been made to observe the 
induction signal which results from precession of the 
net ferrimagnetic moment in an external steady field. 
Inasmuch as it is possible to show that wall motions, at 
least as normally visualized in a multidomain sample 
could produce no appreciable signal under these circum- 
stances, such a device may be used to demonstrate and 
measure domain rotation in ferrites. 

In the present case the induction signal results from 
a superposition of individual signals from domains, 
each of which can be thought to precess independently 
within its own effective anisotropy field. When a small 
external steady field is applied to the sample, the mag- 
netic moments of the domains rotate slightly in the 
field direction giving rise to a magnetic moment for 
the sample as a whole. However, for small steady fields, 
the effective field experienced by individual domains 
does not depart appreciably from its zero external field 
value, and the natural ferrimagnetic resonance fre- 
quencies of the domains remain essentially unaltered. 
The external field is here employed only to give suffi- 
cient polarization to the sample to permit measure- 
ment. Under these conditions the signal induced in 
the secondary loop can be expected to be proportional 
to the net moment, and thus to the size of the external 
steady field (for small fields), and is also a measure of 
the extent to which the net magnetic moment departs 
from the steady field direction during precession. If the 
initial susceptibility of the ferrite throughout the radio- 
frequency spectrum is principally due to domain rota- 
tions, the secondary output per unit steady field should 
be connected in some understandable way with the 
observed magnetic permeability spectrum of the ma- 
terial. The present work is an attempt to observe this 
connection. 

As to whether or not domain wall motion may give 
a measurable output from such a device and thus yield 
ambiguity in interpretation, it is important to notice 
that for a polycrystalline sample such as that here em- 
ployed, the individual domains are oriented in random 
directions, and it can be expected that, if true domain 
walls actually exist, clockwise and counter-clockwise 
spin distributions will be found in equal numbers in 
traversing the walls between domains. Thus even 
though wall motion may be gyroscopic in nature, the 
bulk material is isotropic, since for every domain wall 
oriented in such a way that the composite spins may 
contribute to the induction signal, there will exist an- 
other wall which will induce an equal and opposite 
signal. It is also expected that the material will respond 
only in the signal direction, i.e., be nonrotational, 
even under conditions of partial magnetic saturation, 
since the only effect of a small steady field would be 
to move existing domain walls without a net alteration 
in their number or change in the balance between 
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Fic. 1. (a) Block diagram of apparatus for observing domain 
rotation. (b) Diagrammatic sketch of rf head. 


clockwise and counter-clockwise spin distributions. 
Therefore even under these conditions the precession 
of spins within moving walls cannot contribute to the 
output. The possibility of a signal contribution arising 
from special conditions of crystalline orientation, strain, 
inclusions, shapes, or other inhomogeneities which 
might be expected to affect wall motion can be ruled 
out, since the present sample may contain 19° to 10" 
domains, assuming a single domain to encompass only 
one or, at most, two to three crystallites. Microscopic 
anisotropies are therefore also expected to statistically 
cancel for the bulk sample. 


Il. EXPERIMENTAL 
A. Apparatus 


The crossed-coil ferrimagnetic induction device is 
represented schematically in Fig. 1(b). The primary 
and secondary coils are normally in the x-z and y-z 
directions, respectively, and the steady field Ho, used 
to produce the net magnetic moment, M, is in the 
z-direction. If it is assumed that domain rotation occurs 
within the spherical sample, the magnetic moments of 
domains will each precess in response to an applied 
alternating field h,, with the result that M will also 
precess and induce a secondary signal. To connect the 
signal with the permeability spectrum of the ferrite 
thus requires measurement over the entire frequency 
range of the dispersion. 

In the case of nickel ferrite the dispersion occurs be- 
tween approximately 20 Mc/sec and several thousand 
Mc/sec, so that it is necessary to make measurements at 
frequencies where voltages are difficult to determine. 
This situation is further aggravated by the fact that 
effective values of the permeability components are 
actually measured, as opposed to values characteristic of 
infinite media, the demagnetizing effect here involved 
causing the dispersion region of the material to be 
removed to much higher frequencies.*" We have there- 
fore used the microwave practice of arranging the 
measurement in such a way that results are obtained 
as voltage ratios. This can readily be seen from the 
following theory of measurement. 

As has been shown," a ferrimagnetic material under 
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conditions of magnetic polarization obeys the relation 


b=, (1) 
where the tensor, wiz, has the components 
Bik 
Mik>= } (2) 
—jk pb. 


when the net magnetic moment of the bulk sample, M, 
is in the z-direction and h is applied in the «-y plane. 

In Fig. 1(b), if transmitter and receiver loops are at 
right angles to each other and parallel to the coordinate 
planes, Eq. (1) may be written 


(3a) 
(3b) 


b.= jxelyo, 
by = Meltyo, 


where u, and x, are effective values of the permeability 
components appropriate to the spherical sample, and 
hyo is the applied alternating field exterior to the sphere. 
Under these conditions, the voltage induced in the 
receiver loop is obtained from (3a) as 


E,=SMnAohyoker, (4) 


where n is the number of secondary turns, A is second- 
ary loop area, and w is the frequency. The expected 
dependency of £; upon M has been introduced by de- 
fining xe=Mx,;, and the proportionality constant, S, 
accounts for the over-all sensitivity of the secondary 
detection system. S takes account of secondary tuning 
characteristics, primary-secondary coupling coefficient, 
detector-amplifier gain and relates the final output 
meter indication to the actual induced secondary emf. 
We assume /,9 proportional to e~?** throughout the 
discussion. 

On the other hand, if it is arranged that M=0 by 
carefully demagnetizing the sphere, and if the trans- 
mitter loop is rotated away from its position per- 
pendicular to the receiver loop by a small angle, 6, the 
emf induced in the secondary can be derived from 
Eq. (3b) as 

E.= jS0nAwhyope. (5) 


It is assumed in (5) that all conditions of measurement 
are kept fixed as in (4) so that the constants may be 
eliminated. Defining e,=E,/M and es=E:2/6, we have 


as (6) 


e,/€9= ’ 
| wel 


where magnitudes only are considered since the two 
measurements described by (4) and (5) are not related 
in phase. 

Using Eq. (6) and values of |u.| as calculated from 
the independently determined permeability spectrum," 
values of |x| are obtained at each frequency. It is 
this quantity which has been chosen for comparison 
with theory, both because it is unique to domain rota- 
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tion, as distinct from domain wall movement, and 
because it is a quantity which has already proven 
interesting in describing the ferromagnetic Faraday 
effect. 

With the measurement procedure as outlined by 
Eq. (6), it is possible to reach frequencies at which 
ordinary loops cannot be used since all spurious effects 
which may occur can be made to cancel, provided the 
measurement is restricted to small values of M, and 
provided @ is so small that the conditions described by 
S are actually fixed throughout and can thus be elimi- 
nated. In the present case a single turn was used for 
both primary and secondary circuits, which were 
mounted directly between the poles of a small labora- 
tory electromagnet. The secondary was wound tightly 
around the 5-mm diameter sphere of nickel ferrite and 
was cemented in place. The primary loop, diameter 
1.0 cm, was mounted in a polystyrene holder and 
pivoted between the magnet poles. Its angle was ad- 
justable by means of a 30-cm attached lever arm and 
micrometer screw. It is important to recognize that 
even though the loops can and do undergo self-reso- 
nance, and although primary-secondary capacitive 
coupling may be noticeable, the ratio procedure used 
nevertheless permits a measurement to be made. 
Inability to tune the loops affects the measurement only 
by reducing sensitivity. 

The remainder of the apparatus is straightforward 
and is indicated schematically in Fig. 1(a). It was 
found necessary to include provision for tuning the 
magnet to 60-cycle series resonance in order to de- 
magnetize the specimen thoroughly. Initial attempts by 
successive dc current reversals were unsuccessful, since 
it was difficult to avoid a small erratic residual mag- 
netization from interfering in the application of Eq. 


(3b). 
B. Operation 


With the arrangement described, it has been possible 
to observe quite sizable signals. For instance em- 
ploying 20 milliwatts of rf, the minimum leakage J 
signal is about 1 wv (crystal output at 1 kc/sec modu- 
lation frequency) with the sphere demagnetized. Ap- 
plication of a steady field, sufficient to cause appreci- 
able saturation, then causes the detector output to rise 
as high as a millivolt. It has, in addition, been possible 
to make measurements with steady fields as low as 5 
oersteds external to the sphere indicating that the 
induction device can yield sensitivities adequate to 
permit study of effects in the initial permeability region. 

The qualitative behavior of the observed signal for 
various loop angle adjustments is particularly signif- 
cant in the present experiment, since it yields direct 
evidence of rotation independent of theoretical com- 
parisons. When a steady field is applied and the 
comparisons. When a steady field is applied and the 
output signal rises above its minimum leakage value, 
it has been found impossible to reduce the signal to its 
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original value by readjusting the planes of the loops. 
The changing rf field responsible for the induced signal 
must therefore have components in both time and 
space quadrature, i.e., be rotational; if the inducing 
field were plane polarized, it could still be reduced to a 
minimum by proper loop-angle readjustment. The 
behavior thus cannot be explained by assuming a 
change in minimum leakage conditions, and the ro- 
tating rf field is thus probably attributable to the 
precessional nature of the polarized ferrite. In making 
measurements we have further found that changes in 
sample permeability resulting from partial saturation 
do not alter the tuning characteristics of the loops. 
Both primary and secondary have been broadly enough 
tuned so that the small changes in permeability do not 
appreciably change tuning conditions. 

In making use of Eq. (6) to determine the ratio 
|ke|/me] and thus |x.| as a function of frequency," the 
following procedure should apply under ideal operating 
conditions. With the loops adjusted to such an angle 
that a null signal results, the dc field is applied and the 
output indication per unit field, e,, recorded. Then, 
with the sphere completely demagnetized and all other 
conditions unchanged, é is measured by recording the 
output signal per unit angle as the primary loop is 
moved away from its normal position. Equation (6) 
may then be applied. 

However, it has been found impossible in practice 
to reduce the minimum leakage signal to an absolute 
null. Experience has been similar to that described! in 
the case of nuclear induction in that voltages induced 
by currents flowing in surrounding conductors (pole 
faces, shields, etc.) may have a component out of phase 
with that resulting from the desired loop pick-up. In 
the present case, however, the signal from the ferrite 
is comparable with the leakage so that the total output, 
including both leakage and true signal, is not a linear 
function of the true signal itself. In order to obtain an 
output proportional to the voltage induced by the 
ferrite, a vector subtraction has been performed to 
eliminate the leakage voltage. This can be seen in 
Fig. 2(a) where the leakage voltage resulting after 
adjustment of the planes of the loops is shown as the 








Fic. 2. Ac vector diagrams showing correction for effects of 
leakage signal. In (a) leakage is indicated by e:, the desired pre- 
cession signal by e,, and the total observed signal by e;. In (b) én 
is the residual leakage, eg is the signal induced by loop angle de- 
flection, and their result is shown as ¢;’. 


IN FERRITES 445 
ac vector e;. Here e; represents the minimum leakage 
obtainable for zero M by adjusting the relative loop 
angle. In practice it has been found that the total 
output signal becomes larger than e; when M is in- 
creased from zero in one direction, whereas in the 
opposite direction the output at first decreases and then 
rises as before. In order to account for this behavior, 
it has been assumed that e; remains fixed for all values 
of M encountered in the measurement, and that the 
output signal is composed of e; plus a signal due to the 
precession of M. In Fig. 2(a) the situation is represented 
by showing the precession signal as e, along the vertical 
axis and the leakage, ¢, at an arbitrary phase angle. 
The observed behavior can then be understood if it is 
noted that e, is along the positive vertical axis for 
values of M of one direction but must be represented 
as e,' along the negative vertical axis, i.e., be 180° out 
of phase with e,, for values of M in the other. Since e; 
has been assumed fixed, for one polarity of M the total 
output initially increases as shown by e, whereas for 
reversed values of M (and induced signals e,’) the total 
output at first decreases. The minimum value of total 
signal mentioned above can thus be seen to occur 
when the signal vector is at right angles to e, and e,’. 
This is indicated as e,, in the figure. Since it is the pre- 
cession signal, e,, which is desired for comparison with 
the theory of domain rotation, the correction for the 
contribution of e; must be made as follows: 


és= (e2—€p2)?— (e?—Em?)?. (7) 


In this way values of e, have been obtained for use in 
Eq. (6). 

The procedure for correcting eg is somewhat similar 
to that just outlined. In this case M is kept zero for 
all loop angles, and the minimum leakage can be repre- 
sented as é¢, of Fig. 2(b). Again, if it is assumed that the 
leakage signal is independent of loop angle for small 
changes in angle, the observed output signal, shown as 
e:', can be assumed to be comprised of e, plus the de- 
sired signal eg. The correction for leakage is therefore 


eo=((er’)?—en? J}. (8) 


It is noted that the leakage vector e; of Fig. 2(a) is 
identical with e, of Fig. 2(b) although otherwise the 
two diagrams are independent. 

In practice the use of the correction formulas (7) 
and (8) has led to values of e, and eég which are propor- 
tional to the steady field, H, and to the loop angle (for 
small angles) respectively. This proportionality has 
been taken as evidence to justify the assumed leakage 
corrections. 

Before describing the results obtained at various fre- 
quencies, it is of interest to consider qualitatively the 
output signal from the apparatus when the ferrite is 
not close to the demagnetized state, as above, but 
approaches magnetic saturation. As indicated in Fig. 
1(a), an x-y chart recorder has been used during part 
of the work to aid in making adjustments. The arrange- 
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Fic. 3. Tracing from original x-y recorder chart showing total 
output of magnetic induction apparatus for various applied 
steady fields extending into region of saturation. Starting from 
demagnetized state (origin) the branches were numbered in 
sequence as recorded. 


ment makes it possible to plot the output signal, 
designated as e¢, in Fig. 2(a), for various magnet currents. 

Starting at the origin in Fig. 3 (demagnetized condi- 
tion) the output at first increases (curve 1) with 
applied field in a manner similar to the normal mag- 
netization curve. However, when the external field 
approaches saturation, the effect of increasing net 
moment and attendant augmented signal is overcome 
by the shift in ferrimagnetic resonance frequency which 
accompanies the applied field. The latter effect tends 
to remove the dispersion region from the proximity of 
the measurement frequency toward the microwave 
region causing the precession of M at 50 Mc/sec to be 
considerably reduced. The maximum in branch No. 1 
of Fig. 3 thus represents a balance between the two 
effects. Returning to lower applied fields along branch 
No. 2, a typical hysteresis pattern is apparently super- 
imposed on the resonant frequenty shift just mentioned. 
Back at zero applied field, the remanent magnetization 
(associated with the spherical sample as opposed to 
that of the infinite medium) yields a very noticeable 
signal as shown. Following branch No. 2 for reversed 
fields, the output drops to a value close to that associ- 
ated with the initial completely demagnetized state. 
This occurs at the coercive field. The parabolic shape of 
the output signal around this point results from the 
square law response of the crystal. Branch No. 3 is also 
positive, since magnitudes only are observed. The rest 
of the hysteresis loop, branches No. 4 and 5, are similar 
to No. 1 and 2 with the exception that branch No. 4 
does not rise as high as No. 2. We attribute this to the 
effect of leakage which may add to signals of one sense 
but subtract from those of the other. 


iS: Results 


The qualitative results of this work have already 
become apparent from the description of operation. 
Essentially they are that an observable signal is induced 
in the secondary loop when a state of steady polariza- 
tion is produced in the sample. When corrected for the 
effects of leakage, this signal has been found to be pro- 
portional to the applied field for fields such that the 
ferrite remains in the region of initial permeability. 
Under conditions of partial magnetic saturation, it has 
been found impossible to restore the minimum leakage 


signal achieved under demagnetized conditions. This 
behavior is consistent with the assumption of a pre- 
cessing net magnetic moment, and has been associated 
with the precession of elementary domains comprising 
the net moment. On the other hand it has been found 
difficult to picture a way in which domain walls, as 
generally conceived, may produce the observed effect. 
The argument is essentially that the large number and 
random distribution of domain walls, if they were to 
exist in a polycrystalline sample, would cause cancella- 
tion of gyromagnetic effects and prohibit the formation 
of a rotating magnetic moment, an essentially co- 
operative phenomenon. If it is also assumed that the 
only effect of applying a steady field to the sample is 
to move the position of domain walls without changing 
the direction of spins within the domains (no domain 
rotation), then the bulk material must respond iso- 
tropically to an applied rf field and no induction signal 
could be observed. The qualitative behavior of the 
apparatus thus points toward domain rotation in the 
initial permeability region and discourages the concept 
of conventional domain walls as the sole contributing 
mechanism. 

Quantitatively we have attempted to relate the size 
of the induction signal obtained to the predictions of 
the theory of domain rotation as given in II. To do 
this we have multiplied the observed values of |xei|/ 
|ue|, as obtained from Eq. (7) for each frequency, by 
|ue| as obtained from a separately determined perme- 
ability spectrum of the material. Here |u,| is an 
effective permeability of the spherical sample obtained 
from the true permeability components, ye’ and m.’ 
using the procedure of II. Thus |xe:|, again an effective 
permeability component, is obtained for the spherical 
sample. It represents the x-component of B produced 
by a y-component of H external to the sphere. The 
procedure of II may again be employed to obtain |x, 
from |xei|, and this in turn may be compared with 
theory. |xa| is the off-diagonal permeability component 
for an infinite magnetically saturated medium. 

In Fig. 4 the values of |xa|/M determined in this} 
way have been plotted as a function of frequency, and 
it can be seen that they are approximately proportional 
to frequency at low frequencies and that a rather broad 
maximum is reached around 200 Mc/sec. At higher 
frequencies the extent of the internal precession, as 
measured by |ka|/M, appears to drop off slowly. The 
large errors indicated around the experimental points 
arise principally from uncertainties in magnetic field 
measurements, but are increased by the conversion from 
effective to true values of u and x, using the procedures 
of II, and by mechanical instabilities in the apparatus. 
In certain cases, a number of independent determina- 
tions have been made to test reproducibility and the 
average of such readings has been used. The points at 
250, 400, and 600 Mc/sec were obtained this way, and 
the errors plotted represent the spread of individual 
measurements. 
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Fic. 4. Off-diagonal permeability component, |xa|, per unit 


magnetic moment vs frequency. Points are from present experi- 
ment on nickel ferrite, curve is from theory of domain rotation. 


III. DISCUSSION 


Also in Fig. 4 we have plotted theoretical values of 
\ka|/M as obtained from Eq. (29) of II. The theory is 
based on an assumed frequency distribution of crystal- 
lites characterized by four parameters. Values of these 
parameters have been taken from the ordinary perme- 
ability spectrum of the particular nickel ferrite used 
in the experiment. Since the toroidal sample used to 
measure the magnetic spectrum and thus determine 
the parameters to be used in the theory had experienced 
similar but not identical processing to that experienced 
by the material used in our spherical sample, and since 
processing, particularly firing temperature, is very im- 
portant in establishing the high-frequency character- 
istics of the material, the numbers chosen for insertion 
in the theory may be subject to error. They have, 
nonetheless, been used in order to compute the theo- 
retical values shown. 

In general, the experimental data agree qualitatively 
with prediction in that in both cases a distinct ‘“‘knee”’ 
occurs at around 200 Mc/sec followed by a gradual de- 
crease in |xa|/M at higher frequencies. Although not 
shown in Fig. 4, the corresponding values of a yp” as 
measured for the particular nickel ferrite here used 
also goes through a maximum close to this frequency ; 
this is consistent with the domain rotation hypothesis 
in that the frequency at which the domain magnetic 
moments precess most strongly will also be the fre- 
quency at which the losses are greatest. This is clearly 
shown in Figs. 2 and 3 of II. 

We cannot, however, attach any special significance 
to the factor of two discrepancy between theory and 
experiment. There are a number of ways in which it 
might be understood. As stated earlier, we have applied 
a correction factor giving |xa| from the actually meas- 
ured |xei] values. This amounts to a factor of the 
order of 20 which is quite sensitive to the choice of de- 
magnetizing factor. In our case, we have assumed the 
tf field of the circular primary loop to be equivalent 
to a uniform field, since the sample diameter was less 
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than half that of the primary. This assumption is only 
approximately valid and the resultant error might be 
included in the value of demagnetizing factor used to 
get |x| from |xe1|. Further, the theoretical curve repre- 
sents a calculation which has been found to be most 
applicable in cases where the ferrite is sintered at a 
slightly lower temperature than the sample here used. 
There are therefore a number of considerations requir- 
ing further experimental study before any detailed 
quantitative comparison is possible. The qualitative 
results, however, clearly indicate the existence of do- 
main rotation. 

Possibly the most striking feature of the above re- 
sults is the relatively low frequency at which this 
domain rotation in an equivalent internal anisotropy 
field appears to exist. This is striking because measure- 
ments on single crystals of nickel ferrite show the in- 
ternal magneto-crystalline anisotropy field to be around 
300 oersteds, corresponding to a natural ferrimagnetic 
resonance frequency of about 900 Mc/sec, using ef- 
fective g-values and the fact that the bulk anisotropy 
field governs the precession of the two-sublattice 
ferrite.’ Ordinarily one would expect the other con- 
tributions to the equivalent anisotropy of crystallites 
to increase this value rather than to decrease it making 
it hard to reconcile the present observations of a 
rotational resonance at 200 Mc/sec with other findings 
on single crystals. 

In order to understand this discrepancy, it is im- 
portant to distinguish clearly between the behavior of 
single crystals and that of the polycrystal we have 
studied. On a microcrystalline scale, a single crystallite 
may be subject to quite inhomogeneous demagnetizing 
fields, resulting from neighboring crystallites, of the 
order of the natural magneto-crystalline fields them- 
selves. Thus the thickness of a domain wall, as ordi- 
narily considered, may be quite different from that 
calculated for a single crystal. In fact the crystallites 
of our sample, being of the order of 1 to 3 microns in 
size, may well be of transition size between very small 
crystallites around a half micron where pronounced 
single domain behavior can be expected and larger 
sizes where a genuine multidomain situation exists. 
By using the procedure of Herring and Kittel,!*® the 
domain wall thickness in a large single crystal is found 
to be around a tenth micron. However, if an appreciable 
volume fraction of each crystallite contains spins 
directed away from directions of easy magnetization, 
as may be the case if the crystallites are of transition 
size, the magnetization of the crystallite as a whole 
may experience an average effective internal field much 
smaller than the 300 oersteds found in the very special 
case of a macroscopic single crystal. The dispersion 
region of such a polycrystal may thus occur at fre- 
quencies well below the expected 900 Mc/sec. 


15 F, Brown and D. Park, Phys. Rev. 93, 381 (1954). 
16 C, Herring and C. Kittel, Phys. Rev. 81, 869 (1951). 
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The hypothesis here considered thus removes the 
clear distinction between domain wall motion and 
domain rotation as the mechanism responsible for high 
frequency dispersion. It permits a large domain rota- 
tion effect to exist and cause natural ferrimagnetic 
resonance at relatively low frequencies as found here 
and elsewhere!:* and which is attributed to rotation of 
spins within regions of inhomogeneous magnetization. 
However, these inhomogeneous regions themselves may 
also be thought of as incipient domain walls which 
undergo resonant response in the applied rf field. If 
one accepts the above picture, it is possible to under- 
stand those cases where two distinct dispersion regions 
exist in the high-frequency magnetic spectrum of a 
ferrite’ without introducing additional mechanism. 
Such materials may be thought of as those in which the 
polycrystalline sizes and magnetic parameters are such 
that genuine domain walis can form and respond in 
the manner usually visualized. However, in cases such 
as that studied here and elsewhere,!:* where only a 
single dispersion region may exist, conditions can be 
considered such that multidomain structures are only 
slightly approached, the largest contribution to initial 
permeability being from domain rotation. In this way 
it seems quite possible that the theory of domain rota- 
tion can achieve the observed degree of confirmation 
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even when applied to magnetic spectra also describable 
in terms of moving domain walls. 


IV. CONCLUSIONS 


From this study it is possible to conclude that a 
phenomenon describable in terms of domain rotation 
definitely exists in the sample of nickel ferrite we have 
studied. This conclusion rests solely on the qualitative 
behavior of the ferrimagnetic induction apparatus. 
Quantitative application of domain rotation theory 
further yields a favorable comparison of gross features 
of the observations. In attempting to understand the 
existence of a natural ferrimagnetic resonance dis- 
persion at frequencies as low as the presently observed 
200 Mc/sec, it is suggested that a transition region 
between pure domain rotation and pure domain wall 
motions may exist in polycrystalline samples within 
which region a ferrite may exhibit aspects of both 
mechanisms. To this extent, the distinction between 
the two mechanisms becomes less physical’ than previ- 
ously considered, and the high-frequency magnetic 
behavior of ferrites can be understood only after careful 
consideration of internal polycrystalline structure. 

Note added in proof——The present experiment cannot distin- 
guish the situation in which domain wall motions throughout 
the sample are distributed in space and time quadrature so as to 
simulate the effects of domain rotation. Such a situation could 


occur, however, only if the walls were excited through coupling 
with domain rotation in agreement with the above conclusions. 
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A theoretical study has been made of the deviations of the axial ratios of hexagonal metal crystals from 
the ideal close-packing value, both for pure metals and alloys. The deviation is expressed in terms of the 
“effective stress” which would tend to change the axial ratio in the close-packed configuration, and the 
observed elastic constants. Using a change of scale procedure, a formula for the “effective stress” is derived 
in terms of integrals over the electronic wave function in the close-packed configuration. When the Hartree- 
Fock approximation is used to evaluate the expression for the “‘effective stress,” three contributions are 
found: (1) a “kinetic stress,”’ (2) an “electrostatic stress,” and (3) an ‘“‘exchange stress.” Estimates of each 
term for pure beryllium indicate that (1), which resembles the effects estimated by Jones and Goodenough, 
is most important; (2) is negligible; and (3) may be appreciable. It is found that the change in axial ratio 
with alloying is due to a different mechanism than that proposed by Jones. However, an argument is pre- 
sented which leads to qualitatively the same conclusions as his concerning the connection between the change 


in axial ratio and the band structure. 





1. INTRODUCTION 


F the forces between atoms in a hexagonal close- 

packed lattice were central forces between nearest 
neighbors only, the configuration for minimum energy 
would be that in which all nearest neighbor distances 
are equal.! For this ideal close-packed configuration the 
axial ratio; i.e., the ratio of the distance (c) between 
identical hexagonal planes to the distance (a) between 
nearest neighbors in these planes; would have the value 
(8/3)?= 1.633. 

There are a number of metals with hexagonal crystal 
structures which have axial ratios that deviate from the 
ideal value by small amounts. A few of these metals are 
listed in Table I. The deviations from close-packing can 
be changed by changing the temperature and by alloying 
with another metal. Moreover, it is very interesting that 
the changes in axial ratio produced in a given metal by 
alloying with any other metal at constant temperature 
seem to depend chiefly upon the electron-to-atom ratio 
in the alloy.?3 

H. Jones has treated the problem of the change in 
axial ratio with alloying.t He made the hypothesis that 
the changes in axial ratio produced by alloying are due 
to changes in the Fermi energy arising from the distor- 
tion of the Brillouin zone. His theory makes use of the 
fact that the Brillouin zone for a hexagonal lattice is 
anisotropic and, as he considered cases in which the 
Fermi surface overlaps some of the zone faces, the Fermi 


* Based on a thesis submitted to the Department of Physics, 
University of Chicago, in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy. 

t National Science Foundation Pre-doctoral Fellow. 

{Present address: Department of Physics, University of 
Oregon, Eugene, Oregon. 

1F, R. N. Nabarro and J. H. O. Varley, Proc. Cambridge Phil. 
Soc. 48, 316 (1952), Part 2. 

*G. V. Raynor, Proc. Roy. Soc. (London) A174, 457 (1940). 

3W. Hume-Rothery and G. V. Raynor, Proc. Roy. Soc. 
(London) A177, 27 (1940); G. V. Raynor, Proc. Roy. Soc. (Lon- 
don) A180, 451 (1942); R. S. Busk, J. Metals 188, Trans. 1460 
(1950); R. S. Busk, J. Metals 4, Trans. 207 (1952). 

*H. Jones, Proc. Roy. Soc. (London) A147, 400 (1934); Phil. 
Mag. 41, 633 (1950). 


surface is anisotropic. A change in axial ratio distorts the 
zone, forcing a distortion of the Fermi surface that, in 
general, changes the energy of the conduction electrons. 
Thus, in a manner of speaking, there exists an “effective 
stress” due to the conduction electrons, tending to 
change the axial ratio. The equilibrium axial ratio 
depends on a balance between the “effective electron 
stress” and the stress due to changes in all the other 
contributions to the total energy. 

Jones assumed that upon alloying, the valence elec- 
trons of the solute atom go into the conduction bands of 
the solvent and increase the “effective stress” due to the 
conduction electrons. Thus he reasoned that the “effect- 
ive electron stress,” and thereby the axial ratio, is a 
function of the number of valence electrons per atom. 
He estimated the change in energy of each one-electron 
state with change in axial ratio by assuming that the 
energy of the state changes with shear like a free electron 
state with the same wave number. Under the above 
assumption, the change in axial ratio with alloying de- 
pends upon the band structure in the vicinity of the 
Fermi surface, as the structure determines the assign- 
ment of the extra valence electrons to positions in the 
Brillouin zone, and the assignment determines the 
change in “effective stress.” 


TABLE I. Summary of experimental data. 








Cadmium 


1.894 
0.107 
6.35¢ 
0.66 
—1.52 


Zinc 


1.856° 
0.091 
6.45° 
0.56 
— 1.54 
1.0¢ 


Magnesium 


1.625> 
—0.003; 

8.81° 
—0.028 
— 0.047 

0.023 


Metal 


c/a 1.5658 

—0.028 
15.8¢ 

—0.44 


Beryllium 





€obs 

uw (ev/atom) 
o (ev/atom) 
n/m 0.625 
O€obs/Ox! 








a P, Gordon, J. Appl. Phys. 20, 908 (1949). 

b See reference 3. 

e EK. A. Owen and L. Pickup, Proc. Roy. Soc. (London) A140, 179, 344 
(1933); E. A. Owen and J. Iball, Phil. Mag. 17, 433 (1934). 

4 F, Seitz, The Modern Theory of Solids (McGraw-Hill Book Company, 
Inc., New York, 1940), p. 6. 

e The elastic constants of beryllium are those of L. Gold, Phys. Rev. 77, 
390 (1950). The other elastic constants are from the measurements of 
Wright and Griineisen and Goens, as quoted in Gold's paper. 

{ The quantity x is the number of valence electrons per atom in the alloys. 
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Fic. 1. The Brillouin zone for the hexagonal close-packed lattice 
which contains two electrons per atom. 


In the 1950 work, Jones discussed the changes in 
axial ratio of magnesium induced by alloying. He at- 
tempted to establish the band structure of magnesium 
by constructing a simple model to fit the experimental 
data. In order to explain Jones’s model, we refer to 
Fig. 1 which shows the second Brillouin zone for the 
hexagonal close-packed lattice. This zone contains ex- 
actly two electrons per atom. All of the valence electrons 
of pure magnesium would completely fill the zone; but 
magnesium is a metal and we know that in the ground 
state there is some overlapping into higher zones and 
some holes (unoccupied states) in the zone of Fig. 1. In 
analogy to the nearly free electron model, Jones as- 
sumed that the energy increases going away from the 
origin in reciprocal space. He took points K and I as 
possible overlap sites and points Q as possible hole sites. 

Under the assumptions of the Jones theory, an 
electron added at point I’ tends to increase the axial 
ratio. (The energy of an electron at point I’ is decreased 
if the zone is distorted so that I moves nearer the 
origin. Such a distortion corresponds to an increase of 
the axial ratio of the direct lattice.) In like manner, an 
electron added at point K tends to decrease the axial 
ratio, and one added at point Q tends to increase the 
axial ratio. In order to fit the experimental data, Jones 
assumed that in pure magnesium there are overlaps at K 
and holes at Q, and that overlap takes place at I’ for 
valence electron to atom ratios slightly larger than 
two (2.0075). 

The assumption that overlap occurs at I’ for a 
valence-electron-to-atom ratio of 2.0075 was made be- 
cause there is experimental evidence that the derivative 
of the axial ratio with respect to the valence electron to 
atom ratio shows a sharp change at this point. The idea 
that the sharp change is due to the onset of overlap at 
the point I was proposed by Raynor.” 

Such an onset of overlap should be noticeable in other 
properties of magnesium alloys. In particular, Schindler 
and Salkovitz® have investigated the change in the Hall 
constant in magnesium alloys. They find evidence of a 


5 A. I. Schindler and E. I. Salkovitz, Phys. Rev. 91, 1320 (1953). 


sharp change in the slope of the Hall constant versus the 
valence-electron-to-atom ratio curve in the neighbor- 
hood of 2.013 valence electrons per atom. 

Goodenough* has applied a similar theory to the case 
in which the Fermi surface is near to, but does not 
touch a set of Brillouin zone faces. Using the nearly-free 
electron model as a starting point, he argues that there is 
an effective attraction between the Fermi surface and 
the zone faces; i.e., due to the depression of energy 
beneath a zone face, the total energy of the electrons 
could be lowered by moving the zone face nearer to the 
origin in reciprocal space. 

We illustrate Goodenough’s ideas with the following 
example. Consider a pair of parallel zone faces (repre- 
sented by P in Fig. 2) which are moved closer to the 
origin (P’) as the result of a deformation. Figure 2 
represents the variation of the electron energy as a 
function of wave number along a line perpendicular to 
the two planes and passing through the origin. The 
energy before deformation is represented by the solid 
curve and after deformation by the dashed curve. It is 
seen that the energies of the electrons in positions 
corresponding to F are lowered as a result of the 
deformation. Thus if the Fermi surface does not touch 
any of the zone faces, the total electronic energy is 
lowered.’ The change in energy with change in axial 
ratio given by the Goodenough mechanism gives rise to 
an “effective stress” which determines the axial ratio as 
in the theory of Jones. é 

The attractive feature of the above theories is that 
they seem to afford a way of utilizing the experimentally 
observed changes in axial ratio with alloying to obtain 
information about the band structure in the neighbor- 
hood of the Fermi surface. Such information, which is 
very interesting as it determines other properties of the 
metal, is difficult to obtain by fundamental calculation. 
Thus, any method which holds promise of easily obtain- 
able information about the band structure deserves 
careful investigation. Both theories have a certain 
plausibility, but they both fail to take account of a 
number of contributions to the “effective stress” which J 
one would expect to be important. For example, the 
assumption that the change in “effective stress” with 
alloying is due to the change in the stress arising from 
the “Fermi energy” alone, neglects contributions to the 
“effective stress” coming from changes in the energy of 
the bottom of the band, Coulomb, exchange, and 
correlation energies, and energy of lattice vibrations, all 
of which contribute to the total energy of the crystal. 
Further, the application of the nearly free electron 
model is equivalent to ignoring two important facts: the 
potential in which an electron inside a metal moves is 
very strong, and the valence electron wave functions 

6 J. B. Goodenough, Phys. Rev. 89, 282 (1953). 

7Tf the Fermi surface does touch some of the zone faces, some 
electrons must be displaced by the movement of the zone faces to 
other points on the Fermi surface, so that their energies are 


increased. Whether the total energy is increased or decreased will 
depend on the details of the band structure and the Fermi surface. 
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must be orthogonal to the closed-shell electron wave 
functions. Thus, since the behavior of electrons in real 
metals differs appreciably from their behavior in a free 
electron gas, it is not to be expected that results based 
on the nearly free electron model are valid. 

In treating alloys, Jones assumed that the one- 
electron wave functions and energy spectrum of a dilute 
alloy are identical to those of the pure metal. Under such 
an assumption the effects due to alloying come from the 
increased (or decreased) number of valence electrons in 
the Fermi distribution. However, it is to be expected 
that there are other effects which are just as important; 
eg., the interaction of the electrons already present 
with the impurity atoms. 

In the present work, we develop a deductive theory of 
the deviations of the axial ratio from close-packing, 
which starts from fundamentals and applies to both 
pure metals and alloys. We display the factors important 
in determining the axial ratio in order to elucidate the 
basis of the theories of Jones and Goodenough. We carry 
the theory far enough to make numerical estimates of 
the divers factors in the case of pure beryllium, and to 
investigate the change in axial ratio with alloying. 

In Sec. 2 the “effective stress” is defined, and its role 
in determining the axial ratio is discussed. A general 
expression for the “effective electron stress” is derived 
in Sec. 3. In Sec. 4 an expression for the “effective stress” 
for a pure metal is obtained using the Hartree-Fock 
approximation. Section 5 contains a discussion of the 
“effective stress” in the Wigner-Seitz-Slater approxima- 
tion. In Sec. 6, the relation of the present work to that of 
Jones and Goodenough is discussed. A numerical appli- 
cation to pure beryllium is presented in Sec. 7. The 
change of lattice parameters with alloying is discussed 
in Sec. 8. Finally, in Sec. 9, the results of the paper are 
summarized and conclusions drawn. 


2. ROLE OF THE EFFECTIVE STRESS 


We now derive an expression for the value of the axial 
ratio at absolute zero of temperature, in terms of the 
observed elastic constants and the “effective stress” 
tending to shear the crystal. In this section we also 
briefly discuss the question of the temperature depend- 
ence of the axial ratio. 

The equilibrium configuration of a crystal at absolute 
zero of temperature and under no external stress is that 
configuration for which the total energy is a minimum. 
We will expand the energy of the crystal in a Taylor’s 
series about a configuration (hereafter called the ideal 
configuration) which has the observed atomic volume 
and the ideal axial ratio corresponding to perfect close- 
packing. We expand in terms of a parameter e, defined 
by the equations 


c=co(ite); a@=ao(1—}fe), (2.1) 


Where co and ap are the values of ¢ and a in the ideal 
configuration. It is seen that, to first order in e, a change 
in € represents a change in axial ratio at constant 
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Fic. 2. Schematic representation of the variation of the electron 
energy with wave number for two configurations of the lattice. 


volume. To first order we have 
c/a= (8/3)*(1+$e). (2.2) 


Neglecting terms higher than second order, we write 
for the energy at absolute zero 


E=Ey—oe+ jue, (2.3) 


where Ep is the energy in the ideal configuration and ¢ 
and yp are constant coefficients. Minimizing expression 
(2.3) with respect to e, we find 


(2.4) 


A theoretical calculation of ¢ and u would, of course, 
give a theoretical value of émin and the axial ratio. 
However, we shall confine ourselves to a theoretical 
calculation of o, the “effective stress,” as this quantity 
is of most physical interest. We obtain an approximate 
value of » using the observed elastic constants. The 
quantity u is given by the second derivative (at con- 
stant volume) of E with respect to e, evaluated in the 
ideal configuration. To the extent that the quadratic 
approximation is valid [Eq. (2.3) ], the value of the 
derivative is the same in the ideal configuration as in the 
observed configuration. But the latter is a combination 
of the elastic constants observed at absolute zero. The 
expression for yz is given by Jones in the 1950 paper. 

In Table I are listed the observed values of émin and 
the values of o necessary to produce the observed devia- 
tions from close-packing. Though the data in the table 
was not obtained at absolute zero, the differences of the 
values listed from the correct values at absolute zero are 
probably small. For example, the order of magnitude of 
thermal expansion coefficients is 10-°, so that up to 
1000°K the change in émin is of the order of 0.01. 
Though the elastic constants used to compute » were 
not measured as a function of temperature, the adia- 
batic compressibility and rigidity modulus of beryllium 
show very little dependence on temperature.® The fact 

® W. C. Overton, J. Chem. Phys. 18, 113 (1950). The apparent 


discontinuity of the rigidity modulus in Table IT is the result of a 
misprinted decimal] point in the values for 140°K and below. 


€min— o/p. 
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that the observed values of €min are small justifies the 
approximation made in Eq. (2.3). 

Thus, a calculation of o, the “effective stress,”’ serves 
to calculate the axial ratio. It follows from (2.3) that ¢ 
is the negative of the derivative (at constant volume) of 
the energy with respect to ¢, evaluated in the ideal 
configuration. The total energy at absolute zero is equal 
to the total energy with the nuclei held fixed on the 
sites of a perfect lattice (which we shall call the elec- 
tronic energy) plus the zero point energy of the nuclear 
vibrations. As the latter energy is much smaller than the 
former, we shall neglect it in this paper.’ Thus, in the 
present approximation, the axial ratio is determined by 
the negative of the derivative of the electronic energy, 
which we shall call the “effective electron stress.” 

We shall close this section with a few brief comments 
on the temperature dependence of the axial ratio. To 
determine the axial ratio at a finite temperature, one 
must minimize the Helmholtz free energy with respect 
to the axial ratio and atomic volume. The second order 
coefficients in the Taylor’s expansion of the free energy 
can be approximated by combinations of the isothermal 
elastic constants. The “effective stress” tending to 
change the axial ratio or the volume is found by 
taking the appropriate first derivative of the free energy. 

Considering first the contribution of the lattice vibra- 
tions to the free energy, we note that the derivative 
with respect to e« (or the volume) will depend on 
temperature in a manner resembling the total vibra- 
tional energy of the lattice. If the derivative is assumed 
to be proportional to the vibrational energy, the theory 
of Griineisen is obtained.” 

The derivative of the electronic energy with respect to 
e (or the volume) likewise behaves qualitatively like the 
total electronic energy. Provided that there is no 
peculiarity in the density of states at the Fermi level, 
the “effective electron stress” is equal to the stress at 
absolute zero plus a term proportional to the square of 
the absolute temperature. The thermal expansion coefhi- 
cients would then contain terms proportional to the 
absolute temperature. The possibility of the existence 
of such a linear term in the volume expansion coefficient 
was pointed out by Visvanathan." The linear contribu- 
tion to the thermal expansion coefficient of the axial 
ratio may be too small to measure, however. 


3. GENERAL EXPRESSION FOR THE EFFECTIVE 
ELECTRON STRESS 


In this section we derive an exact expression for the 
“effective electron stress” of a single state of the system 


* It is possible that the derivative of the zero-point energy with 
respect to € could be of the order of magnitude of the zero-point 
energy itself. As the order of magnitude of the zero-point energy is 
0.1 ev per atom, the resultant stress would not be negligible, 
though it still would be less important than the “electronic 
stress,” with the possible exception of magnesium. 

10 For a discussion of the Griineisen theory, together with a 
review of the data on thermal expansion of anisotropic metals, see 
B. G. Childs, Revs. Modern Phys. 25, 665 (1953). 

11, Visvanathan, Phys. Rev. 81, 626 (1951). 
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in terms of integrals over the wave function of the ideal 
configuration. The expression derived is in the form of a 
generalized virial theorem. By generalizing the pro- 
cedure still further, it would be possible to calculate the 
“effective stress” due to the lattice vibrations, though 
we have not so attempted in this paper. 

We imagine that initially the nuclei are held rigid in 
the ideal configuration. We will compute the first-order 
change in energy in going to a slightly different con- 
figuration (hereafter called the strained configuration) 
derived from the ideal configuration by application of 
the infinitesimal strain tensor s. We have 


R,'= (1+ s)-R,, (3.1) 


where R, and R,’ are the positions of the wth nucleus in 
the ideal and strained configurations, respectively. In 
the special case of the change in axial ratio, the tensor s 
is given in terms of the scalar e defined in (2.1) by 


Sez™=Syy=—4Fe; Ses=6, (3.2) 
all other components being zero. 
We write the Hamiltonian for the ideal configuration: 


Ho= Lj p7/2m+V(R,,1;), (3.3) 


where the sum 7 is over all electrons, r; and p; are the 
position and momentum vectors of the jth electron, m 
is the mass of the electron and the potential V is the 
electrostatic potential energy of all the electrons and 
nuclei. We have neglected all other contributions to the 
energy as, for example, spin-orbit coupling. The 
Hamiltonian for the strained configuration is then 


h=d; p?/2m+ V[d+ s) R,, r;]. 


We now make a change of variables such that 


(3.4) 


i= (1+ s)-r,’. (3.5) 
Inserting (3.5) into (3.4) and expanding to first order in 
s yields 


Ay (r;')=Ho(R,,1;’)— 5 pi 8-pj'/m 
+2 51j/-8-V/V+O,R,-s-V,V, (3.6) 

where p;’ denotes the momentum conjugate to r,’. 

The advantage of making the change in variables is 
that the eigenfunctions of (3.6), expressed as functions 
of the r,’, satisfy the same boundary conditions as the 
eigenfunctions of (3.3), since the r; run over a cell in the 
strained lattice as the r,’ run over.a cell in the ideal 
lattice. Thus we may find the eigenvalue of (3.6) by 
standard perturbation theory. 

Because we are interested in the first-order change in 
energy, we need only use first-order perturbation 
theory ; thus we find for the first-order change in energy: 


5E(s)=(—L; pj s-p,/m 
+D51;-8-VjV+D,R,-8- VV), (3.7) 
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where the angular brackets denote the expectation value 
taken with the wave function for the ideal configuration 
and the primes have been dropped from the variables of 
integration. 

Equation (3.7) is exact in the case that the expecta- 
tion value is taken with the exact wave function and is 
seen to provide a generalized virial theorem.” 

An approximate value of the “effective stress” can be 
obtained by evaluating (3.7) with an approximate wave 
function. The approximate “effective stress” calculated 
in such a fashion is not necessarily equal to the deriva- 
tive of the energy calculated in the same approximation. 
(I.e., the approximate derivative of the energy may not 
be equal to the derivative of the approximate energy.) 
However, the two ways of calculating the approximate 
stress do give the same answer in the important case of 
the Hartree-Fock approximation. The equivalent result 
to (3.7) in the Hartree-Fock approximation was derived 
by Fuchs and Peng." 

We now note that the expression (3.7) can be re- 
written as 


5E(s)=C+B, 
C=—(i/h)dX X[Ao, r;-8-p;])), 
B=y,R,:8-(V,V), 


where the square brackets in (3.8b) denote the commu- 
tator. In evaluating expressions (3.8) we have the 
choice of finding the total value for a finite sample, or 
the value per unit volume in a very large sample. We 
shall use the latter procedure in treating pure metals, 
and the former in discussing alloys. We now use the 
first procedure to discuss the physical meaning of the 
expressions (3.8). 

If the sample is finite, the integrations in (3.8) may 
be taken over all space. We first consider (3.8b); 
carrying out a partial integration on the variable r; we 
obtain 


C=—G/ME; f Bry 


(3.8a) 
(3.8b) 
(3.8c) 


x feral HoH)"; sp v—WV*r;- s-p;Hov | 


+(0/2mi)Es fare . - fas, + 


*K feralevsnytry Ss: pW—-V*y,(r;- Ss: ppv], (3.9) 


2 A tensor virial theorem has been discussed by E. N. Parker 
[Phys. Rev. 94, 1441 (1954)] in another connection. 

13K. Fuchs and H. W. Peng, Proc. Roy. Soc. (London) A180, 
451 (1942). These authors used the change of coordinates pro- 
cedure and did a perturbation calculation on the one-electron 
Hartree-Fock wave functions. They also derived the surface 
integral form [Eq. (4.10) of the present paper], but expressed the 
remaining terms in a different form than in the present paper. 
Their derivation applies only to cases in which the wave functions 
are periodic, while our results can be applied to alloys. 
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where W is (in this discussion) the exact many-electron 
wave function. The first term in (3.9) is zero as V is an 
eigenfunction of Ho and the second is zero as the wave 
function becomes vanishingly small at infinity. 

Thus, in the case under discussion, the entire contri- 
bution to 6E comes from B. By Feynman’s theorem,“ 
the quantity (V,,V) is equal to the negative of the force 
on the wth nucleus due to all the other particles in the 
metal. As the total force on each nucleus must be zero 
in order to maintain the configuration, an outside force 
equal to (V,V) must be applied to the uth nucleus. The 
quantity B is then seen to be equal to the work done by 
the outside forces during the deformation described 
by s. 

As deep in the crystal each atom is surrounded sym- 
metrically by its neighbors, (V,V) is appreciable only 
for the atoms near the surface. In order to calculate 6E 
by the present method it would be necessary to know 
the variation of the potential near the physical surface. 
Such a calculation would be quite difficult, though we 
shall see in Sec. 8 that the difficulty can be obviated if 
one is interested only in the change in 6£ with alloying. 


4. EFFECTIVE ELECTRON STRESS FOR A PURE 
METAL IN HARTREE-FOCK APPROXIMATION 

In this section an expression for the “effective stress” 
per unit volume is derived using the Hartree-Fock 
approximation. We imagine that the sample is infinitely 
large, and that the wave function is normalized inside a 
large volume &. We calculate 6E inside a smaller volume 
w, divide by w and take the limit as both w and 2 become 
infinite. 

In carrying out the above limiting procedure, care 
must be taken to avoid divergences introduced by the 
fact that the coordinates appear linearly in the expres- 
sion for 6E [Eqs. (3.8) ]. As the total potential is a 
function of differences of coordinates, we could have 
made the Taylor’s expansion [Eq. (3.6) ] in terms of 
differences of coordinates. Such an expansion in differ- 
ences of coordinates would converge like the potential 
itself. We could obtain the expression (3.7) from the 
expression involving differences of coordinates by a 
change of variables, provided that the regions of inte- 
gration (or summation) of all coordinates are the same. 
Thus, in calculating 5E inside w, we shall include only 
interactions between particles inside w, which guarantees 
that the correct limiting value of 6£ will be obtained. 

In order to facilitate the calculation outlined above, 
it is convenient to introduce a quantity V,(r,), which is 
the instantaneous potential of interaction between the 
jth electron and all the particles outside w. With the use 
of V,(r;), the contribution of the volume w to C can now 


14 R, P. Feynman, Phys. Rev. 56, 340 (1939). 

18 A calculation by this method would be similar to the calcula- 
tion of the work function. See, for example, J. Bardeen, Phys. 
tbe ‘i 653 (1936) or R. Smoluchowski, Phys. Rev. 60, 661 

1941). 
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be written 


CWw)=—-GMEsf aru f ary 


xf @rae* Cte Vo,¥;'S°pjl¥, (4.1) 
2 


where WV is the many-electron wave function. 

We now make use of the Hartree-Fock approximation 
and let the wave function W be a normalized determi- 
nant of one-electron spin orbitals Y.(r;) which satisfy 
the Hartree-Fock equation Hrfa= aa, where Hr is 
the one-electron Hartree-Fock Hamiltonian and &, is 
the one-electron Hartree-Fock eigenvalue. We make the 
convention that the quantum number a stands for both 
spatial and spin quantum numbers and that when r; 
appears as the argument of a y. it stands for both 
spatial and spin variables, integration over r; being 
understood to include summation over spin variables. 
We normalize the y. to unity in the large volume 0. 

Consider first the part of (4.1) which depends upon 
the full Hamiltonian. We perform a partial integration 
on the variable r;, obtaining an expression identical to 
(3.9) except that the regions of integration are different. 
When the determinantal wave function is substituted 
into the expression, the term analogous to the first term 
on the right in (3.9) vanishes, as integration over all 
coordinates except r; transforms the total Hamiltonian 
into the Hartree-Fock Hamiltonian. Because of the 
ortho-normality of the one-electron orbitals, the surface 
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Fic. 3. The central atomic polyhedron and a few of its neighbors 
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integral reduces to a sum of integrals involving one y, 
at a time. The part of (4.1) which depends upon the 
commutator of V, gives rise to terms representing an 
electrostatic interaction of the electrons inside w with all 
particles outside of w, and an exchange interaction be- 
tween the electrons inside w and the electrons outside 
of w. The expression for C in terms of the one-electron 
orbitals is 


C(w)=D+G+X, 
D=(—ih/2m)S.4 f dS 


(4.2) 


“L(WHa)*8-8-Pho— Va" V(F-8-p)¥a], (4.2a) 


=— f @ro(edn-s-vs 
x f arP(e/|n—nl, 
X=Las f dr; f @rpa*(r1) 


XWo(rie* (re) Pa(re)ri-8-V1e/|ri—re|, (4.2c) 


where the sum a is over occupied states and the sub- 
script o indicates that the integration is over the 
volume outside of w. The quantity p is the average 
charge density due to the electrons, and P is the total 
average charge density. They are given by 


p(t) =—e Dala(r)|?, 
P(r)=p(r) +2, eZ6(r—R,), 


where —e is the charge on an electron, Ze is the charge 
on a nucleus, and 6(r) is the Dirac delta function. 

We next make use of the periodicity of the wave 
functions to transform G into a lattice sum inside w. We 
then shall combine it with B to obtain a simple result. 
We first express G as a sum of integrals over atomic 


(4.3a) 
(4.3b) 


polyhedra. These polyhedra are the same as the Wigner- | 


Seitz cells, the polyhedron about a given atom being the 
smallest volume contained by the perpendicular bi- 
secting planes of the lines joining the atom in question 
to all other atoms. A polyhedron and a few of its 
neighbors are shown in Fig. 3. These polyhedra have the 
same symmetry as the space lattice; in particular, for 
the hexagonal close-packed lattice, the total charge and 
the dipole moment within a polyhedron are zero. 

Denoting the polyhedron about the uth atom as [4], 
we have for G, 


--£ f @*rip(r1)[R,+(11—R,) ]-8-V, 
» Te) 


(4.4) 


P(r2) 
x f d’r-———_, 
° |ri—ro| 
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where the superscript w on the summation sign means 
that the summation is over those R, inside w. We specify 
that the surface of w coincides with the bounding sur- 
faces of atomic polyhedra. Thus, the field strength inside 
w due to the charges outside w will be appreciable only 
near the surface, there being no net charge outside w or 
surface dipole moment on the surface of w. Since, in 
(4.4), t1—R, is always of the order of magnitude of an 
interatomic distance, the part of G proportional to 
1—R, will give a term proportional to the area of the 
surface, and may be neglected in the limit of infinite 
volume. 

In the remaining part of (4.4), we write the integral 
over the region outside of w as an integral over all space 
minus an integral over the volume w, 


G--ER8 f aro(n)y: 
Y i) 


P(r2) P(r) 
x| f a pi ‘ 


@ 





(4.5) 


The contribution of the first term in the square brackets 
to the integral over the polyhedron represents the 
average force on the electrons in the polyhedron, and 
vanishes by symmetry. Expressing the remaining inte- 
gral over w as a sum over polyhedra, we have 


. (4.6) 
Y,—Te 


G=ERs- | dn f Prolt)P(E) Yr 
el (>) 


Remembering that we must count only interactions 
between particles inside w, we express B [ Eq. (3.8c)_] as 


2 —Z 2—~ Ny 
B=E ZR, eve ore ~ se 


(4.7) 
{») —R,| 





where the delta function cancels the interaction of the 
uth nucleus with itself. By summing these two expres- 
sions and averaging over an interchange of u and », we 
find 


S=B+G=4E'(R,—-R,):s 


(4.8) 
T)—Toe 


, J : dr, f : ibis abana 


We have finally expressed the “effective stress” due 
to a many-electron Hartree-Fock state as the sum of 


three terms, 
6E(s)=D+S+X, (4.9) 


where the expressions for the individual terms are given 
by Eqs. (4.2a), (4.8), and (4.2c), respectively. We next 
shall discuss the physical interpretations of each of the 
three terms. 

We begin by discussing term D [Eq. (4.2a)]. We 
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make use of the periodicity of the wave functions to 
reduce D to an integral over the surface of a unit cell, 
obtaining 


D(w) =e Da= (w/A)(—th/2m) Za ; dS 


‘ L(vya) *r-s- PVa—Wa*V (r- S: Pa], (4.10) 
where D, stands for the contribution to D from the one- 
electron state a. The symbol A stands for the unit cell so 
that the factor w/A is the number of unit cells in w. Due 
to the fact that in the evaluation of term SS, the surface 
of w was chosen to coincide with the surfaces of atomic 
polyhedra, the unit cell used in expression (4.10) must 
be composed of two neighboring atomic polyhedra, in 
adjacent planes (see Fig. 3). Because the contributions 
to D come from the region between atoms, the valence 
electrons will be most important in determining its 
value. In metals in which the interatomic distance is 
large compared to the ionic radius, the contribution 
from inner shell electrons should be negligible. In the 
other metals, however, the contributions from these 
electrons may have to be taken into account. 

It is possible to construct a classical analog of term D. 
Consider a number of electrons per unit volume 
having velocity v and momentum p. The flux of particles 
through the surface element dS is mdS-v, and the force 
on the surface element due to the momentum transport 
is n(dS-v)p. Now suppose that the cell is deformed by a 
strain s. The work done by this force acting through the 
displacement s-r is given by 


sE=—n f (&8-v)(0-s-7). (4.11) 
s 


Equation (4.11) can be seen to be a classical analog to 
(4.10) with v taking the place of the current operator. 
Thus we call term D the “kinetic stress” due to the 
electrons. We shall see in Sec. 6 that the term D 
corresponds to the stresses estimated by Jones and 
Goodenough. 

Now we consider term S. Inspection of the structure 
of Eq. (4.8) shows that S represents the work done 
against the electrostatic forces between polyhedra in 
carrying out the deformation described by s. As each 
polyhedron is electrically neutral, it is to be expected 
that S is small and that is what we find in Sec. 7. 

The term X represents an exchange effect. It arises 
from the increased attraction of the medium outside of 
w for an electron in w, due to the fact that electrons of 
the same spin are kept apart by the determinantal wave 
function. A crude estimate of X in Sec. 7 indicates that 
it may be appreciable. 

Finally, we note that the formalism developed in this 
section can be applied to find the linear change in energy 
of any solid under deformation. Note that it gives the 
change in energy of the total solid, not the change in 
one-electron energy parameters. To find the exact 
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change in Hartree-Fock energy parameters, a self- 
consistent calculation would be necessary. Such a calcu- 
lation has been discussed by Bardeen.'* However, the 
self-consistent calculation can be avoided in cases in 
which Koopmans’s theorem” is valid. For example, the 
change in a certain one-electron energy parameter can 
be calculated by calculating the change in total energy 
for a state in which the one-electron state is occupied, 
and subtracting the change in energy of another state 
which differs from the first in that the particular one- 
electron state is empty, and one electron is removed 
from the crystal. The change with strain of the energy 
parameters is of interest in connection with the change 
with strain in the energy gap of a semiconductor,'® the 
explanation of the elastoresistance of germanium,” and 
the deformation potential theory.” 


5. EFFECTIVE STRESS IN THE 
WIGNER-SEITZ-SLATER APPROXIMATION 
In treating the cohesive energy of monovalent metals, 
Wigner and Seitz took the potential in which a valence 
electron moves to be the potential v;(r) due to the ion in 
the polyhedron in which the electron is instantaneously 
located. The one-electron Schrédinger equation 


[p?/ 2m+0,(r) Wa (r)= Ea (r) 


was solved in the polyhedron subject to the Bloch 
boundary conditions at the surface of the polyhedron.” 
The sum of the energy parameters &, so obtained was 
found to be a very good appfoximation to the total 
energy of the metal, relative to the state in which the 
ions and electrons are infinitely dispersed.” 

We now consider the effect of deforming the metal by 
a strain s. The Schrédinger equation, (5.1), is un- 
changed, but the boundary conditions do change. We 
will repeat the device of changing coordinates, Eq. 
(3.5), so that the wave function expressed in the new 
coordinates satisfies the original boundary conditions. 
Expanding to first order in s, we find 


(5.1) 


a8.(e)= f Va*[—p:s:p/m+r-s-Voi(r) Wa. (5.2) 
[0] 


16 J. Bardeen, Phys. Rev. 52, 688 (1937). 

17 T. Koopmans, Physica 1, 104 (1934). See also the discussion 
in F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 313. 

18 See, for example, R. W. Keyes, Phys. Rev. 92, 580 (1953). 

19 FE. N. Adams, Phys. Rev. 96, 803 (1954). 

2 J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). See 
also W. P. Dumbke, Bull. Am. Phys. Soc. 29, No. 7, 15 (1954). 
Pt Wigner and F. Seitz, Phys. Rev. 43, 804 (1933); 46, 509 

2 Actually, Wigner and Seitz simplified the boundary conditions 
Ny replacing the polyhedron by a sphere. J. C. Slater [Phys. Rev. 
45, 794 (1934) ] made a calculation in which he satisfied the Bloch 
boundary conditions at a few points on the surface of the poly- 
hedron. In this section we shall assume that the exact boundary 
conditions have been satisfied. 

% Wigner and Seitz also made a more elaborate calculation than 
the one described above. However, we will confine our attention to 
the simpler case. 
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Transforming to a surface integral as before, we find 


5&(8) = — (ih/2m) f dS 
[0] 


4 L(Wya)*r- S: PVa—Wa"V (r- Ss: P)Ya ]. (5.3) 
Expression (5.3) is seen to be the same as Dg, Eq. 
(4.10), except that (5.3) is calculated with the Wigner- 
Seitz wave functions and (4.10) is calculated with the 
exact wave functions. 

The result (5.3) is very interesting, considering that, 
in the simple Wigner-Seitz approximation, the sum of 
the & is equal to the total energy of the metal. Un- 
fortunately, the situation in a divalent metal is much 
more complicated so that no simple analogous state- 
ment can be made. 


6. COMPARISON WITH THE WORK OF 
JONES AND GOODENOUGH 

In this section we discuss the relationship of our work 
to that of Jones and Goodenough. We find, that with 
suitable assumptions, term D, Eq. (4.10), can be made 
to yield the estimates of Jones and Goodenough for the 
“effective stress.” 

Both authors base their estimates on the weak- 
potential model,”> and neglect any changes in energy 
gaps with strain. Such a neglect in the weak-potential 
model is equivalent to assuming that the magnitudes of 
corresponding Fourier coefficients of the potential are 
unchanged by deformation. However, if the Fourier 
coefficients were actually constant, the potential would 
be “deformable ;” that is, the potential after deforma- 
tion is given in terms of the original potential by 


v[ (1+s)-1r]=v(r), 


where v% and v, are the potentials before and after 
deformation. 

Using Eq. (6.1) for the transformation of the potential 
and the method used before of changing variables to 
calculate the change in the one-electron energy eigen- 
value, we obtain 


58.=D.!=— f @rp*(p-8-p/ma. (6.2) 
2 


(6.1) 


We have called this expression D,’ as it is analogous to 
D,. It is to be noted that there is no potential energy 
term in (6.2). If the wave functions are expressed as 
linear combinations of plane waves, D.’ becomes 


D.'=—YX|ae(k+K) |2(42/m) (k+K)-s-(k+K), (6.3) 
* The fact that expression (5.3) gives the change in the Wigner- 
Seitz energy when the polyhedron is replaced by a sphere, was 
pointed out by Fuchs and Peng (reference 13). They used the 
expression to derive the formulas of H. Frohlich [Proc. Roy. Soc. 
(London) A158, 97 (1937) ] and J. Bardeen [J. Chem. Phys. 6, 372 
(1938) ]] for the dependence on volume of the Wigner-Seitz energy 
of the state of wave number zero. 
1931); Brillouin, Quantenstatistik (Verlag Julius Springer, Berlin, 
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where @a(k+K) is the coefficient of the normalized 
plane wave of propogation vector k+K, and the K are 
reciprocal lattice vectors multiplied by 27. 

In order to obtain the Jones and Goodenough esti- 
mates we assume that the wave functions are the 
nearly-free electron wave functions,”* i.e., all a’s are zero 
except a few corresponding to the smallest magnitudes 
of k+K. When s is given by (3.2), we distinguish three 
cases. 

(1) If the end of the vector k lies at certain points of 
high symmetry, all the factors (k+K)-s-(k+K) have 
the same value. As the sum of the a’s is unity (due to the 
normalization condition), we find 


D.! = — (h?/m)k-s-k. (6.4) 
The expression (6.4) is the change with strain of a free 
electron state with propogation vector k, and thus is 
equal to the Jones estimate. 

(2) For other points on the zone faces, the present 
method is different from that of Jones, though the two 
methods yield the same result in the weak potential 
case. To find the average change in energy of holes near 
points such as the corners of the zone V and W, Jones 
takes the change of free electron energy at the corners. 
[The change in free electron energy at point V is equal 
to the change in free electron energy at point W for the 
deformation (3.2). ] However, the quantity D,’, evalu- 
ated for the state at W (or V), gives the change in 
energy of the state originally at W (or V). Under the 
deformation (3.2) the two states move away from points 
W and V, and, in fact, the values of D,’ associated with 
the two states are not equal. In order to find the average 
change in energy of holes originally near points V and W 
we must average the two values of D,’, weighting each 
value with the appropriate density of states. If we use 
the free electron densities of states for points V and W, 
we obtain the same estimate as Jones. 

(3) In the case that the end of the vector k is near 
to but does not touch a zone face, Eq. (6.3) gives, 
besides the change in free electron energy, a contribution 
which depends on the variation of the a’s with k. The 
value of D,’ in this case works out to be the estimate of 
Goodenough, plus a term k-s-¥x&_ which is zero when 
summed over the Fermi distribution as the tensor 
defined by (3.2) has no trace. 

We are now able to state the assumptions which will 
lead to the theories of Jones and Goodenough. First of 
all, the effects considered by these authors are contained 
in term D. Further, they take only that part of D which 
would result if the self-consistent potential were “de- 
formable.” Finally, they evaluate the “deformable” part 
of D using nearly-free electron wave functions. 


7. NUMERICAL APPLICATION TO BERYLLIUM 


In this section we make numerical estimates of the 
various contributions to the “effective electron stress” 
in the case of pure beryllium. We chose beryllium as it is 
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TABLE IT. Results of calculation of term Dg, the “kinetic stress.’’ 











Da (OPW) 
a ——_—. Da (free)/e 
(State) Da (free) (ev) 8l|ar|? 
re 0.714 —22.4 1.03 
r,t 0.984 —22.4 0.985 
K; 0.865 roZ 0.91 








*|ar|? is the absolute square of the coefficient of the nearly-free electron 
wave function in the orthogonalized plane wave function. 


the only hexagonal close-packed metal for which one- 
electron wave functions have been calculated for states 
other than the central point in the Brillouin zone. The 
wave functions available are approximate Hartree wave 
functions calculated by Herring and Hill,?* using the 
orthogonalized plane wave method.?’§ 

First, we discuss term D, Eq. (4.10). The individual 
contributions from each state, D., are fairly easily 
calculated with the orthogonalized plane waves. Each 
valence-electron wave function is expressed as a linear 
combination of plane waves and inner-shell wave func- 
tions, the coefficients chosen to minimize the valence- 
electron energy while keeping the valence-electron wave 
function orthogonal to the inner-shell wave functions. 
The inner-shell wave functions in the case of beryllium 
are very small (about 10-* of the value at the atom) in 
the region between atoms where the surface of integra- 
tion is located; therefore, we neglect the contributions 
of the inner-shell parts of the wave function to the 
“effective stress.”” Thus, we need only evaluate D, with 
a combination of a few plane waves. 

From the computational view, there are two reasons 
why the actual value of D, will be different from the 
value predicted on the nearly-free electron model. We 
may think of the wave function as being made up of an 
inner shell part, a combination of plane waves which 
would be the wave function in the nearly-free electron 
approximation, and higher plane waves. The value of 
D, is then different from that for free electrons both 
because of the contributions of the higher plane waves, 
and because the coefficient of the nearly-free electron 
wave function is different from unity. 

We have evaluated D. for several states in the 
Brillouin zone, the results being listed in Table II. The 
labeling of states is the same as in the Brillouin zone of 
Fig. 2. For simplicity, we express our results by giving 
the ratio of our value of D, to the value obtained on the 
nearly-free electron model for the same point in the 
Brillouin zone. For each of the states investigated, the 
amplitude of the nearly-free electron part of the wave 
function is nearly unity (see Table II) and the ampli- 
tudes of the higher plane waves are small. As a result, 
the computed values of D, resemble the free electron 

26 C. Herring and A. G. Hill, Phys. Rev. 58, 132 (1940). 

27 C. Herring, Phys. Rev. 57, 1169 (1940). 

§ Note added in proof.—It has been brought to the author’s 
attention that calculations have been performed for several 


points in the Brillouin zone for magnesium. See M. Triifaj, 
Czech. J. Phys. 1, 110 (1952). 
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values rather more than might have been expected a 
priori. 

It should be noted that though the contribution to D 
from each of the states listed in Table II is similar in 
magnitude to the free electron contribution, the sum 
over the Fermi distribution could be very much different 


from the sum calculated using the free electron ap-. 


proximation. This is true because the total sum is a 
small difference between large terms, so that a deviation 
from the free electron value which is different in different 
parts of the zone could cause a large error in the sum. 
Such an error would, of course, cause a large error in the 
calculated value of the axial ratio. 

From the information given in Table II, we can get 
some idea about the effect of strain on the energy gap. 
As I's is the state just above the top face of the zone, 
and I;* is the state just below, the difference between 
D(T) and D(Ts*) would be the change in energy gap 
if one could neglect the effects of terms S and X. 
Table II shows that this change is of the order of thirty 
percent of the change in free electron energy. 

We now consider the contribution of term S to the 
“effective stress.” In order to make an estimate of S, we 
approximate the total charge density as that given by 
positive charges of 2e on the atomic positions and a 
uniform negative charge of —2e per polyhedron. It is 
then convenient to transform S to a somewhat different 
form. It can be shown that 


S() =6W (w)-+ (20/A) (4e/A) f @r-2-vo(t), (7.1) 
[0] 


where 5W is the change with shear of the electrostatic 
energy of the simple model assumed above, and ¢ is the 
electrostatic potential of such a charge density. 

The first term in Eq. (7.1), 5W, can be calculated 
using the method of Ewald,?§ as developed by Fuchs.” 
That the variation of W with c/a is a factor in deter- 
mining the axial ratio was pointed out by Herring and 
Hill.?* We find 


5W = — (2w/A)0.00155¢%e/a. (7.2) 


It can be shown that if ¢(r) were spherically sym- 
metrical, the second term in (7.1) would be zero. We 
imagine expanding ¢ as a sum of multipoles. The largest 
contribution should come from the quadrupole term as 
the operator r-e-V has quadrupole symmetry when 
operating on a spherically symmetric function. The 
coefficient of the quadrupole term in the expression 
for @ has been calculated by Campbell, Keller, and 
Koenigsberg.” Replacing the polyhedron by a sphere of 


28 See, for example, M. Born and M. Goeppert-Mayer, Handbuch 


—— (Verlag Julius Springer, Berlin, 1933), Vol. 24, Part 2, ° 
10 


Pp. . 
®K. Fuchs, Proc. Roy. Soc. (London) A151, 585 (1935). 

( _ Keller, and Koenigsberg, Phys. Rev. 84, 1256 
1951). 
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equal volume, we find for the second term in (7.1) 


(4e/A) | drr-e- V¥p0.0025e"e/a 
[0] 


(7.3) 


We then find for the approximate value of S in the case 
of beryllium 0.006¢ electron volts per atom. Referring to 
Table I, we see that this value is small compared to the 
observed values of the “effective stress.” Though our 
estimate of S is admittedly approximate, the small value 
obtained is an indication that the contribution of term § 
to the “effective stress” for a pure metal can be ignored. 

Term X is very complicated and we have been able to 
make only a rough estimate of its value. If, in deriving 
the expression for the “effective stress,” it is specified 
that the one-electron wave functions are solutions of the 
Hartree equations (instead of the Hartree-Fock equa- 
tions), it is found that term X takes the somewhat 
different form, 


x=- (/2)E00f arf Br a* (t1)a(t1) 


Xs" (t2)Pa(te)(ti—r2)-e-V(1/|ri—re|). (7.4) 
As the Herring and Hill wave functions are Hartree 
wave functions, expression (7.4) should be used in 
calculating X. 

In evaluating (7.4), we neglect interaction between 
the valence electrons and closed shells*' and replace the 
valence electron wave functions by plane waves. In such 
an approximation, the value of X depends sensitively 
upon the occupation of states in reciprocal space, being 
zero for a spherical Fermi surface. We attempt to 
represent the effect of the full zone which contains two 
electrons per atom by assuming the electrons occupy an 
ellipsoid of revolution which has the same volume and 
quadrupole moment [integrated value of }(3k2—k’) ] as 
the zone. With the above assumption, we obtain an 
estimate of 0.1¢ ev per atom for X for beryllium. Though 
the estimate is crude, it indicates that the exchange 
effect is important. 

We are now in a position to try to make an estimate of 
the total “effective electron stress” in beryllium. 
Following Jones, we think of the total stress as that due 
to the full zone plus that due to overlap electrons minus 
that due to holes. We will approximate the term D for 
the full zone by summing the free electron value of Dz 
over the zone. Such a sum yields 


Dia, 2 DaX0.8¢ ev per atom, 


31 In beryllium the exchange interaction between closed shells on 
different atoms is negligible, but can be important in other metals. 
[See K. Fuchs, reference 29; also, Proc. Roy. Soc. (London) A153, 
622 (1936); A157, 444 (1936).] However, to the extent that such 
interactions are represented by central forces between nearest 
neighbors only, they will produce no “effective stress” tending to 
change the axial ratio. 
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where the subscript z means that the sum is over the 
complete zone. Adding this to the estimate of X for the 
full zone made above, we have for the “effective stress” 
due to the full zone 


o—0.9 ev per atom. 


The observed “effective stress” in beryllium is minus 
0.44 ev per atom (see Table I), about one-half our 
estimate. If there occurred overlap at point K and holes 
at points V and W as the results of Herring and Hill 
suggest, the correction for the difference from a filled 
band would increase the calculated “effective stress” 
even more. 

The above estimate of the “effective stress” is in 
error due to the partial use of the free electron ap- 
proximation in obtaining it. Even so, the approximation 
is sufficiently good to yield an estimate for the “effective 
stress” in beryllium of-the right sign and order of 
magnitude. For metals of larger atomic number whose 
wave functions are more complicated, it is to be ex- 
pected that the free electron approximation is less 
accurate. In zinc and cadmium, the “effective stress” 
actually has the opposite sign to that predicted with the 
free electron approximation. 


8. EFFECTS OF ALLOYING 


In this section we discuss the change in lattice parame- 
ters caused by alloying. We find that the method used 
by Jones to calculate the change in axial ratio with 
alloying is incorrect, though we show that the correct 
method may lead to conclusions similar to those of 
Jones. 

Besides changing the axial ratio, alloying causes 
changes in the volume, and produces local distortions of 
the crystal structure. We shall describe each configura- 
tion by giving the average axial ratio and average 
volume. For a given configuration the equilibrium posi- 
tions of the nuclei are determined by the condition that 
the energy is a minimum subject to the constraint on the 
average axial ratio and average volume. We use the 
parameter ¢ as defined before, and introduce a parame- 
ter § which is equal to one-third of the fractional differ- 
ence between the average volume of the configuration 
and the volume of the pure metal at absolute zero. 

The equilibrium values of « and 6 are those which 
minimize the total energy. The expansion (to second 
order) of the total energy in terms of ¢ and 4 is 


E=Eo—ce—15+ 3pe+43 8+ 068. 
Minimizing (8.1) with respect to ¢ yields 
(o—18)/p. (8.2) 


We could, of course, minimize the energy with respect 
to 6, and make a theoretical calculation of both ¢ and 6. 
However, we shall instead take 6 from experiment, ap- 
proximate wu and 7 by the appropriate combinations of 
elastic constants, and confine ourselves to the calcula- 
tion of o. 


(8.1) 


€min= 
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It is seen that the axial ratio changes with alloying 
because of three effects: the change in elastic constants, 
the change in atomic volume, and the change in the 
“effective stress.” 

We cannot say how large the effect due to the change 
of elastic constants is, since measurements of the 
relevant elastic constants for alloys of hexagonal metals 
have not been made. However, measurements on other 
systems indicate that the percentage change in elastic 
constants per atomic percent of solute varies from 0.5 
to 5. From Table I we see that the percentage change 
iN €bs per atomic percent of solute is of the order of 10, 
so that the change in elastic constants may well have an 
important effect. 

The change in axial ratio due to the change in atomic 
volume, given by the last term in (8.6), is the same as 
that derived by Jones using a somewhat different 
argument. 

The change in the “effective stress” with alloying is 
due to the changes in the “effective phonon stress” and 
the “effective electron stress.” We shall treat here only 
the change in the “effective electron stress” and neglect 
the change in the “effective phonon stress.” 

The “effective stress” is, as before, the negative of the 
derivative of the energy with respect to «. A change in € 
not only changes the average axial ratio but also affects 
the local distortions. We could express the actual 
deformation as a homogeneous deformation which 
changes the axial ratio, plus local deformations. The 
local deformations do not cause a first-order change in 
energy as the energy of the ideal configuration is a 
minimum with respect to local deformations. Thus we 
may obtain o by calculating the linear change in energy 
caused by a homogeneous deformation. 

We shall calculate the change in “effective electron 
stress” with alloying using the formulation discussed in 
Sec. 3, so that the total “effective stress’ comes from 
the contributions of the surface atoms to B [Eq. (3.8c) ].* 
We limit the discussion to the case of infinite dilution, so 
that there is a negligible number of impurity atoms near 
the surface. At first thought it might seem that the 
impurity atoms could not contribute to the surface 
stress due to the fact that the forces between atoms are 
short-ranged. However, the séress field due to the 
presence of the impurity atoms is long-ranged. In fact, 
the field at large distances from the impurity can be 
treated by classical elasticity theory, and falls off as the 
inverse cube of the distance from the impurity atom. 

In calculating the excess in term B due to the 
presence of the impurities, we may replace the summa- 
tion over » by an integration over the surface of the 
sample, as the excess surface stress is a slowly varying 


2 R. A. Artman and D. O. Thompson, J save. Phys. 22, 358 


(1951); A. D. N. Smith, J. Inst. Metals 80, 47 (1952). 

38 The quantity (wv) i is zero for nuclei in the interior of the 
sample. If this were not so, the energy could be lowered by 
displacing interior atoms, but the energy of the ideal configuration 
is a minimum with respect to such displacements. 
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function. We find 


SE=bEyt+ f ab -ere, (8.3) 
s 


where 6£, is the linear change in energy for the pure 
metal and ¢ is the stress tensor due to the presence of 
impurities. As the leading term in the stress varies as the 
inverse cube of the distance from the impurity, the 
second term in (8.3) will be proportional to the total 
number of impurities in the sample.** Thus the change in 
lattice parameters will be proportional to the concentra- 
tion of impurities (for small concentrations). The stress 
field itself is determined by the atomic displacements 
near the impurity atoms. A complete theoretical calcula- 
tion of the change in lattice parameters with alloying 
then involves a calculation of the local displacements.*® 

The results of the above discussion support the 
simple view of a metal as being made up of atoms which 
interact through short-range forces. That classical 
elasticity theory can be applied to the problem of change 
of lattice parameters has been recognized for a long 
time.** The importance of the present results is that they 
show that the simple “Brillouin zone effects” on the 
change of lattice parameters with alloying as hitherto 
calculated, do not exist. Note that there would be no 
change in average lattice parameters if there were not 
local distortions of the lattice, a fact in direct contra- 
diction with the theory of Jones. 

The reason for the failure of the Jones model can be 
elucidated by the following discussion. Let us calculate 
by our method the change with alloying of the contribu- 
tion of term D [Eq. (4.2a)] to the “effective stress,” 
remembering that such a contribution is analogous to 
the stress calculated by Jones. We shall further assume 
that there are no local distortions of the lattice. We 
choose the surface of w to be far from impurity atoms. 
We then find that D is unchanged by the addition of the 
impurities. The reason is roughly this: the perturbation 
of the charge distribution due to an impurity atom dies 
off exponentially with distance from the impurity, so 
that the charge density at the surface of w is the same as 
for the pure metal.37 Thus, though there may be a 
contribution to the stress from the extra electrons 
introduced by alloying, it is exactly cancelled by the 
change in the stress due to the electrons already present. 

In order to explain the experimental regularities in the 

* Actually, there is also a constant term in the stress tensor due 
to impurities. In the method of this section the magnitude of the 
constant term is determined by the condition upon the average 
axial ratio and average volume. A more straightforward procedure 
would be to apply originally the boundary condition that there are 
no surface stresses and determine the change in lattice parameters 
from the surface displacements. 

35 For a discussion of the calculation of local atomic displace- 
ros) in several cases, see D. L. Dexter, Phys. Rev. 87, 768 
O B. Ya. Pines, J. Phys. (U.S.S.R.) 3, 309 (1940). 

37 Actually, it is necessary that the contribution to the charge 
density at the surface of w from each group of states with the same 


energy is unchanged by alloying. See J. Friedel, Advances in 
Physics 3, 446 (1954). 
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change in lattice parameters it is now necessary to ex- 
plain why there are regularities in the local displace- 
ments caused by alloying.** We present here a rough 
argument which indicates that such a program is pos- 
sible. We assume that the behavior of the electrons near 
the impurity can be described in the effective mass 
approximation.® For the sake of argument, let us as- 
sume that the energy band structure is that proposed by 
Jones and discussed in Sec. 1 of this paper. There will be 
several types of states with energy near the energy of 
the Fermi level, corresponding to the different regions 
K, V, and I. Let us consider the region I’. In analogy 
to the weak potential case, we may expect that the 
effective mass parallel to the c axis is smaller than that 
perpendicular to the c axis. Thus the orbit of an electron 
of effective mass corresponding to region I and which is 
bound to the impurity would extend further away from 
the impurity in the direction of the c axis than perpen- 
dicular to the c axis. Thus the contribution to the excess 
charge density from such electrons would extend farther 
up the c axis than perpendicular to it, causing a greater 
repulsive force on nuclei which lie in the direction of the 
c axis away from the impurity atom. Thus, electrons in 
states such as I’ tend to increase the axial ratio, the 
same conclusion as that drawn by Jones. Naturally, a 
sudden onset of overlap at I would cause a change in the 
excess charge density, which in turn would effect the 
lattice parameters. The same reasoning gives a con- 
clusion qualitatively the same as Jones’s concerning the 
region K, though the effect of the holes at points V will 
depend on details of the band structure which are not as 
easily ascertained. 


9. SUMMARY AND CONCLUSIONS 


The main purpose of this paper was to investigate the 
bases of the theories of Jones and Goodenough concern- 
ing the change in axial ratios of hexagonal crystals with 
alloying. As explained in the introduction, the theories 
are interesting as they seem to afford easy ways of 
getting information about the band structure. In order 
to elucidate these theories we carried out two separate 
investigations which, surprisingly enough, turned out to 
be rather unrelated. 

The first investigation (Secs. 3 through 7) consisted of 
examining the factors responsible for the deviation of 
the axial ratios of pure metals from the ideal close- 
packing value. The major factor found was the “kinetic 
stress,”’ which resembles the stresses estimated by Jones 
and Goodenough. In fact, in beryllium the contributions 
of each one-electron state to the “kinetic stress” are 


38 Another kind of argument to show that the “effective sizes” 
of solute atoms (and thus local displacements) depend upon the 
relative valency of the solvent and solute has been made by J. H. 
O. Varley, Phil. Mag. 45, 887 (1954). 

% For a discussion of the validity of the effective-mass approxi- 
mation as applied to impurity states, as well as a discussion of the 
character of the exact solutions, see G. F. Koster and J. C. Slater, 
Phys. Rev. 95, 1167 (1954). 
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numerically very much like those given by the Jones 
theory. It is pointed out, however, that the sum of the 
contributions from all states could be very much 
different. Two other factors tending to change the axial 
ratio were found, one of which, the exchange stress, 
could be appreciable. A rough estimate made of the 
“effective stress” in beryllium was of the right order of 
magnitude. 

The second investigation concerned the change of the 
lattice parameters with alloying. It was found that the 
change in axial ratio with alloying is due to a different 
mechanism from that proposed by Jones. However, use 
of the effective-mass theory allowed us to establish a 
connection between the band structure and the change 
in axial ratio when the correct mechanism is taken into 
account. It is remarkable that using the correct method, 
we draw the same qualitative conclusions concerning 
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band structure as does Jones! It may be necessary to use 
a more sophisticated method in order to obtain nu- 
merical agreement with experiment, but the effective- 
mass treatment doubtlessly contains the essential 
physics. Thus, the most attractive feature of the Jones 
theory remains, i.e., the possibility of getting informa- 
tion about the band structure from the alloying data. 

In the course of the first investigation a formalism was 
developed which is capable of giving the first-order effect 
of a homogeneous deformation on the energy band 
structure. Several possible applications of such a 
formalism were mentioned in Sec. 4. 

The author wishes to express his sincere gratitude to 
Dr. E. N. Adams II for his invaluable advice and 
encouragement. Thanks are also due Dr. Conyers 
Herring for making available copies of the wave 
functions. 
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The temperature dependence of electrical resistivity in p- and n-type nickel-doped germanium crystals 
indicates that nickel introduces two acceptor levels in germanium at 0.22+0.01 ev from the valence band 
and 0.30+0.02 ev from the conduction band. Ionization energies deduced from infrared photoconductivity 
studies at 77°K are in agreement with the values obtained from resistivity measurements. V-type samples 
show higher photosensitivity than p-type samples and demonstrate quenching effects. The distribution 


coefficient for nickel in germanium is about 2.3 10-°. 


I. INTRODUCTION 


HIS paper presents measurements of electrical 
and optical properties of germanium crystals 


| containing nickel as the major impurity. Results are 


_ similar in most respects to those reported previously 


| for Fe-doped!? and Co-doped® germanium crystals. In 


a paper primarily concerned with the effects of Ni and 


_ Cu on carrier lifetime in germanium, Burton ef al.‘ have 
| Teported low-temperature conductivity and Hall co- 


efficient data which indicated that Ni introduces an 


, acceptor level at about 0.23 ev from the valence band 


of germanium. This conclusion is confirmed. In addition, 


| evidence is presented indicating that Ni introduces 
| another acceptor level at about 0.30 ev from the con- 


duction band. A summary is given comparing the prop- 
erties of Fe-, Co-, and Ni-doped germanium crystals. 


1W. W. Tyler and H. H. Woodbury, Phys. Rev. 96, 874 (1954). 

2R. Newman and W. W. Tyler, Phys. Rev. 96, 882 (1954). 

3 Tyler, Newman, and Woodbury, Phys. Rev. 97, 669 (1955). 
953 Hull, Morin, and Severiens, J. Phys. Chem. 57, 853 


Il, EXPERIMENTAL RESULTS 
A. Crystal Preparation 


The methods of crystal growth and sample prepara- 
tion used with Ni-doping experiments were similar to 
those used in previous work with Fe- and Co-doping.'* 
Experimental techniques used in studying the Ni- 
doped samples have also been described.'” 

Johnson Matthey Company (JM) “spectroscopically 
pure” Ni and Sigmund Cohn (SC) “chemically pure” 
Ni were used for doping. Initial experiments using the 
JM Ni indicated that about 10 percent of the carriers 
introduced into the Ge crystals as a result of doping 
were probably due to low ionization energy acceptor 
impurities in the Ni. The SC Ni proved somewhat more 
satisfactory either because of a lower concentration of 
specific low ionization energy acceptor impurities or 
because acceptor impurities were compensated by donor 
impurities. Spectroscopic analyses of both sources of 
Ni indicated “barely detectable” amounts of B and 
“traces” of Al. The SC Ni analysis also indicated a 
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Fic. 1. Temperature dependence of carrier concentration for 
low-resistivity n- and p-type Ni-doped crystals. (On the ordinate, 
2-10° should be 2: 10"%.) 


“slight trace” of Ga.5 In an attempt to decrease the 
concentration of these acceptor impurities, single crys- 
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Fic. 2. Resistivity vs reciprocal temperature for a high-resistivity 
p-type Ni-doped Ge crystal (sample 135F). 


5 The Ni used was supplied by D. L. Martin. All spectroscopic 
analyses were made by L. B. Bronk. 


tals of Ni were grown using the SC Ni as raw material. 
Comparative spectrographic analyses were made of the 
starting material and a third generation Ni crystal 
grown from central portions of preceeding crystals. 
There was no evidence of significant reduction of the 
B, Al, or Ga content from spectroscopic analyses or 
from doping experiments. 

Subsequent to initial doping experiments which 
indicated the presence of low-ionization-energy acceptor 
impurities in the Ni, all crystals were grown with small 
amounts of dilute As-Ge or Sb-Ge alloys added to the 
melt to compensate acceptor impurities. Because of 
their greater homogeneity, the most satisfactory 
counter-doping alloys for this purpose are Ge single 
crystals grown with suitable As- or Sb-doping. In 
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Fic. 3. Hall mobility vs temperature for p-type 
Ni-doped Ge crystal (sample 135F). 


searching for acceptor levels other than the 0.22-ev 
level, sufficient amounts of counter-doping donor alloy 
were used to fill the 0.22-ev levels in addition to com- 
pensating acceptor impurities. By such methods p- and 
n-type samples were obtained which showed tempera- 
ture dependence of resistivity characteristic of levels 
at 0.22 ev from the valence band and 0.30 ev from the 
conduction band. All of the Ni-doped samples studied 
could be placed in one of four categories, consistent 
with the two-acceptor model. Assume N Ni atoms per 
cm’, » holes per cm* due to the acceptor impurities in 
the Ni, and electrons per cm’ from the counter-doping 
alloy. If n— <0, the sample is low-resistivity p-type. 
Due to freeze-out of the holes supplied by Ni atoms, 
the resistivity first rises on lowering the temperature 
but becomes limited by the low-ionization-energy ac- 
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ceptor states. If 0<u—p<JN, the sample is high-resis- 
tivity p-type and shows a temperature dependence of 
resistivity characteristic of the lower Ni acceptor state. 
If N<n—p<2N, the sample is high-resistivity n-type 
and shows a temperature dependence of resistivity 
characteristic of the upper Ni level. For 2V<n—p, 
a low-resistivity n-type sample is observed with the 
| resistivity rise limited by excess low-ionization-energy 
| donors. 


B. Electrical Properties 


Figure 1 shows plots of number of carriers vs re- 
_ ciprocal temperature for Ni-doped Ge crystals char- 
acteristic of the first and last categories described above. 
The number of carriers was obtained from the Hall 
coefficient using the relation Ry=1/ne. From these 
curves, values of V can be obtained and estimates made 
of the effective distribution coefficient for Ni in Ge. 
Values obtained are 2.4X10-* for sample 94G and 
2.2X10-* for sample 148D. These values are about a 
factor of 2 lower than the value given by Burton ef al.4 
The principal source of error for the values given above 
is lack of exact knowledge of the concentration of Ni 
in the melt during crystallization of the sample. The 
effective distribution coefficient may also depend to 
some extent on the concentration of Ni in the melt, on 
rate of crystallization and rate of cooling after crystal- 
lization. For 94G, the concentration in the melt was 
1.9X10-* and for 148D about 5.7X10~. In each case 
the rate of crystallization was about 1.4 grams per 
minute. The agreement between values of effective 
distribution coefficient for these p- and m-type crystals 
indicates that the number of upper acceptor levels 
introduced by Ni is equal to the number of lower levels 
within experimental error. 

Figures 2 and 3 show the temperature dependence of 
resistivity and mobility for a high-resistivity p-type 
Ni-doped sample. Eight such p-type samples from these 
different crystals were studied. Energy values given by 
the slopes of resistivity vs reciprocal temperature range 
from 0.21 ev to 0.23 ev. Figures 4 and 5 show similar 
curves for a high-resistivity m-type Ni-doped sample. 
Six such samples from six different crystals were 
studied. Energy values range from 0.28 ev to 0.31 ev. 

The temperature dependence of Hall mobility shown 
in Figs. 3 and 5 is not typical of all the samples studied. 
In many high-resistivity Ni-doped samples, particularly 
for n-type samples, anomalous Hall mobility effects 
were observed. Figure 6 shows measured mobility 
data for high-resistivity m- and p-type samples 152A 
and 142I. Resistivity data for these samples showed 
the characteristic energies of 0.30 ev and 0.23 ev, 
respectively, throughout the temperature range studied. 
The anomalous mobility behavior generally becomes 
pronounced at temperatures below 200°K. Very few 
high-resistivity samples showed well-behaved mobility 
down to 100°K. In some cases the measured mobility 
values would break from the normal linear relationship 
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Fic. 4. Resistivity vs reciprocal temperature for a high-resistivity 
n-type Ni-doped Ge crystal (sample 153B). 


and become relatively independent of temperature; in 
other cases mobility values would fall very rapidly 
after breaking from the normal relationship, sometimes 
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Fic. 5. Hall mobility vs temperature for n-type 
Ni-doped Ge crystal (sample 153B). 
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Fic. 6. Anomalous Hall mobility of high-resistivity n- and p-type 
Ni-doped Ge crystals (samples,152A and 1421). 


falling several decades in a temperature interval of 30 
to 40°K. Anomalous mobility behavior observed in 
high-resistivity Ni-doped samples is thought to be due 
to macroscopic potential variations which develop as 
the samples are cooled. Resistivity may not rise uni- 
formly throughout the sample and small disconnected 
regions in the sample may actually remain at a rela- 
tively low resistivity level. 


C. Photoconductivity 


Infrared photoconductivity studies at 77°K were 
made on p-type samples from three different crystals 
and on n-type samples from three different crystals. 
Figures 7 and 8 show the spectral dependence of photo- 
conductivity for typical p- and n-type samples. The 
curves are qualitatively similar to those reported 
previously for Au®-, Fe?-, and Co*-doped Ge crystals. 
In the region of impurity photoconduction the photo- 
sensitivities of m- and p-type Ni-doped samples were 
comparable. In the region of intrinsic absorption 
(hv>0.7 ev), n-type samples were a factor of 10 to 10° 
more photosensitive than p-type samples. Quenching 
effects in n-type samples were observed. Maximum 
quenching effects occurred at about 0.5 ev with ob- 
served decreases in background photoconduction of 


®R. Newman, Phys. Rev. 94, 278 (1954). 


about 50 percent. The spectral dependence of photo- 
conduction in either p- or n-type samples was very 
reproducible from sample to sample and seemed inde- 
pendent of mobility behavior. Anomalous mobility 
behavior presumably affects the magnitude but not the 
spectral dependence of photoconduction in samples 
which are all of one type. For one Ni-doped sample, a 
spectral response was observed which behaved like 
n-type material from 0.70 to 0.45 ev and showed the 
characteristic p-type spectrum from 0.45 to 0.22 ev. 
Careful probing studies in’the dark at low temperature 
subsequently confirmed that this sample was of mixed 
type. 

Room-temperature lifetime measurements were made 
on many of the Ni-doped samples. Lifetime values were 
obtained from the rate of photoconductivity decay after 
spark excitation. Samples grown from a melt containing 
about 0.08 atomic percent Ni with hole concentrations 
of about 10“ per cm! indicated carrier lifetime of several 
microseconds or less. The results are qualitatively 
similar to those of Burton eé¢ al. 


III. SUMMARY AND DISCUSSION 


Table I presents a summary of impurity levels in Ge 
crystals which have been identified with the presence 
of Fe, Co, and Ni impurities in the melt. Approximate 
values for effective distribution coefficients have also 
been listed. E,; represents energy measured from the 
valence band to the impurity level in p-type samples; 
E.; is measured from the impurity level to the con- 
duction band in m-type samples. The experimental error 
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Fic. 7. Photoconductive spectrum of a p-type Ni-doped 
Ge crystal at 77°K (sample 135F), 
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in determining slopes of resistivity plotted against 
reciprocal temperature, from which the energy values 
of impurity levels were obtained, is +0.02 ev at most. 
The use of resistivity data rather than Hall coefficient 
data in determining energy values is somewhat arbi- 
trary. According to the simple theory that leads to a 
3/2 power dependence of mobility on temperature, the 
dependence of mobility on temperature cancels the 
theoretical change in effective density of states with 
temperature, justifying the use of resistivity data in 
determining energy values. The mobility does not 
follow the 3/2 power law in p-type material but correc- 
' tion of energy values to account for this would raise 
| the quoted £,; values by only about 0.01 ev. Such cor- 
' rections have not been carried out because experi- 
mental and theoretical uncertainties in interpretation 
of the data are comparable in magnitude. No informa- 
_ tion has been obtained -showing possible temperature 
dependence of impurity levels. 

Photoconductivity measurements made at 77°K are 
qualitatively similar for high-resistivity Fe-, Co-, and 
Ni-doped Ge crystals. Ionization energies deduced from 
impurity photoconduction thresholds in n- and p-type 
samples are consistent with the values quoted in 
Table I, except for n-type Fe-doped samples, for which 
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Fic. 8. Photoconductive spectrum of an n-type Ni-doped 
Ge crystal at 77°K (sample 139E). 
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TABLE I. Impurity levels and distribution coefficients (ko)for 
iron, cobalt, and nickel in germanium. £,; represents energy 
measured from the valence band to the impurity level in p-type 
samples; ,; is measured from the impurity level to the conduc- 
tion band in n-type samples. 








Evi (ev) 


0.34 
0.25 
0.22 


Ei (ev) ko 
0.27 <10-* 


0.31 ~107° 
0.30 ~2.3X 107% 











photoconductivity studies indicate a somewhat deeper 
level, similar to n-type Co- and Ni-doped crystals. In 
general, n-type samples are more photosensitive than 
p-type samples, exhibit quenching effects and are 
slower in response to changes in light levels. 

It is tentatively assumed that Fe, Co, and Ni are 
substitutional impurities in the Ge lattice, each acting 
as a double acceptor giving rise to the energy levels 
quoted in Table I. Evidence that the impurity states 
are acceptors is direct for Ni and Co and is assumed 
for Fe because of similar atomic properties of Fe, Co, 
and Ni and the analogous photoconductive properties 
of crystals doped with Fe, Co, and Ni. No evidence that 
these impurities introduce more than two deep levels 
has been obtained. 

Evidence for the double-acceptor model is not con- 
sidered conclusive. It is possible that the two different 
levels observed for each of the transition metals studied 
are due to impurity atoms at two different types of 
sites at about the same concentration. The number of 
lattice imperfections in even the best crystals is prob- 
ably sufficient to account for the observed solubility 
of Fe, Co, and Ni. Observed similarity of the impurity 
photoconductive spectra of n-type crystals may imply 
that the upper levels are due to structural defects or 
some other property common to Fe-, Co-, and Ni-doped 
crystals and independent of the atomic properties of 
the specific doping impurity. 

Most of the uncertainty concerning the properties 
of Ge crystals doped with transition metals is related 
to their low effective distribution coefficients and the 
presence, in the purest metals available, of significant 
concentrations of high distribution coefficient impuri- 
ties. Also, in samples dominated by high-ionization- 
energy impurities the carrier concentration at low 
temperatures decreases to very low values and it is 
difficult consistently to obtain homogeneous samples 
with well-behaved mobility. This problem has been 
particularly serious for Ni-doped samples. Uneven 
cooling of the ingot after crystallization, combined with 
a pronounced retrograde solid solubility could be in 
part responsible for this lack of homogeneity. 
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The stopping cross sections of manganese, copper, germanium, selenium, silver, tin, antimony, gold, lead, 
and bismuth are reported for protons in the energy range 400 to 1000 kev. The cross sections are roughly 
proportional to the square root of the atomic number of the stopping element and inversely proportional to 
the velocity of the incident protons. There is some evidence that the stopping cross section increases more 


rapidly than Z? as the various # shells are filled. 





I. INTRODUCTION 


TOPPING power has been the subject of interest 
and extensive investigation since the earliest days 
of nuclear physics.! From almost the very beginning 
the range of an energetic charged particle has been 
used as a measure of its energy. These range-energy 
relations were first experimentally investigated by ob- 
serving alpha particles from natural radioactive sources. 
With the development of the particle accelerators it 
became possible to obtain protons and other charged 
particles with well defined energy. The development of 
techniques for obtaining thin foils permitted the direct 
observations of the rate of energy loss as a function of 
energy rather than its inference from range meas- 
urements. 

Theoretical aspects of the problem have been in- 
vestigated by a number of physicists. Of particular 
importance are the early treatménts by Bohr* using a 
classical approach and by Bethe’ and Bloch‘ using the 
quantum mechanical approach. The expressions ob- 
tained have been reasonably successful in predicting 
the experimental results for higher energies. However, 
one of the basic assumptions involved in these theories 
is that the velocity of the particle is greater than the 
orbital velocity of the atomic electrons of the stopping 
material. As a consequence, the results for low particle 
velocities have not been entirely satisfactory. Several 
attempts have been made to correct this deficiency,*® 
but none has proved completely adequate. Therefore, 
experimental data must be relied upon in this velocity 
range. 

Of more immediate concern here are the expressions 
derived derived by Bohr’ and more recently by Lindhard and 


si Supported in part by the U. S. Atomic Energy Commission 
through a contract with The Ohio State University Research 
Foundition. 
t Now at Knox College, Galesburg, Illinois. 
1§. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953), and references. 
2.N. Bohr, Phil. Mag. 25, 10 (1913). 
3H. A. Bethe, Ann. Physik 5, 325 (1930). 
*F. Bloch, Ann. Physik 16, 285 (1933). 
5M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
245 (1937). 
6 J. O. Hirschfelder and J. L. Magee, Phys. Rev. 73, 207 (1948). 
7™N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, No. 8 (1948). 


Scharff* using a statistical approach based on the 
Thomas-Fermi model of the atom. While these forms 
are not expected to give accurate results, they do pre- 
dict a relationship between the stopping power, the 
atomic number, and the velocity of the particles. The 
testing of these relations for various energies and 
stopping media is desirable. In this paper, data on the 
stopping cross sections of the elements manganese, 
copper, germanium, selenium, silver, tin, antimony, 
gold, lead, and bismuth are reported and compared 
with these theoretical predictions. 


Il. EXPERIMENTAL TECHNIQUE 


The experiments were carried out using protons 
accelerated by a Van de Graaff generator. The accelera- 
tion voltage was stabilized by detecting an unbalance in 
proton current intercepted by defining slits and auto- 
matically altering the corona drain to bring the beam 
back to a balanced position. The energy of the protons 
was determined from current in the coils of the analyz- 
ing magnet which was calibrated by the use of the 
lithium and fluorine (p,y) resonances. 

The method used was a modification of the one sug- 
gested and developed by Madsen and Venkateswarlu.” 
In this technique, an excitation spectrum for a proton 
reaction with some target material is obtained first 
without, and then with a foil of a stopping medium 
inserted in the proton beam. The energy loss suffered 
by the protons in the stopping material is indicated by 
the apparent shift in the resonance peaks of the re- 
action spectrum. This technique suffers a serious limita- 
tion in the fact that most materials do not lend them- 
selves to the formation of foils which are sufficiently 
thin, and yet strong enough to be suitable. 

To overcome this difficulty a technique was de- 
veloped"! in which the stopping material was evaporated 
directly onto the target material. (This modification 
was proposed and used independently by Madsen” 


8 J. Lindhard and M. Scharff, i Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 15 (1953). 

® Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 
Phys. 28, 356 (1950). 
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although he confined its application to those materials 
which would also produce foils.) This arrangement 
quite naturally gives rise to the name “sandwich 
target” since the target material is sandwiched between 
the target backing and the stopping material. For 
this work, LiF was used exclusively as the target 
material and tantalum was generally used for the 
target backing. The resonance energy levels for the 
(pyy) reactions are accurately known? for both lithium 
and fluorine. 

One of the complications introduced by the use of 
/ sandwich targets is the problem of determining ac- 
' curately the thickness of the target material (LiF). 
' The displacement of a resonance level is greater than 
| that due to the stopping material by an amount equal 
' to one half the energy thickness of this LiF layer. 
' Since the target thicknesses used were in the neighbor- 
- hood of five kev, it became necessary to take this into 
' account. By using a calibration target evaporated at 
the same time as the sandwich target, the effect of the 
target thickness cancels out on the assumption that 
the LiF is the same thickness on both targets. 

The necessity of making a simultaneous calibration 
run each time a sandwich target was run required a 
switching apparatus in the vacuum system which per- 
mitted inserting either a calibration target or a sand- 
wich target in the proton beam as desired. The target 
| assembly formed part of the Faraday cage which was 
connected to an integrator to measure the charge 
incident on the target. The gamma rays from the target 
were detected by a cylindrical 1.5X1.5 inch Nal 
crystal and a 5819 photomultiplier tube. 


Ill. TARGETS 


_ The general method of preparing targets was to 
_ evaporate lithium fluoride on the target blank, weigh 
the blank, evaporate the stopping material onto the 
lithium fluoride, and weigh the target again. The 
blanks were circular with a diameter of 0.5 inch. 
Tantalum was the usual material, although a few were 
copper or silver. The weighings were done on a micro- 
balance which gave weights consistently reproducible 


TABLE I. Summary of results on stopping power for protons. 








Proton 


energy 
(kev) 


Stopping power (kev/mg/cm?*) 
Ge Se Ag Sn Sb Au 





150 142 146 
142 135 138 
135 128 132 
128 122 125 
121 116 119 
116 111 113 
111 108 

104 
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TABLE II. The atomic stopping cross section (ev cm?X 10-5) of 
elements for protons as a function of proton energy. 








Proton 


energy 
(kev) 


400 
450 
500 
550 
600 
650 
700 
750 
800 
850 


900 1 
950 
1000 











to better than ten micrograms. With this sensitivity, 
it was necessary to deposit at least one milligram of 
stopping material to keep the weighing error under one 
percent. 

The evaporations were carried out in a vacuum of 
10~ mm of mercury or better. The evaporating baskets 
were made of 0.020-in. tungsten wire wound in a conical 
shape with a diameter of 0.5 inch at the open end. The 
wire was coated with a paste of levigated alumina 
which was allowed to dry and then baked in a vacuum 
by passing a current through the coil. During evapora- 
tion the targets were mounted about six inches above 
the basket. The lithium fluoride was deposited on five 
target blanks at a time. The central blank of this 
cluster was used as the lithium fluoride calibration 
target for the other four which were subsequently 
made into “sandwich” targets. The stopping material 
was evaporated onto two of the blanks at a time. Com- 
parison of the average thickness of the stopping ma- 
terial of the two targets gave an indication of the uni- 
formity of the deposit. In most instances the two values 
agreed within two percent. 

There are several reasons for believing that the 
thickness of the stopping material on a given target 
blank was sufficiently uniform so that thickness varia- 
tions did not make a major error contribution. These 
thickness variations quite naturally fall into two cate- 
gories : microscopic fluctuations covering an area smaller 
than that spanned by the proton beam and macro- 
scopic ones extending over an area larger than that 
covered by the beam. Small fluctuations of the first 
type do not introduce serious errors in stopping cross 
section since the average energy loss corresponds closely 
to the average thickness. However, microscopic varia- 
tions will produce a very noticeable effect in the 
straggling. Most of the data were not suitable for de- 
tailed straggling analysis, but rough calculations in- 
dicate that the non-uniformity never exceeded five 
percent and was less in a majority of cases. 

Macroscopic fluctuations, on the other hand, can 
introduce serious errors. Macroscopic uniformity was 
carefully checked by running a few of the targets several 
times, making sure that the beam struck a different 
area of the target each time. The results of this in- 
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Fic. 1. The stopping power of copper for protons as a function 
of proton energy. Also plotted are the curves reported by Mad- 
sen (see reference 12), by Kahn (see reference 14), and by Chilton, 
Cooper, and Harris (see reference 13). 


vestigation were consistent with the information ob- 
tained from the variation in average thickness previ- 
ously referred to; namely, that the maximum thickness 
change from one side of the target to the other was about 
two percent. Since the targets were ordinarily posi- 
tioned so that the beam struck the center of the target, 
the actual thickness should correspond closely to the 
average thickness. Further evidence of target uni- 
formity comes from the internal consistency of the data 
from one stopping layer to another (for both foils and 
sandwich targets). Agreement was within five percent, 
except in the case of selenium. 

In the study of copper and gold, foils were also used. 
They were made by evaporating the metal onto a 
microscope cover glass which was weighed before and 
after the evaporation. The foil was floated off the glass 
with distilled water and mounted on a frame which was 
then used in the same apparatus as has been described 
by Chilton, Cooper, and Harris." Results from the foils 
agreed very well with those obtained from the sandwich 
targets. 

The silver, tin, lead, and part of the gold used were 
obtained from the Fischer Scientific Company. The 
other materials were obtained from the Chemistry 
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Fic. 2. The stopping power of silver for protons as a function 
of proton energy. Also plotted is the curve reported by Madsen 
(see reference 12). 


13 Chilton, Cooper, and Harris, Phys. Rev. 93, 413 (1954). 


Department of The Ohio State University. All were of 
cp quality. As a further check, a semiquantitative spec- 
trographic analysis was run on one target of each ma- 
terial after it had been bombarded. No significant 
amount of impurities was found in any of them. The 
analysis would not be expected to show carbon 
contamination. 


IV. RESULTS 


At least four separate targets were used for each of 
the stopping materials studied. The bombardment of 
each target was limited to about one microampere- 
hour to minimize the effect of carbon formation re- 
sulting from bombardment with the beam. Foils how- 
ever, were run approximately twice this long as a rule. 
Each target run usually gave the stopping power at 
five different proton energies so the curve for each 
material was determined with a minimum of 18 to 20 
points. Curves were drawn to make the best fit of the 
points, and the values appearing in Table I were read 
from these curves. The atomic stopping cross sections 


TABLE III. Target thicknesses in mg/cm?. 








2 


Mn Cu Ag Pb 


0.74 0.9 
0.72 0.7 
9 
7 


Sb Sn 





0.80 
0.75 0.86 
0.89 


0.98 
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® Indicates foil. 


were computed from the data of Table I and are listed 
in Table II. 

The stopping power dE/dx determined from the dis- 
placement of a resonance level, was assigned to the 
average energy of protons in the stopping material. 


Chilton” has derived a correction to this average energy & 


but in all cases the correction was so small that it could 
be neglected without increasing the probable error 
significantly. 

The probable error for the curves is estimated to be 
about 2.5 percent, except in the case of selenium where 
it is about four percent. The energy loss suffered by the 
protons in the stopping material ranged from 70 kev 
to 150 kev in most cases and the peak positions could 
be read to better than one kev, so the error involved in 
the energy loss determinations was approximately one 
percent. The area of the targets was known to 0.25 
percent. The weight of the stopping material ranged 
from 0.9 mg to 1.7 mg (see Table III) and the weight 
was accurate to about 0.01 mg which again gives an 
error of approximately one percent. The effect of other 
factors, such as carbon deposition during bombardment 
and non-uniformity of stopping layers, was checked 
several times but little if any contribution was noted 
except possibly in the case of selenium. The 2.5 percent 
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error estimate is supported by the fact that the maxi- 
mum spread in the points for any curve was five to six 
percent. 


VI. DISCUSSION AND CONCLUSIONS 


The stopping power of copper was studied primarily 
as a check on the method used for this work, since it 
already has been reported by Kahn," Chilton,” and 
Madsen.” The curves of Kahn and Chilton are about 
four to six percent apart while Madsen’s curve is about 
15 percent below them. The present curve lies between 
the curves of Kahn and Chilton as shown in Fig. 1. 

Silver has also been studied by Madsen in the same 
energy region as the present work. As shown in Fig. 2, 
our curve lies about eight to ten percent above his. 

In the case of gold, most of the data were obtained 
from three foils. Two sandwich targets were also used. 
Data from the two typés of stopping layers were con- 
sistent. The curve shown in Fig. 3 lies about ten percent 
above Kahn’s curve at one Mev and about 25 percent 
above it at 400 kev. Madsen’s results are in essential 
agreement with Kahn. This is a very disturbing dis- 


TABLE IV. Product of stopping power and a factor 
proportional to proton velocity. 








Proton 
energy 





badd abe: 
NOSNURAD 


S 
90.0 
90.5 
90.2 
89.2 
89.3 
89.2 
88.8 








crepancy since it is far greater than the experimental 
errors involved. No explanation for the disagreement 
is advanced. 

According to the theories of both Bohr’ and Lindhard 
and Scharff,* the atomic stopping power o should be 
proportional to the reciprocal of the proton velocity. 
If this is correct, then the product of the velocity and o 
should be a constant for a given element. This product 
is shown in Table IV for the ten elements on which 
measurements are reported. The product is seen to be 
roughly constant (within experimental error) for all 
elements except selenium. In the case of selenium, there 
was evidence of some physical change, possibly a 
_ carbon contamination, which gradually increased the 
_ effective thickness of the stopping material. 

The theory of Bohr and the theory of Lindhard and 
Scharff are in disagreement on the dependence of 
stopping cross section on the atomic number. According 
to Bohr’s theory, o should be proportional to the cube 
root of the atomic number for higher values of Z while 
the theory of Lindhard and Scharff predicts that it 
should be proportional to the square root. To investi- 
gate this, a plot was made of the logarithm of o as a 
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Fic. 3. The stopping power of gold for protons as a function of 
proton energy. Also plotted is the curve reported by Kahn (see 
reference 14). 


function of the logarithm of Z. (See Fig. 4.) Included 
in this plot are data from Kahn,“ from Dunbar, 
Reynolds, Wenzel, and Whaling,!® from Chilton,” and 
from the present work. In cases of duplication where 
no serious discrepancy occurred, values obtained in 
this laboratory were used. For krypton, xenon, and gold, 
two values were included. The slope of the drawn line 
from hydrogen to argon is about 0.7, while the slope of 
the line making the best fit from argon to bismuth is 
about 0.5 as predicted by Lindhard and Scharff. 

In Fig. 5, a similar plot is shown of the region from 
argon to bismuth to give greater detail. Here there 
seems to be strong evidence of a periodic fluctuation of 
a. From hydrogen to argon electrons are added to outer 
s and # shells, but with scandium the filling of the 3d 
shell beings. Between copper and krypton, electrons are 
again being added to fill the outer 4s and 49 shells. 
The light line on Fig. 5 from copper to krypton has a 
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Fic. 4. The atomic stopping cross section o as a function of 
atomic number for protons of 500-kev energy. In addition to the 
data of the present paper there are plotted points from the data 
reported by Kahn (see reference 14) of the University of Chicago, 
by Dunbar, Reynolds, Wenzel, and Whaling (see reference 12) 
of the California Institute of Technology, and by Chilton, Cooper, 
and Harris (see reference 13). 


15 Dunbar, Reynolds, Wenzel, and Whaling, Phys. Rev. 92, 
742 (1953). 
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slope not much different from the line from hydrogen 
to argon. The same pattern is repeated starting with 
silver as the 5s and 54 levels are filled and again start- 
ing with gold as the 6s and 6 electrons are added. 
However, before too much credence can be given to 
this periodicity, measurements will have to be made on 
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many more elements. It is interesting that Sternglass'* 
has observed a similar periodic variation in the yield 
of secondary electrons as a function of atomic number 
when elements are bombarded with high-energy elec- 
trons. This is another phenomenon which involves the 
interaction between the atomic electrons and a high 
speed charged particle. 

It should be noted that if the periodic slope changes 
as shown in Fig. 5 prove to be valid, then the depend- 
ence of the stopping power on the conductivity prop- 
erties or upon the physical state (solid or gaseous) of an 
element is probably relatively small. 
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A series of measurements of the line shape of the fluorine resonance versus magnetic field have been made 
using a molecular-beam apparatus. Good theoretical agreement has been found for RbF. The CsF behavior 
is complicated by the overlapping Cs spectrum. The equivalent field at the fluorine nucleus per unit molecular 
rotation, H,, is found to be 2.28+0.20 gauss and 3.00--0.15 gauss for RbF and CsF respectively. These results 


are less than those previously measured. 


I. INTRODUCTION 


ARLIER investigations of the fluorine resonance in 

the alkali fluorides resulted in discrepancies in 

the determination of the rotational constant c/h which 
is a measure of the strength of the spin-orbit coupling 
of the nuclear spin to the molecular rotation. The 
discrepancies were particularly clear for CsF and LiF. 
The molecular-beam magnetic-resonance apparatus 
(MBMR)!' yielded 18 kc/sec for Li®*F'® compared to 
the value 37 kc/sec for the electrical apparatus? 
(MBER). Similarly, experiments with Cs"°F! showed 
values of 14+2 kc/sec (strong field, MBER) or 14+3 
kc/sec (weak field, MBER) compared to 8 kc/sec! 
(MBMR). In addition, the curve shape of the zero 
field MBMR resonance for CsF did not agree with that 


*This research has been supported by the Office of Naval 
Research. 
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predicted from the strong field results. It was therefore 
decided to repeat the CsF experiments using MBMR 
including measurements at intermediate fields and 
to perform a similar experiment using RbF with the | 
possibility of comparison to MBER.‘ 

The earlier work was carried out at either high or 
low fields. Since that time a theory® has been con- 
constructed which predicts the shape of the resonance 
for all values of the magnetic field in terms of just 
one parameter. It was hoped that some clue to the 
discrepancies might be found in the transition from 
the extreme Zeeman to the complete Paschen-Back 
conditions. In addition, the verification of the theory 
has its own intrinsic interest. 


Il. EXPERIMENTAL DETAILS 
Since this experiment was the first to be completed 


using the new molecular beam apparatus at Berkeley, 
a brief description of the apparatus will be attempted. 


4V. Hughes and L. Grabner, Phys. Rev. 79, 314 (1950). 
5 W. A. Nierenberg, Phys. Rev. 82, 932 (1951). 





COSINE INTERACTION 


The apparatus is similar to its predecessors at Columbia 
and Harvard and was operated in a conventional 
| manner for these experiments.®” 

The vacuum envelope was constructed of j-in. 
stainless steel, 12 in. in diameter, and 80 in. long. This 
} provided for improved rigidity and no variation in 
beam intensity was observed due to instability of the 
can. The three magnets were machined from Armco 
iron, the pole tips conforming to the equipotentials of a 
two wire system.® The field gradient was 10° gauss/cm 
at a field of 12 000 gauss. The geometry was such that 
| the deflection for an average alkali fluoride molecule 
» due to a change in orientation of the F® nucleus was 
} approximately 0.006 in. at the detector. The oscillating 
| fields were 28 cm long and therefore had a limiting 
| resolution of approximately 1500 cycles/sec for the 
| alkali fluorides. However, since the lines studied were 
of the order of half a mégacycle per second in width, 
this resolution was not needed. 

The data described in this article were obtained as 
averages of the differences of four beam readings with 
the oscillator off and five with the oscillator on. No 
significant variation in the results was noticed over a 
range of rf current between 2.5 and 5 amperes. 

The oven slit-width, the collimator slit-width, and 
the detector diameter were all 0.001 in. The surface 
ionization detector fed a conventional DuBridge-Brown 
electrometer circuit employing a 5800 Victoreen 
electrometer tube. 


Ill. THEORY OF THE EXPERIMENT 


The usual Hamiltonian employed in describing this 
experimental situation is 


= —pvgl-H—pygsJ-H—cl-J. (1) 


| lis the fluorine spin in units of h; J is the molecular 
- angular momentum in units of A; wy is the nuclear 
/magneton; H is the applied magnetic field; c is the 
Magnetic interaction in ergs per unit rotation of the 


TABLE I. Fluroine resonance in RbF. 








Peak 
position 


$ width 
Mc/sec 


Mc/sec 


0.68 
0.55 
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0.62 
Average value of c/ha=0.58 Mc/sec. 








aoa Millman, Kusch, and Zacharias, Phys. Rev. 55, 728 
ep B. M. Kellogg and S. Millman. Revs. Modern Phys. 18, 
| 323 (1946). 

| *Rabi, Kellogg, and Zacharias, Phys. Rev. 96, 157 (1934). 
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TABLE II. Fluorine resonance in CsF. 








Peak 
position 
Mc/sec 


4 width 
Mc/sec 


c/ha 


vi 
Hi gauss Mc/sec Mc/sec 


0 0.00 
130 0.52 
165 0.66 0.66 0.60 
990 3.96 3.96 0.71 


High-field value of c/ha=0.71 Mc/sec 





0.51 0.46 


0.45 
0.60 
0.71 








molecule with the fluorine nucleus; g; is the magnetic 
moment for fluorine in units of uy; gz is the molecular 
magnetic moment in units of wy. In addition, there are 
similar terms for the other nucleus, a quadrupole term 
for the other nucleus and a dipole-dipole term between 
the two nuclei. 

Both because J>>1 and g;<g; in these experiments, 
a very good approximation is to treat J as a stationary, 
classical vector. This implies> that in observing the 
fluorine resonance we may neglect the terms in the 
Hamiltonian involving the alkali nucleus. The dipole- 
dipole term is neglected because its contributions may 
be estimated as too small (~4 kc/sec) for the effects 
considered here. With these approximations, the 
predicted® line shape is: 


dN Wry 
—=— —[erf(y+y7)—erf|y—yz|], (2) 
dy 2 91 

where 


I= (ha/c)v, Lr (ha/c)vr, a= (/x)/2J, 
ext(a)=(2/vn) | exp(—¥)ae 


J is the average over the Boltzmann distribution for 
the molecules in the oven, relating a to the molecular 
moment of inertia K through a= (h,/1)/(2ekKT)}. 
v is the applied radiofrequency; y is therefore a dimen- 
sionless variable. vz is the Larmor frequency of the 
fluorine nucleus; y; is therefore a dimensionless param- 
eter. The quantity ha/c is the one parameter that 
determines the shape of the resonance curves for all 
values of the field. 

The observed transitions are those due to Amry=+1, 
Am,;=0 in strong fields or Amr=0, +1 in weak fields. 
Transitions Amy=-+1, Am;=0 are not detectable in 
this apparatus. 

In strong fields the curve is symmetric and has a 
sharp peak centering on the Larmor frequency. As the 
field is decreased, the resonance curve becomes asym- 
metric and at vanishingly small fields the position of the 
maximum is determined by the internal interaction 
alone. 


IV. THE EXPERIMENTAL RESULTS 


Figure 1 and Tables I and II display the data. The 
fluorine resonance has been observed for fields ranging 
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Fic. 1. The fluorine resonance (a) in RbF, and (b) in CsF. The ordinates are percent reduction in beam 
intensity ; the abscissas are frequencies in megacycles per second. The solid lines are the theoretical curves; 
the solid points are the experimental results. The typical statistical error is shown on the RbF curve for 
H=975 gauss. Additional data for RbF at H=750, 328, and 125 gauss are not shown because of space 
limitations, but the curves are in no essential way different from the ones shown. 


from strong (H>500 ‘gauss, yr>1), through inter- 
mediate (300>H>100 gauss, yy~1) to weak (H<100 
gauss, yr<1). Figure 1(a) shows the resonance curves 
for RbF vs magnetic field. The points are the experi- 
mental results. The solid lines are the best theoretical 
fits. It should be emphasized that the entire family of 
experimental results for the complete range of field 
are fitted by a theory that has but one adjustable 
parameter and that parameter may be estimated 
independently. The agreement between theory and 
experiment is excellent and there would seem to be 


little question that the assumed Hamiltonian, tht 
theory, and the approximations made apply very wel 
to RbF. The quantity ha/c is the only parameter fog 
these fields and frequencies which is needed to explaiif 
these results. Unfortunately the moment of inertia 0) 
RbF is not well known. Schomacker and Stevenson’s 
method for calculating the nuclear separation yield 
2.54 A for RbF. This value of r in addition to the ovel 
temperature value of 975°K for RbF fixes J=56.3 


( ® — and D. P. Stevenson, J. Am. Chem. Soc. 63, 3 
1941). i 





COSINE INTERACTION 


This corresponds to a most probable J=45.9 which 
agrees with the value of 46 used by Zeiger and Bolef."° 
The average value of c/ha=0.58 Mc/sec combined with 
a=0.0157 results in the value c/h=9.1+0.9 kc/sec. 
The principal uncertainty is in the calculated r. The 
experimental uncertainty is less by a factor two. The 
related field per unit molecular rotation at the position 
of the fluorine nucleus H,=2.28+0.20 gauss. 

Figure 1(b) is the corresponding family of resonance 
curves for CsF. Here the agreement with experiment 
over the range of C field is poor. The line shape at very 

‘strong fields is in good agreement with theory. At 

} intermediate and weak fields the disagreement is 

| marked. In Sec V, most of the discrepancy is explained 

but as a result only the value c/ha=0.71 Mc/sec for 
strong fields can be used to evaluate c/h. The moment 
of inertia of CsF has been determined by Trischka" as 
K=(15246)X10-" g cm?® and the corresponding 
nuclear separation as r=2.36X10-* cm. (These values 
are for the first vibrational state. The values for other 
vibrational states differ too little to make an appreciable 
difference in this calculation.) As a result J=52.4, 
a=0.0169, and c/h=12.0+0.6 kc/sec. The principal 
source of error is in the present experiments. The field 
H, is 3.00+0.15 gauss. 

The maximum drop in beam intensity varied between 
2 and 3.5 percent. This variation depends on the half- 
width of the beam at the detector. This, in turn, 
depends on the effective width of the oven slit which 
had a tendency to broaden with time due to “oven 
plugging.”” The CsF beam in particular gave considerable 
trouble and the beam was often three times wider than 
predicted by the geometry. The very large g factor of the 
fluorine nucleus was the chief reason that a sufficiently 
large effect was obtained. The errors in determination 
‘of c/ha are due to: 

' 1. The actual fitting of the theoretical curve of 
proper half-width. A possible error of 2-3 percent is not 
excluded. 

_ 2. Average error in measurement of beam changes in 
§ intensity. The 975-gauss curve, Fig. 1(a), shows this 
vertical spread in detail. 

_ 3. Changes in magnetic field values during a run. 
The error on this account was less than 1 percent for 
| 1> 100 gauss, and 2 percent for H <100 gauss. 

| 4, Frequency. The frequency was measured to better 
than 1 percent. 


4D I. Bolef and H. J. Zeiger, Phys. Rev. 85, 799 (1952). 
"J. W. Trischka, Phys. Rev. 74, 418 (1948), 
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5. Absolute error in C field. A flip-coil calibration 
checked the sharp peak of the fluorine resonance at 
high fields to better than 2 percent. A residual field 
exists for H<200 gauss and the field values reported 
have been corrected for this effect. The corrections do 
not affect the c/ha values. 


V. DISCUSSIONS AND CONCLUSIONS 


It has been previously noted (Sec. IV) that the RbF 
spectral curves fit the theory with excellent agreement. 
The result, c/h=9.1+0.9 kc/sec is less than but 
consistent with Hughes and Grabner’s‘ result of 12+3 
kc/sec. (This number is obtained by taking the weighted 
average of 11+3 for Rb®F and 14+3 for Rb*’F.) 
These measurements were made at Columbia on the 
electric molecular apparatus by using low rotational 
states. At first glance the agreement with theory is 
surprising inasmuch as the Rb resonance could be 
expected to confuse the pattern. However, this reso- 
nance has been extensively investigated by Zeiger 
and Bolef.° At zero magnetic field the maximum 
observable resonance due to the Rb*’ is confined to the 
region 8.0—8.6 Mc/sec and has a peak intensity of 
0.2 percent due to the large quadrupole moment. The 
F resonance at zero field is confined to the region 
0.0—1.5 Mc/sec and has a peak intensity of 2.6 percent. 
Therefore the Rb*’ spectrum is ineffectual at zero 
field for two reasons. At higher fields where the two 
spectra may overlap, the Rb*’ intensity is reduced even 
further by the Zeeman spreading but the F resonance 
intensity is essentially unchanged. Zeiger and Bolef 
never observed the Rb** resonance, presumably because 
the peak intensity was considerably less than 0.2 
percent. This result has a sound theoretical basis. 

The CsF strong field result c/h=12.01+0.6 kc/sec 
must be compared with Trischka’s" results for strong 
and weak fields of 182 and 14+3 kc/sec respectively. 
The agreement with the average, 16+3 kc/sec is poor 
and the deviation is in the same direction. The poor 
agreement of the line shape at intermediate and weak 
fields [Fig. 1(b) ] has been tentatively assigned to the 
Cs resonance. The measured"! e?g0/h=0.62 Mc/sec. Cs 
has a spin of 7/2. Under these circumstances Feld and 
Lamb” predict zero-field quadrupole peaks at 0.0444, 
0.0888, and 0.1332 Mc/sec. These peaks are sufficient 
to explain the anomalous behavior of the low-frequency 
side of the F resonance. The departure from the high- 
frequency side of the F resonance is not understood. 


2B. T, Feld and W. E. Lamb, Jr., Phys. Rev. 67, 15 (1945). 
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The equilibrium charge distribution of nitrogen ions in Formvar was measured as a function of the nitrogen 
energy from 6 to 26 Mev. The fringing magnetic field of the cyclotron was used to separate the charge groups 
resulting from the passage of the nitrogen ion beam through Formvar foils of sufficient thickness to insure an 
equilibrium charge distribution. Over the energy range investigated, the ionic charge is distributed primarily 
between four, five, six, and seven electron charges. The percentage of completely stripped ions varies from 
42 percent at 26 Mev to 6 percent at 11 Mev. The ratio of the electron loss to capture cross section between 
N7* and N** as well as between N** and N** is proportional to V4, whereas between N*+ and N‘* the 
ratio is proportional to V?". This ratio is unity for N®+ and N’*+ at approximately 28.2 Mev, and for N+ 


and N*® at 13.3 Mev. 





INTRODUCTION 


S an energetic heavy ion passes through matter it 
undergoes a process of pickup and loss of elec- 
trons. A criterion commonly used is that the pickup and 
loss cross sections for a particular electron are nearly 
equal when the velocity of the ion is equal to the bound 
state velocity of that electron. This criterion has been 
fairly well established for alpha particles and protons. 
The fact that ions pick up electrons was first established 
by Henderson! when he observed energetic singly 
charged alpha particles from a radioactive source. 
A survey of electron exchange data for alpha particles 
and protons has been given by Allison and Warshaw.? 
Results for heavier ions have been summarized by 
Knipp and Teller,’ but the data.they use are limited to 
low energy particles which were obtained from alpha- 
particle recoils. Stier‘ and others have studied the charge 
exchange process for heavy ions with energies of less 
than 1 Mev. The theoretical aspects of charge exchange 
have been discussed by Bohr.’ The problem of the 
charge of fission fragments in low-pressure gases has 
been treated by Bell.® 
Reynolds, Scott, and Zucker’? have measured the 
average charge of nitrogen ions in nickel as a function of 
energy. A better understanding of the charge exchange 
process could be gained if the equilibrium charge distri- 
bution (the fraction of the particles with a particular 
charge after equilibrium has been reached) as a function 
of energy could be obtained. This information would 
also be of use to experimenters who desire multiply- 
charged ion beams for accelerators. Recently, Stephens 
and Walker® have measured the equilibrium charge 
distribution for nitrogen ions at 15 Mev. 
* Permanent address: School of Physics, Georgia Institute of 
Technology, Atlanta, Georgia. 
1G. H. Henderson, Proc. Roy. Soc. (London) A102, 496 (1922). 
2S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 
3 J. Knipp and E. Teller, Phys. Rev. 59, 659 (1941). 
4 Stier, Barnett, and Evans, Phys. Rev. 96, 973 (1954). 
5 .N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, 8 (1948). 
6G. I. Bell, Phys. Rev. 90, 548 (1953). 


7 ; Reynolds, Scott, and Zucker, Phys. Rev. 95, 671 (1954). 
K. G. Stephens and D. Walker, Phil. Mag. 45, 543 (1954). 


In the present investigation, the equilibrium charge 
distribution of nitrogen ions has been measured from 
6 to 26 Mev by utilizing the fringing magnetic field of 
the cyclotron to separate the charge groups. The equi- 
librium charge was obtained in thin Formvar films, 
A preliminary report of the measurement at 26 Mev 
has been published.” 


EXPERIMENTAL METHOD 


The triply charged nitrogen ions in the deflected beam 
of the 63-inch cyclotron were passed through a foil and 
separated, according to their charges, by the fringing 
magnetic field of the cyclotron. A separation of 2 mm 
between adjacent charge groups was obtained with a 
path length of approximately 8 in. (the average field is 
approximately 1500 gauss and is non-uniform). There- 
fore, it was necessary to collimate the beam highly and 
to minimize multiple scattering in the foils so that the 
charge groups at the detector would not overlap. This 
was a difficult criterion to fulfill because of the appreci- 


able scattering of nitrogen ions due to their large f 


charge. 


The apparatus used is illustrated in Fig. 1. The ! 
distance from slit 1 to slit 2 is 33 in. and the distance § 


from slit 2 to the detector is 8 in. The entire apparatus 


shown was open to the cyclotron vacuum and wasf 


located in the fringing magnetic field. The initial beam 
passed through slit 1, which is 0.001 in. wide by 0.5 in. 


long. This slit was constructed of carbon so that gamma § 


rays produced by the nitrogen striking the carbon 
could be detected with a Geiger counter placed nearby. 


‘ These gamma rays were used to monitor the beam. 
Nickel foils were placed directly across the first slit tof 


reduce the energy of the beam to the desired value. 


After passing through the first foil the beam reached 
its equilibrium charge distribution and was widely— 


divergent in direction due to multiple scattering. The 


second slit, 0.0015 by 0.5 in. and made of 0.0015-in.f 


thick aluminum, was movable from outside the vacuum; 


®Formvar E resin was obtained from Shawenegan Products 
Corporation, 350 Fifth Avenue, New York. 
10H. L. Reynolds and A. Zucker, Phys. Rev. 95, 1353 (1954). 
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it was used to select and collimate a portion of the beam. 
A thin foil, usually Formvar, 50 yg/cm? thick," was 
placed on the second slit. It was in this foil that the 
final equilibrium charge distribution was reached. A thin 
foil was used in this position to minimize the multiple 
scattering. The analyzed beam at the top of the chamber 
was detected with photographic emulsions. The photo- 
graphic plate was in a container covered with a 0.2 
mg/cm? aluminum foil to prevent light from reaching 
the emulsion during the loading and unloading of the 
late. 

. Since a magnetic field existed between foils 1 and 2, 
| the different charge groups produced in foil 1 entered 
| foil 2 at different angles due to the different radii of 
their paths. Each charge group entering foil 2 was, 
again, broken up into the equilibrium charge distribu- 
tion. If the initial beam was separated into an equi- 
librium condition of thrée different charges and each 
of these were again separated into three charge groups, 
the result at the detector would be nine lines, if they 
did not overlap. To prevent this confusing possibility, 
a magnetic shield was placed between foils 1 and 2 so 
that the particles entered foil 2 at the same angle, 
independently of their charge. The magnetic shield 
consisted of two concentric soft iron cylinders separated 
by a brass spacer. The outer cylinder had an outer 
diameter of 3 in. and a thickness of {7% in. The inner 
cylinder had an outside diameter of 13 in., and a thick- 
ness of 345 in. The magnetic field inside the shield was 
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Fic. 1. Schematic drawing of chamber used to collimate and 
analyze nitrogen beam. The magnetic field is perpendicular to 
the paper. 


" We wish to thank Dr. B. H. Ketelle for providing us with the 
| thin Formvar foils used in this experiment. 
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Fic. 2. An enlarged photograph of a typical exposure taken at 
23.9 Mev. The photodensitometer trace is shown above the 
photograph. Beginning at the left the ionic charges are seven, six, 
and five. 


thus reduced to the extent that charges were not 
noticeably separated between slits 1 and 2. 

Ilford C-2 emulsions, 50 microns thick, were used as 
detectors; exposures were usually less than one second. 
The second slit was aligned with the aid of a zinc sul- 
fide screen in place of the plate holder. The density of 
the lines was read with a Leeds and Northrup traveling- 
stage micro-photodensitometer. An example of the line 
structure obtained in these plates is shown in Fig. 2. 
The photodensitometer and emulsion were calibrated 
in the following manner: alpha particles from a Po’ 
source were allowed to impinge upon an emulsion after 
passing through a thin slit. The length of exposure for 
a number of lines was varied so that a group of lines 
with known relative intensities was obtained. As a 
further check the relative intensities for several plates 
were determined by counting the number of tracks per 
unit area with a microscope under 97X10 magnifica- 
tion. The values obtained with the microscope agreed 
with the densitometer readings to within 0.02 for all 
charge groups. 


RESULTS 


The results of these measurements are presented in 
Fig. 3 where the fraction of the total number of par- 
ticles in each charge group is plotted as a function of 
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Fic. 3. Equilibrium charge distribution as a function of energy 
for nitrogen ions in Formvar. 


energy from 6 to 26 Mev. Each point on the curve re- 
sults from the average of several exposures. The 
probable error in each of the fractions is estimated to 
be 0.02. The largest part of the error is in the calibration 
of the photodensitometer. The energies are accurate to 
better than 0.5 Mev. In the low energy portion of the 
curves, perhaps below 10 Mev, the energy scale may be 
distorted to some extent because of straggling, since a 
large part of the initial energy was lost in the first foil. 
Also, the initial beam spread of about 600 kev becomes 
serious at this energy. The range energy relations in 
nickel were taken from a previous paper.’ The initial 
energy of the beam with no absorber present was de- 
termined by bombarding a carbon plate directly over 
slit 1. The relative activity of F'* and Na™ induced in 
the carbon was used in the energy determination; the 
method has been described previously.” 

In order to insure that an equilibrium charge was 
being reached in the 50 ug/cm? foil, charge distributions 
were studied for Formvar foils of 100, 50, 20, and 6 
pg/cm? thickness at an energy of 26 Mev. The same 
charge distribution was obtained for all but the 6 
ug/cm? foil, indicating that the charge distribution had 
reached equilibrium after passing through foils of 20 
pg/cm?, or more. The equilibrium distribution for 26- 
Mev ions which passed through an aluminum foil 
0.18 mg/cm? thick was found to be identical with that 
observed for Formvar foils. It is to be expected that 
the Z dependence of the equilibrium distribution is not 
very great. In any case, the possibility of surface films 
on the thin films could mask the Z dependence. For 
these reasons and also because sufficiently thin foils of 
higher Z were not available, the question of Z de- 
pendence was not pursued. 

The charge distribution found at 15 Mev does not 
agree with the results of Stephens and Walker.* The 
distribution which they give would be in agreement 


12 H. L. Reynolds and A. Zucker, Phys. Rev. 96, 393 (1954). 


with Fig. 3 at 12.5 Mev. As a further check on the 
energy, we have measured the nitrogen beam energy at 
the 15-Mev point and at several other points inde- 
pendently of the range-energy curve for nitrogen in 
nickel. This was accomplished by measuring the range 
in emulsion of recoil protons from nitrogen-hydrogen 
collisions in the Formvar at zero degrees to the nitrogen 
beam. The energy of the protons specifies the energy 
of the incident nitrogen ions. The energies measured in 
this way agreed with the energy inferred from the 
nitrogen range-energy curve within 0.2 Mev. 


DISCUSSION 


Since the loss-to-capture cross-section ratio increases 
very rapidly with decreasing binding energy, it is 
assumed that the captured electrons in the ion will be 
in the most tightly bound states."* Therefore in the 
ensuing discussion the first electron captured by a 
completely stripped ion is considered to be the most 
tightly bound K electron, the second electron, the 
loosely bound K electron, etc. 

At 26 Mev, the main process involved is the capture 
and loss of the first K electron, while at 6 Mev the main 
process is capture and loss of the third electron, the 
most tightly bound L-shell electron. The equations 
describing the equilibrium state can be written as 
follows. Let o;; be the cross section for the change of 
the ion charge from i to j, while N; is the fraction of the 
ions with charge k. The possibility of events in which 
two electrons are transferred in a single encounter is 
neglected. Therefore, 


Nro76= Never, 


Ne(o6r+o65) = N2076+ N08, (1) 


Ns(osstos«) = Neoest+Nacas, etc. 
with the condition that 


7 
> Ni=1. 
k= 


The values of the cross sections cannot be determined 


without a measurement for a nonequilibrium state. 


One can, however, determine the ratio of loss to capture & 


— toe. Ss Oe Oe UCU [Ue ee ee 


cross sections for a particular electron from the equi-f ;; 


librium relations since, from Eq. (1): 
o67/076= Nx/Ne, 
o56/065= No/Ns, 
o45/o54=N5/N,. 


The ratios of loss to capture cross sections are plotted, 
in Fig. 4, as a function of energy. The points shown are 
taken from the measured values in Fig. 3. Bohr} 
predicts that the ratio of the loss to capture cross 


13 N. Bohr and J. Lindhard, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 28, No. 7 (1954). 


4 In private communication, R. L. Gluckstern indicates that 


double electron transfer may be a probable occurrence. 
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section should be proportional to V™, where V is the 
particle velocity and m is a function of the charge of 
the particle and the material through which it passes. 
He predicts that for alpha particles in light materials m 
should be approximately five, while for fission frag- 
ments m should be three. From Fig. 4 it can be seen 
) that the value of m for both nitrogen K electrons is 
about 4.0 and constant over the energy range studied. 
The value of m for the first Z-shell electron is 2.9. 
Dissanaike'® has found that for o1i2/o2, with alpha 
) particles, m is 5.1 in a solid, while for 0:/o10, m is 3.08. 
| For nitrogen ions the value of (56/065)/(o67/o76) is 
| about 4.4. If the two K electrons were considered to 
» have the same bound state velocity, and the electrons 
| in the medium were free, this ratio would be 8, due to 
| the statistics of the process. The cross section o7. 
_ would be four times that of o¢5 since the second electron 
would have to be captured in a singlet state. The cross 
' section os¢ would be twice o¢7 since, in the former case, 
two electrons of equal average velocity are available for 


TABLE I. Values of y for H and He in metals and 
for N“ in Formvar. 








v8 a 
1.05 


0.78 
0.78 





1.07 
1.03 








* y1 refers to the first bound K electron. 
> ye refers to the second K electron. 


loss. It is readily apparent that the process is more 
complicated than this picture. 
) The energies at which Ne=N; and N;=N¢ corre- 
» spond to the velocities at which o¢7=075 and os5.=a¢5. 
It has been assumed by Bohr’ and others that the 
| capture and loss cross sections are nearly equal when 
_ the velocity of the ion (V) is equal to the velocity, V., 
_ of the bound electron in question, or when y= V/V =1. 
Knipp and Teller? have defined V, as the electron 
_ velocity obtained from a Fermi-Thomas calculation. In 
# a previous paper’ where the average charge was meas- 
_ ured as a function of energy, this definition was used to 
compare the data with the Knipp and Teller calcula- 
_ tions and y was found to be 0.65. However, it has been 
_ the general practice to define V, as the classical electron 
velocity obtained from the experimental ionization 
potential. In order to compare our data with the recent 
hydrogen and helium data we will use this latter 
definition since the computations are much simplified. 


1 


Also, the Fermi-Thomas model is not very significant 


| 


4G. A. Dissanaike, Phil. Mag. 44, 1051 (1953). 
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Fic. 4. Electron loss-to-capture cross-section ratios as a function 
of energy for nitrogen ions in Formvar. 


for K electrons. We have used the ionization potentials 
given by the National Bureau of Standards.'* Table I 
contains the values of y for H, He, and N. The values 
of y for H and He are for passage through a metal, 
while for the nitrogen case the medium is Formvar. 
The hydrogen value in metal was obtained from Hall,!” 
while the helium values in metal are from Dissanaike.'® 
It would appear from the similarities for the values for 
He and N that these values could be applied to other 
light elements for calculations involving electron cap- 
ture in the K-shell. Snitzer'® finds a different value of y 
for He ions traversing gases, as is to be expected from 
Bell’s calculation.* In general, the average charge of 
moving ions should be lower in a gas than in a solid. 

The average equilibrium charge as a function of 
energy can be computed from Fig. 3. The average 
charge curve thus obtained lies about 3 percent higher 
than that given by Reynolds e¢ al.” which is within the 
errors of the two measurements. 

We wish to thank Dr. R. S. Livingston for his en- 
couragement in the course of this investigation and 
Mrs. W. Bowelle for her assistance in scanning. 
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Sodium atoms have been oriented by means of circularly polarized resonance radiation. The amount of 
orientation agrees with that calculated from the intensity of the light source used. The polarization of the 
light scattered from the sodium sample varies in the expected manner when the light intensity and applied 
magnetic field are varied. Illumination with unpolarized resonance radiation is shown to result in alignment 
of the sodium atoms. The largest degree of orientation achieved corresponds to an average value for the 


nuclear, electronic, and total angular momenta of M;=0.180=0.120/, Ms= 


=0. 108F, respectively. 


0.035=0.070S, Mr=0.216 





INTRODUCTION 


ASTLER! has proposed that atoms could be 
oriented by means of circularly polarized resonance 
radiation. I shall use the word orientation to denote 
a state in which an ensemble of atoms has an average 
atomic or nuclear magnetic moment not equal to zero; 
I prefer this to the more commonly used word 
polarization in order to avoid confusion with light 
polarization. I shall retain the common usage of the 
word alignment to denote a condition in which, while 
the ensemble average magnetic moment is zero, atomic 
states with | M,r| =F are more probable than those with 
M,r=0. A substantial quantity of oriented atoms could 
be used as a source of oriented nuclei for such experi- 
ments as the study of angular distribution of radioactive 
decay products, as a source of polarized electrons, or as 
a means of enhancing the signal in nuclear magnetic 
resonance experiments. 

Bitter and Brossel? have unsuccessfully attempted 
to induce orientation in mercury by this method. More 
recently, Brossel, Kastler, and Winter? have achieved 
a positive result with sodium, while Bitter, Lacey, and 
Richter‘ also report failure with mercury. The present 
experiment using sodium has already been briefly 
described. Brossel, Cagnac, and Kastler’ have 
induced radio-frequency transitions between the Zee- 
man sublevels of oriented sodium atoms. They observe 
transitions involving two rf photons corresponding to a 
change AM r= 2 in the axial angular momentum as well 
as the usual single-photon AMr=1 transitions. An 
excellent review of the whole subject has been given by 
Kastler in his recent Holweck lecture.® 

* This research was supported by the U. S. Atomic Energy 
Commission and the Higgins Scientific Trust Fund. It has also 
been described in a dissertation submitted to Princeton University 
in partial fulfillment of the requirements for the PhD degree. 
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THEORY OF ORIENTATION 
General 


The simplest atomic system which can be oriented by Ff 
means of circularly polarized resonance radiation is 
one having a ground state of total angular momentum 
F=} and an optical first excited state having F=} 
If such an atom is in the ground state sublevel with 
axial angular momentum Mr=+} and absorbs a 
circularly polarized photon with axial angular momen- 
tum +1, it will go into the Mr=+$ substate of the 
excited level. By virtue of the electric dipole selection 
rules which are assumed for the transition, this excited 
atom must return to the substate Mr= +3 when it 
radiates. An atom originally in the Mr=—} ground 
state absorbing such a photon can return to either 
ground state sublevel when it radiates. Thus the result 
of the scattering of this kind of light by an ensemble of 
such atoms is that all atoms originally in the Mr=+} 
state will return there, while some of those with 
Mr=-—+} will be transferred to the Mr=++3 state by 
the wines process. The ensemble has been par- ff 
tially oriented. 

More complicated atoms having larger angular 
momenta or hyperfine structure behave in essentially § 
the same way, the ground-state sublevel of largest # 
(or smallest if the sense of the light polarization bef 
reversed) magnetic quantum number gaining atoms— 
at the expense of the others. Figure 1 shows how the 


orientation process works for one of the hyperfine} ; 


transitions in Na* together with the complete energy 


Fs 
="! 


) 
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-- 0 % &, ——"t 


Fic. 1. Na®* energy level diagram with a sample of the transitions § 
involved in orientation, in this case transitions via the 3*Pi.ff 
F=2 states. 
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level diagram. Although the magnetic quantum 
number can change by at most two units during a 
single scattering process, the scattering of further 
photons will increase the orientation if the partially 
oriented ensemble remains undisturbed. However, its 
members may be disturbed between photon-scattering 
events by collisions with other atoms or by the presence 
of magnetic fields. 

A magnetic field perpendicular to the axis of quantiza- 
tion defined by the direction of the incident light will 
cause a mixing of all the M, states for a particular F. 
} Although the resulting state is not one of thermal 
equilibrium, it may be treated as such for present 
purposes. A field of about 10-* gauss is sufficient for 
| thorough mixing in a time of the order of 10~ second, 
| the time of observation in this experiment. However, 
| the situation is quite different if in addition to this 
| transverse component a larger axial field component is 
| present, for a field nearly parallel to the axis of quantiza- 
tion mixes the states only slightly. The angle between 
the axis and whatever magnetic field is present is more 
important than the size of the field, provided that it is 
not large enough to seriously alter the atomic wave 
functions. The fields normally applied in this experiment 
did not appear to be large enough to cause significant 
alteration. Such changes in wave functions, while 
rendering the calculations for zero field invalid, do not 
interfere with the basis process of “optical pumping.” 
Their avoidance is thus a matter of convenience in 
the interpretation rather than an essential of the 
experiment. 

Collisions with other atoms of suitable kinds can 
result in disorientation either by electron exchange or 
by mutual spin-flipping. This source of disturbance can 
be eliminated by keeping the sodium mean free path 


. large compared to the dimensions of the apparatus, 


» which is equivalent in this experiment to keeping the 
| pressure below 10~? mm of Hg. The normal pressure was 
10-* to 10-* mm of Hg. 


Sodium Resonance Fluorescence 


The electronic ground state of sodium is a 3 2S; state 
' which combines with the nuclear spin of the stable 
» isotope, J=%, in two hyperfine states having F=1 and 
| 2. The first excited state is a doublet having term values 
| 3°P, and 3 ?P,, the lower of which (J =) has the same 
; hyperfine structure as the ground state, while the 
| upper has four hyperfine states with F ranging from 
) 0 to 3 (see Fig. 1). 

| Since the smallest hyperfine splitting is only 2.6 
| times the natural level breadth, the treatment of 
resonance fluorescence given in Heitler® must be 
extended to include the effect of the overlapping of 
levels. The derivation is very similar to Heitler’s, and 
only the result will be given. The probability of an 


| °W. Heitler, The Quantum Theory of Radiation (Oxford 
University Press, London, 1944), second edition, pp. 137-142. 
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atom being in a given final state (at =o when 
absorption is known to have taken place) is 


4np,? Ann no mn’* A no* 
| bm( oo) |?= ae » (i) 
Th! n,n! Y— Wan’ 





where p, is the density of radiation oscillators at the 
resonance frequency, 1/T is the lifetime of the initial 
state, 1/y that of the intermediate state, and w,, the 
energy difference between the two indicated inter- 
mediate states. The index 0 refers to the initial state, 
n and n’ to intermediate states, and m to the final state. 
This result has been averaged over the frequency 
distributions of the emitted and absorbed photons, 
assuming a continuous spectrum incident. This assump- 
tion is justified for a light source emitting lines much 
broader than the absorption Doppler breadth such as 
the one used in this experiment. 

The matrix elements H,,, and Hy for the emission 
and absorption processes may be obtained from the 
formulas in Condon and Shortley,!° page 63, although 
a unitary transformation must be applied to obtain 
the values in the desired representation having the 
quantum numbers J, J, F, and Mr. The matrix of 
this unitary transformation may be constructed from 
the tables in Condon and Shortley, page 76. Applying 
this transformation, one obtains the matrix elements of 
electron momentum in the desired representation. 
The elements H,,, and Hy of the Hamiltonian are 
derived from these by taking the inner product of the 
electron momentum and the vector potential of the 
radiation field in the dipole wave approximation, care 
being taken to appropriately restrict the polarization 
of the incident wave. 

It may be seen from Eq. (1) that a pair of inter- 
mediate levels will contribute an interference term 
whose ratio to the direct transition terms is 2/(wny’ 
++’). The natural line breadth y is! 6.1107 radians/ 
sec, while the total hyperfine splittings used in the 
calculations are ” 1.5 X 10° radians/sec for the 3 ?P; state 
and 9.4108 radians/sec for the 3 ?P; state. Applying 
the Landé interval rule, it is found that only the levels 
F=0 and F=1 of the latter state (wo:=2.6y) are close 
enough to contribute interference terms as large as 
10 percent of the direct transition terms. More recent 
measurements!* give a smaller total splitting in the 
3 *P state, as well as a small deviation from the interval 
rule, but the difference does not significantly affect 
the results of the present calculations. 

The transition probabilities also depend on the 
intensity ratio in the light source of the two fine 
structure components of the sodium D-line. The 
source used yielded equal peak intensities of the two 


10 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, London, 1951). 

111, Larrick, Phys. Rev. 46, 581 (1934). 

12, P. Granath and C. M. Van Atta, Phys. Rev. 44, 935 (1933). 

18 P, Sagalyn, Phys. Rev. 94, 885 (1954). 
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TasLe I. Probabilities of transitions induced by resonance 
radiation between substates of the sodium 3*P; ground state 
complex for equal incident fluxes of the two D-line components. 
Column one gives the quantum numbers F and Mf of the initial 
states, labelling the rows; and the other columns are headed by 
the quantum numbers F and M; of the final states. The probabili- 
ties are so normalized that each initial state has a total absorption 
probability of one. 








Final F, Mr 


Initial 
2,-2 2,—1 


F, Mr i,—1 1,0 


0.343 0.167 
0 0.312 





0.085 


~~ 


0 0 F 0 0.167 

0.169 0.164 : : 0 
; L ; 0.229 

0.276 0. 

0.500 0. 

0 1. 


- 


Ne OF NK Oe 


0.085 0.167 
0 0.140 
0 0 
0 0 


-_~. 


NNN N Nee 


~ 








lines; and therefore, because of the difference in statis- 
tical weights of the two levels, the total absorption 
probability leading to the 3 *P; state is twice that for the 
3*P, level. This having been taken into account, 
Table I gives the total relative probabilities of resonance 
fluorescence between given initial and final states 
via all possible intermediate states. The columns are 
labeled by the quantum numbers of the final states, 
and the rows by those of the initial states. Both initial 
and final states are all members of the 3%S; ground 
state complex. The total absorption probabilities of all 
the initial states are the same, which is only true for 
equal intensities in the source of the two components 
of the doublet. ‘ 

Table I may be regarded as a matrix operator. The 
vector on which it operates has components proportional 
to the occupation probabilities of the various initial 
states for whatever ensemble of atoms is under con- 
sideration. Similarly, the vector resulting from the 
operation gives the occupation probabilities for the 
same ensemble after each of its members has scattered 
one and only one photon. The initial ensemble is 
normally taken as being in thermal equilibrium, and 
by m applications of the operator one may find the 
occupation probabilities of an ensemble each of whose 
members has scattered exactly » photons. 

One may simplify the computation of the polarization 
of the scattered light by observing that each element 
in the matrix operator just described corresponds to a 
definite polarization component, or 7, in the scattered 
radiation. Summing the elements of like polarization 
in each row of the matrix produces a pair of vectors 
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whose components are labeled by the quantum numbers 
of initial states. The inner product of one of these 
vectors with the occupation vector of an ensemble is 
proportional to the amount of the corresponding 
polarization emitted when each member of that 
ensemble scatters one photon. For example, applying 
this process to an ensemble whose members have each 
scattered two photons, one can compute the polarization 
emitted when a third photon is scattered. 

Table II gives the state occupation probability distri- 
butions of ensembles whose members have each 
scattered a definite number, , of photons. It also 
gives the expectation values for these ensembles of 
the observables Myr, M7, and Ms, the axial projections 
of the total, nuclear, and electronic angular momenta, 
as well as the polarization ratio R,= (¢—7)/(o+7) of 
the light scattered at 90° to the axis of quantization. 
m radiation has its electric vector parallel to the axis, 
o, perpendicular, both being plane polarized at this 
scattering angle. 

Of course, no physically realizable ensemble is 
composed of members all of which have scattered the 
same number of photons. However, the expectation 
value of an observable for a physical ensemble may be 
computed by taking a weighted average of the expecta- 
tion values for the several such idealized ensembles. 
The value of the observable for the ith ensemble is 
weighted by the probability P; of an atom in the 
physical ensemble scattering 7 photons. 

To compute P;, consider a beam of sodium atoms 
passing through an illuminated region such that each 
atom scatters on the average N photons in the Z cm 
of illuminated beam. The probability of absorbing a 
photon in any interval of path di is (N/L)dl, and the 
probability of not absorbing any photon at all is 


Po= (1—Ndl/L)#/#=e-%, (2) 
of absorbing one and only one photon is 


L 
P= f “eNdl=Ne, (3) 
3 | 


and of absorbing exactly 7 photons is 
P;=Nite*/il. (4) 
EXPERIMENTAL PROCEDURE 


The apparatus consisted of a source of sodium — 
resonance radiation, a sodium sample in the form of a 


TABLE II. Expectation values of various quantities for ensembles each of whose members has scattered photons. 
R, is the polarization ratio of photons scattered at 90° for the mth scattering process. 
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Fic. 2. Optical system used to orient sodium and to detect the orientation when produced. 


beam, coils to control the magnetic field seen by the 
sample, and equipment to detect the polarization of the 
light scattered by the sample. A view of the optical 
system is shown in Fig. 2. 

A Phillips sodium spectral lamp No. 93122E was 
used, together with a sheet of polaroid and a quarter 
wave plate, to produce circularly polarized sodium 
resonance radiation. A lens formed an image of the 
lamp at the beam position, and the light was interrupted 
at 30 cycles per second by a semicircular metal segment 
on the shaft of a small motor generator. The 30-cycle/ 
sec output from the generator was used as the reference 
signal for the lock-in amplifier that formed part of the 
polarization detector. 

A sodium beam was used as a simple means of 
insuring relative freedom from foreign gas contamina- 
tion. The beam source was a stainless steel oven heated 
to 100°-200°C by 60-cycle/sec ac. The beam was 
collimated into a cone of 9° half-angle and caught by a 
liquid nitrogen trap after leaving the illuminated region. 
The beam chamber was evacuated by an oil diffusion 
| pump provided with a solid CO, cooled trap to intercept 
oil vapor. With both traps cold, a vacuum of between 
| 10“ and 10-* mm of Hg could be obtained, depending 
; on the beam source conditions. 

In the early stages of the experiment, the magnetic 
field applied was quite inhomogeneous, especially the 
axial component (that parallel to the direction of the 
incident light), since it was supplied by two solenoids 
separated axially by a distance equal to their diameter, 
the diameter being no larger than the region in which 
the sodium was observed. When it was found that this 
inhomogeneity increased the difficulty of interpreting 
the data, the first set of coils was replaced by three 
mutually perpendicular Helmholtz pairs, each produc- 
ing a field of 4 gauss/ampere within the accuracy of 


mounting them to fulfill the Helmholtz condition. No 
refined technique of mounting them was used, neither 
the field calibration nor the homogeneity being 
sufficiently critical to the experiment to require it. 
The smallest of the three pairs had a radius of 11.4 cm 
and the largest 19.0, while the length of sodium beam 
observed was 3.8 cm. 

The polarization ratio (e—)/(o+7) of the light 
scattered by the sodium beam was determined by an 
optical bridge whose parts are indicated in Fig. 2. All 
observations were made at a scattering angle of 90°. 
The light passed through a polaroid filter consisting of 
two semicircular segments each transmitting only o 
or only w radiation. At 90° to the axis of quantization, 
each component is plane polarized with their planes of 
polarization perpendicular to each other. Each half 
of this split-field polaroid was imaged by a lens on one 
of two 1P21 photomultiplier tubes. Between the 
split-field polaroid and the lens was a rotatable polaroid 
(hereafter called the analyzer) provided with a grad- 
uated quadrant and vernier. Its function was to produce 
known changes in the intensity ratio of the two light 
polarization components and thus calibrate the detector. 
It was normally set at 45° in order to transmit equal 
amounts of the two components. All this equipment was 
enclosed in a light-tight tube. To reduce stray light to a 
minimum, the detector was placed opposite the vacuum 
pumping lead ; and a stop was placed at the image of the 
beam (see Fig. 2) to intercept light scattered from the 
edges of the observation window. 

Since the incident light was modulated at 30 cycles/ 
sec, ac detection could be used. The output of one 
1P21 was inverted in phase and added to that of the 
other, the combined signal being fed into a 30-cycle/sec 
lock-in amplifier. The output of this amplifier appeared 
on an Esterline-Angus recording milliammeter. The 
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system thus formed an optical bridge giving a null 
signal for equal outputs from the two photomultiplier 
tubes. Since the gains of the two 1P21’s could not be 
depended on to be the same, absolute light polarization 
ratios could not be measured. All polarization measure- 
ments were therefore referred to a standard condition, 
that in which sodium orientation was destroyed by 
application of a magnetic field perpendicular to the 
axis. The field of the earth was found to serve this 
purpose excellently. With unoriented sodium, the bridge 
was approximately balanced by adjusting the applied 
voltage, and thus the gain, of one photomultiplier. 
The difference between the resulting signal and that 
for any other sodium sample condition was reduced to a 
light polarization difference by comparing it with the 
signal change produced by rotating the analyzer 
polaroid a known amount. 


RESULTS AND DISCUSSION 


The sodium lamp used was compared with a white 
lamp of known intensity by means of visual observation 
with a flicker photometer (average of 92 comparisons) 
and found to emit 2.72X10'* photons/(cm? sec ster- 
radian) perpendicular to its surface. If an image of this 
source is formed by a lens, it can be shown that the 
photon flux through the image is simply JQ, where J is 
the surface intensity of the source as given above and 
Q is the solid angle subtended by the lens at the image. 
For a given lens, the maximum solid angle is determined 
by the requirement that the image of the light source 
be at least as big as the region occupied by the sodium 
beam. In practice, the solid angle was limited not by the 
lens, but by the window admitting light to the vacuum 
system, which subtended an angle at the sodium beam 
of 1/16 steradian; since the polaroid had a transmis- 
sion of 0.365, the total photon flux at the beam was 
therefore 1.95 10'* photons/cm? sec. 

To determine the intensity ratio and line widths of 
the two fine structure components, the light source 
was photographed through a Lummer-Gehrcke plate 
(crossed with a prism), for the loan of which I am in- 
debted to Professor A. G. Shenstone. The density of the 
photographic images was measured with a recording 
densitometer owned by the R. C. A. laboratory in 
Penn’s Neck, New Jersey. I am grateful to Dr. Hillier 
of that laboratory for permission to use the instrument 
and to Dr. H. Halma for making the measurements with 
it. The two components of the doublet were found to 
have approximately the same peak intensities; their 
widths were 10" cycles/sec for the component radiated 
by atoms in the 3 ?P, level and 1.4 10" cycles/sec for 
the 3°P; component. This equality of peak intensities, 
together with the extreme breadth (20 times Doppler 
breadth), suggests that the source is so self-reversed as 
to be effectively a blackbody at the center of the lines. 
This is quite reasonable since we shall see that approxi- 
mately 10 atoms cm~ completely absorb all light at 
the resonance frequency. For a thickness of 1 cm, this 
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corresponds to a pressure of 2.5X 10-7 mm of Hg, and 
the sodium partial pressure in the lamp was certainly 
much higher than this. From these observations, the 
common peak flux per unit frequency at the sodium 
beam is 


Io=1.29X 10! photons/cm? radian 


for each component. 

In sodium the transition to the first excited state 
complex accounts for 0.975 of all the radiation absorbed 
by atoms in the ground state (see Condon and 
Shortley,” p. 149). For present purposes the oscillator 
strength of the line may therefore be taken as one, 
and the number of photons absorbed per atom is thus 
given by the formula (Heitler,® p. 108) for a classical 
oscillator, 

n= 2xrocl o, (5) 


where 7p is the classical radius of the electron. Thus for 
the given light flux, 


n= 2.14 10° photons/sec atom. 


A sodium beam source temperature of 200°C corre- 
sponds to a velocity of 4.8%10* cm/sec. Since the 
illuminated length of beam was 3.8 cm, each atom 
might be expected to absorb on the average 0.17 
photon. 

Clearly the number of sodium atoms which can be 
oriented is no larger than that number which absorbs 
all the incident light. A larger sample will result in 
multiple scattering of photons and a lower orientation 
per atom. For a sodium sample (not necessarily a beam) 
at a temperature in the neighborhood of 200°C, the 
Doppler breadth of the absorbed line is approximately 
2X 10° radians/sec. The total number of photons which 
can be absorbed is roughly equal to the line breadth 
times the peak intensity, or 2.410" photons/cm?’ sec. 
Since each atom absorbs 2.1X10* photons/sec, 10" 
atoms/cm? will absorb all photons in the usable range. 
Other considerations, based on the tendency of a gas 
to radiate coherently," thus reradiating photons of J 
the same polarization as those absorbed, limit the 
sample to about one-fifth this number. 

Although the fact is obscured by the method of 
derivation, the sample size is independent of the light 
intensity; for as the intensity increases, each atom 
absorbs more photons. In other words, the absorption 
cross section is independent of the light intensity. 

This limitation of the sample size is naturally a 
serious limitation on any experiments it is desired to 
perform with atoms or nuclei oriented by this technique. 
As an example, if it were desired to study the angular 
distribution of radioactive emissions, an isotope with 
a half-life of one year would produce 130 counts/min 
in a perfectly efficient counter subtending a solid 
angle of 4rX10~ steradian if the radiation were 
isotropic. Again, the hyperfine structure resonance of 


4 R. H. Dicke, Phys. Rev. 93, 99 (1954). 
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Na”™ could be observed with a signal-to-noise ratio of 
about 500 assuming an orientation of 10 percent. The 
signal-to-noise ratio varies as the square of the amount 
of orientation. 

It was found that the sodium source temperature 
(and beam density) could be allowed to vary over 
wide limits without changing the experimental results. 
This is interpreted to mean that the density was at all 
times well below the allowable maximum. No attempt 
was made to observe the actual source temperature 
beyond rough estimates. 

Since the rate of light absorption is now known, the 
probability of an atom scattering any given number of 
photons i may be computed from Eq. (4). The average 
polarization of the light scattered is given by 


R= ERE Ps /S Ps (6) 


a 


where the R; are taken from Table II. For the given 
absorption probability, P; is only 5 percent of P2, and 
all higher P,’s may be neglected. The average polariza- 
tion is then 


R=0.0789. 


When orientation is destroyed by application of a 
transverse magnetic field, the polarization of the 
scattered light is not quite equal to Ri, as one would 
expect if true thermal equilibrium were produced. 
It can be shown that a slight degree of alignment 
remains and that the average scattered polarization 
in this case is 


R=0.0710, 


while the value of R; is 0.0700. The change in light 
polarization expected upon destruction of orientation 
by a transverse field is therefore 


AR ».=0.0079. 


Twenty-one observations of this change were made 
over a period of five months, and their average was 


AR»s= 0.0097. 

The largest and smallest values observed were 
AR min=0.0058, 
AR max= 0.0129. 


Since the intensity of illumination may easily be 
affected by changes in position of the light source, 
line voltage changes, and other effects not under 
experimental control, this variation is not considered 
alarming. 

The agreement with the predicted value of AR is 
considered good in view of the uncertainties involved 
in the use of the flicker photometer and the photo- 
graphic measurement of the line width, especially since 
the latter was not done with as much skill as might be 
desirable. 
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Fic. 3. Polarization ratio of the scattered resonance radiation 
as a function of the applied axial field component, incident light 
circularly polarized. 


Although the transverse components of the ambient 
magnetic field were compensated as well as possible, 
one could not hope to reduce them below the 107% 
gauss necessary to avoid disturbing the sodium orienta- 
tion. In addition, no attempt was made to compensate 
ac fields. Thus one might expect that orientation would 
disappear for insufficiently large values of the axial 
field. This was indeed the case, and a representative 
curve of light polarization versus applied axial field is 
shown in Fig. 3. The minimum is displaced from zero by 
the presence of a terrestrial component of 0.1 gauss in 
the axial direction. It should be stressed that ideally 
the incident light is sufficient to define the axis of 
quantization, and it is only necessary to apply a field 
to overcome the disturbing effects of fields already 
present. 

When the measurements are extended to axial 
fields of several gauss, the polarization at first increases 
for one field direction and decreases for the other as the 
absolute value of the field is increased. In both directions 
it eventually goes through a minimum and then 
increases steadily. This is believed to be the result of 
the alteration of atomic wave functions by the magnetic 
field. The asymmetry is a result of the asymmetry of 
the light polarization and disappears for unpolarized 
light although the changes in polarization with increas- 
ing field remain. 

The measurements of AR discussed above were all 
taken from curves similar to Fig. 3. at about —0.2 
gauss applied where the axial field is sufficiently large 
to allow orientation to proceed undisturbed but not 
large enough to change the wave functions appreciably. 

The vacuum system was later modified to increase 
by a factor of 2.5 the illuminated solid angle seen by 
the sodium beam. The change in light polarization 
upon destruction of orientation then became AR 
=0.0175, an increase by a factor of 1.8. This increase 
could reasonably be expected to be less than the increase 
in solid angle because the additional light is all moving 
at an angle to the axis and is therefore less effective in 
producing orientation. 

This polarization change of 1.75 percent corresponds 
theoretically to an effective average of 0.365 photon 
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Fic. 4. Polarization ratio of the scattered resonance radiation 
as a function of incident intensity of circularly polarized radiation. 
Incident light intensities in ratio 1.00:0.39:0.17 for upper, 
middle, and lower curves, respectively. 


scattered by each atom. For this probability of photon 
scattering, the ensemble averages of the expectation 
values of nuclear, total, and electronic angular momenta 
are, respectively, 


M,=0.180=0.120/, 
Mr=0.216=0.108F, 
Ms=0.035=0.070S. 


In the case of F, the fractional figure is given relative 
to the larger F valué of the two hyperfine states, for if 
orientation were complete, all atoms would be in the 
state F=2. 

In order to obtain an experimental check on the 
polarization of the first photon scattered by an un- 
oriented atom, the absolute polarization of light 
scattered by sodium atoms in the earth’s magnetic 
field was measured. An attempt was made to do this by 
using the electronic detector already described and a 
modified scheme of analyzing polaroids, but the results 
were not self-consistent. Visual methods were therefore 
used. A Babinet compensator followed by a Nichol 
prism shows dark bands crossing the field of view if the 
polarization ratio of the light incident on the arrange- 
ment is greater than about 0.01. A glass plate between 
the light source and the Babinet compensator may be 
used to introduce an opposite polarization by rotating 
it in a plane containing the electric vector of the 
observed polarization. The polarization of the light 
may be calculated from the angle at which the bands 
disappear.!® The angle observed was 34.2+1.5° (average 
of ten measurements) when a glass plate of refractive 
index 1.52 was used. The index was not known exactly 
and limits of +0.02 were assigned which account for 
about one-quarter of the error quoted below for the 


16 R. W. Wood, Physical Optics (Macmillan Company, New 
York, 1934), third edition, pp. 341-343. 
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polarization. The resulting polarization ratio is 
R=0.049+0.008, 


which differs from the predicted value of 0.071 by 2.8 
times the probable error. An error of this size has a 
probability of 6 percent, viewed as a random deviation. 

To explain this result by an error in the measurement 
of relative intensities of the two components emitted 
by the source would require the assumption that the 
3 *P; component had only one-half the intensity of the 
other. Not only does this large an error in the photo- 
metric measurement seem highly unlikely, but it 
contradicts the very plausible assumption of blackbody 
emission at the line centers. An incorrect value for the 
hyperfine splittings would not affect the polarization 
by such a large amount, for the predicted polarization 
is decreased by wider separation of the levels, and with 
evels completely separated the polarization is only 
decreased to 0.069. Moreover, the more recent values of 
the splitting lead to a smaller level separation than the 
value used. 

The intensity of the incident light was varied by 
means of neutral density filters. By a simple algebraic 
manipulation of the probabilities P; of Eq. (4), it can 
be shown that if Ps is neglected, the polarization of the 
scattered light is proportional to V/(N+1) where N is 
the average number of photons scattered per atom. 
Since NV is small compared to 1 (NV <0.2 in Table III), 
the polarization can be considered proportional to the 
light intensity. Figure 4 shows a sample set of curves 
taken with two filters of different density and without 
any filter. The asymmetry in these curves was a result 
of the inhomogeneity of the field produced by the first 
set of coils used. Table III gives the change in light 
polarization when orientation is destroyed for two 
sets of observations similar to those in Fig. 4. The light 
intensities were determined from the size of the signal 
produced by rotating the analyzer polaroid a known 
amount and agree with the filter densities given by the 
manufacturer. The variation is seen to be linear as 
expected. 

Representative data are given in Fig. 5 and Fig. 6 
showing the effect of varying a transverse component of 
the magnetic field keeping the axial component fixed. 
The axial components are different for the two figures. 
The solid curves are theoretical curves computed by 
assuming that many cycles of Larmor precession occur 
between successive photon scattering events for any 
one atom. Since these events are random, only time 


TasLe III. Change in scattered light polarization (AR) when 
orientation is destroyed as a function of incident light intensity. 








Light intensity 


AR (arbitrary units) 
(arbitrary units) 1 run 2 





1.00 
0.39 
0.17 


1.00 
0.3820.1 
0.18+0.1 
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Fic. 5. Polarization ratio of the scattered resonance radiation 
as a function of one applied transverse field component; the solid 
curve is computed theoretically. 


average results are required. Time-average projection 
operators of the z-comporient of angular momentum in 
a rotating coordinate system were derived. These were 
used to find the time-average occupation probabilities 
of the precessing atoms in eigenstates of Mr referred to 
stationary axes. The calculation is straightforward but 
too lengthy to be reproduced here. It results in the 
following expression for the polarization of the second- 
scattered photon (R:) as a function of the angle 
between the magnetic field and the axis of quantization 
defined by the incident light: 


9.8 10-4 cos89@—0.115 cos 
+4.14 cos4?+4.58 cos?0+7.0 


— 10.8 10-* cos8#+-3.86 X 10-? cos 
— 1.28 cos*?— 1.50 cos?@+93.4 





R,(6)= 


This reduces to the correct value of R, for @=0. 

The data shown in the figures are typical in that the 
agreement with theory is good for small axial fields and 
not for larger ones, the experimental points always 
falling below the theoretical curve. The only adjustable 
parameter is the value of the polarization at the 
maximum of the curve. The disagreement may well be 

a result of the alteration of atomic wave functions by 
§ the larger total fields. 

When the incident radiation is unpolarized, the curve 
of scattered light polarization versus axial magnetic 
field is similar to Fig. 3 in every respect except the 
light polarization scale. The total change in light 
polarization is only AR=0.0048. This may be explained 
by considering the incident light as composed of equal 
parts of the two senses of circular polarization. Table II 
shows that scattering of a circularly polarized photon 
reduces the population in the Mr=0 states independ- 
ently of its sense of rotation. Consequently, scattering 
of unpolarized light will increase the populations of the 
states with |Mr|=F relative to those with Mr=0. 
The atomic ensemble is then in a condition of partial 
alignment. Among the atoms which scatter two photons 
there are some which scatter two with the same sense 
of rotation and contribute to the alignment of the 


OF Na ATOMS 


> 
a 


ow 


g 


RELATIVE LIGHT POLARIZATION (Z=) 
S 
°o 








fe 4 6 8 
APPLIED TRANSVERSE (VERTICAL) FIELD. (GAUSS) 


Fic. 6. Polarization ratio of the scattered resonance radiation 
as a function of one applied transverse field component; the solid 
curve is computed theoretically. 


ensemble as well as others which scatter photons of 
opposite senses and do not contribute significantly. 
Since the effect of unpolarized resonance radiation on a 
completely aligned ensemble is to reduce the alignment, 
the process does not proceed to complete alignment for 
very large light intensity but rather reaches an equili- 
brium partial alignment. This possibility of alignment 
by unpolarized light was briefly mentioned by Kastler 
in the article already cited. 

Table IV gives the probability of an atom being in 
various angular momentum states after scattering one 
to four photons, as well as the values at equilibrium 
(n=). These were computed by a straightforward 
application of Table I considered as a matrix operator. 
Although the approach to equilibrium is rapid, the 
equilibrium alignment is small. However, the difference 
in population of corresponding magnetic substates of the 
two hyperfine levels is still many times that resulting 
from the energy separation in thermal equilibrium at 
room temperature. 

Combining the photon polarizations in Table IV 
with the figure (obtained from the degree of orientation 
for the same amount of polarized light) of 0.365 photon 
absorbed per atom, the total change in light polarization 
expected upon destruction of alignment is calculated to 
be AR=0.0034, compared to an observed value of 
0.0048. This indicates that the incident light may not 
have been completely unpolarized. 

There is no reason to believe that the effect should be 
confined to sodium, since the argument for the produc- 


TABLE IV. Occupation probabilities for ensembles each of whose 
members has scattered » photons of unpolarized light, including 
the equilibrium state (n= ©). P; and P» are the probabilities of 
atoms being in states with F equal to 1 and 2. R, is the polarization 
ratio of photons scattered at 90° in the mth scattering process. 








F=1 F=2 
Mr=+1 0 +2 1 0 


0.128 0.119 0.144 0.115 0.106 
0.128 0.116 0.154 0.110 
0.126 0.161 0.108 
0.126 0.162 0.108 
0.125 0.163 0.106 
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tion of alignment, like that for orientation, is quite I wish to express my gratitude to Dr. R. H. Dicke, § ° 
general. The argument applies, however, only when without whose inspiration and invaluable counsel this § § 
the light is incident from a restricted part of asphere, for research could not have been undertaken or completed. I 
isotropic unpolarized light defines no axis with respect Iam also indebted to Dr. D. R. Hamilton for assistance § ° 
to which alignment can occur. in the early part of the work. ¢ 
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Angular Correlation of Photons from Positron Annihilation in Light Metals* 
R. E. Greent anp A. T. Srewartt P 
Physics Department, Dalhousie University, Halifax, Nova Scotia 5 
(Received November 26, 1954) t 
The angular correlation of gamma rays from positron annihilation in the light metals, Li, Be, Na, Mg, Al, Cl 
K, and Ca, has been measured. The deviation of the two photons from colinearity is a measure of the total fr 
momentum of the annihilating electron-positron pair. If it is assumed that the positrons are thermalized al 
before annihilation and that they annihilate only with electrons of a Sommerfeld free electron gas, the t 
experimental results may be used to determine the Fermi energy of these electrons. It is interesting that , 
the Fermi energies so determined are in good agreement with calculated values. W 
se 
I. INTRODUCTION is directly related to the momentum of the annihilating 
HE possibility of determining electron velocities electrons. . 
in metals from positron annihilation radiation Re pi in several metals have been made and 
was first pointed out by DuMond ef al. In their exami- the results are compared with theory. 
nation of the 0.511-Mev annihilation radiation these Il. EXPERIMENTAL 
authors showed that the measured line width exceeded wh Fae 
the instrumental width and ascribed the excess to __ A Schematic diagram of the apparatus is shown in 
motion of the electrons with ‘which the positrons Fig. 1. A source of annihilation radiation was placed at 
annihilate. Since that time DeBenedetti ef al2 and aa ma of the ns aggesng oe ee the Mi saga 
other experimenters** have measured angular corre- pee etectors. ine He 7 eer ae a s owe 
lation of the two annihilation photons to determine the se eaeiediininle 9 -iaquacalbeaige ? eager y tea 
: ii ie .. displacement of the source. When corrected for back- 
motion of the center of mass of the annihilating pair. omg Fae : 
: nen ground, this coincidence rate curve gives the angular 
The results of all these experimenters indicate that the ° : 
waa f th ‘hilati th : correlation of the gamma-ray pairs. 
Oe ere eee #0 ines ciannlonea pion 08 The positron emitter was made by evaporating an 
which is comparable with the momentum of conduction aqueous solution of sodium chloride containing about 
electrons in metals. : ; : 0.4 mC of Na” on a thin (2 mg/cm?) aluminum foil. 

This paper reports an experiment in which the The approximately 0.5-in. diameter deposit and sup- 
angular correlation of the annihilation photons was porting foil were covered on both sides by another J 
measured with slightly better angular resolution than piece of the same foil. A sheet of the specimen metal 
had been previously used. Whereas other experimenters 
have attempted to relate the shape of the “tail” of the 4.9m | 
angular correlation curve to electron velocity, in this N d B* SOURCE | 
paper it is shown that the width of the observed curve  ,i¢--.--. ---------..----------0 8 -----0------ eee een en eee ee a 

* Part of this work was submitted as a thesis by R. E. Green TT 
toward the M Sc Degree at Dalhousie University. AMPLIFIER AND] = | AMPLIFIER AND 

Tt Now at Physics Department, McGill University, Montreal, PULSE HEIGHT PULSE HEIGHT 
Quebec. ANALYSER ANALYSER 

t Member of the staff of Atomic Energy of Canada Limited, [POWER sf ------- 3 
Chalk River, me on temporary appointment to Dalhousie ce 1 
University during the academic term 1953-54. 

1 DuMond, Lind, and Watson, Phys. Rev. 75, 1226 (1949). de as re, ph 

2 DeBenedetti, Cowan, Konneker, and Primakoff, Phys. Rev. poi 
77, 205 (1950). ca) spe 

3P. E. Argyle and J. B. Warren, Can. J. Phys. 29, 32 (1951), i 
a9 i; B. Warren and G. M. Griffiths, Can. J. Phys. 29, 325 : 

1951). 
4H. Maier-Leibnitz, Z. Naturforsch. 6a, 663 (1951). Fic. 1. Schematic diagram of apparatus. of 
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ANGULAR CORRELATION OF PHOTONS 


was clamped to each side of the emitter, the resulting 
sandwich being the source of annihilation radiation. 
For measurements with the alkali metals and with some 
others, the emitter was protected by additional (5 mg/ 
cm?) aluminum foils. The flat, roughly circular, source 
was tipped to make an angle of about 10° with a line 
joining the detectors so that the apparent thickness 
(vertical dimension) of the source of annihilation radia- 
tion was independent of positron range in the metal 
specimen. As seen from the detectors, the source 
appeared from 3 to 4 mm thick. 

The detectors were two NaI(TI) crystal slabs ap- 
proximately 2 in.X1} in.X} in. mounted flat on RCA 
5819 photomultiplier tubes. The 2 in.X} in. face was 
toward the source. 

To eliminate pulses due to photons scattered in the 
crystal mount and photomultiplier tubes, the pulses 
from each detector were passed to a pulse height 
analyzer’ set to select pulses of amplitude corresponding 
to a small energy range about 0.51 Mev. Coincidences 
within a resolving time of one microsecond between 
selected pulses from the two detectors were counted. 
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Fic. 2. Observed total angular correlation of annihilation 
Photons from Al, Li, and K specimens clamped to the positron 
emitter. Separate runs are indicated by square and circular 
points. The dashed curve is the observed counting rate with no 
specimen metal against the emitter. 





* Designed by R. E. Bell and R. L. Graham of Atomic Energy 
of Canada Ltd., Chalk River, Ontario. 
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Fic. 3. Emitter and specimen arrangement for 
shielded emitter method. 


The electronic circuits were operated from Thorensen 
regulators. In addition, the channel counting rates 
were maintained constant by manually adjusting the 
lower discriminator settings every fifteen minutes. This 
small regular readjustment corrected for gain variation 
in the photomultipliers and amplifiers and for the 
different gamma-ray attenuation in the various speci- 
mens. Because the channel counting rate varied rapidly 
with the lower discriminator setting, the average energy 
of the accepted pulses changed very little over the range 
of this adjustment. 

The usual experimental procedure was to move the 
source vertically in 1-mm steps and to count for 20 
minutes at each position. The maximum coincidence 
rate was about 100 cpm. Runs were made with various 
specimen metals in position and also with no specimens. 
These blank runs were used to determine the fraction 
of positrons stopping in the emitter. 

In Fig. 2 are shown the observed angular correlations 
for some typical runs with potassium, lithium, and 
aluminum. The corresponding blank run is shown by 
the dashed line under each curve. 

A second method of arranging the source was sug- 
gested by Dr. E. W. Guptill. In this method the 
annihilation radiation from the emitter is shielded from 
the detectors by blocks of lead (Fig. 3). Positrons from 
the emitter traverse about } in. of air to reach the 
specimen which can be seen by the detectors. The 
emitter, shield, and specimen were raised and lowered 
as a unit. 

Although this arrangement reduced the counting 
rate considerably, it had the advantage that the back- 
ground was reduced by a much larger factor. In Fig. 4 
are shown the results for calcium and beryllium from 
this type of experiment. The dashed line indicates the 
background, caused largely by scattered positrons. 


III. THEORETICAL CALCULATION OF ANGULAR 
CORRELATION CURVES 


To conserve momentum the angle between the two 
gamma rays from electron-positron annihilation must 
in general depart from 180° if the center of mass of the 
two particles was in motion. For low velocity the de- 
parture from 180° is ¢=2v/c, where v is the transverse 
velocity of the center of mass of the particles and c is 
the velocity of light. It has been shown® that most 
positrons entering metals are thermalized in a time 
which is short compared with measured lifetimes. At 
thermal energies (1/40 ev) the positron velocity is very 


*G. E, Lee-Whiting, Phys, Rey 97, 1557 (1955), and R. L. 
Garwin, Phys. Rev. 91, 1571 (1953). 
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Fic. 4. Angular correlation of annihilation photons from Be 
and Ca observed by the shielded source method. The dashed 
curve is the background counting rate. Results of separate runs 
are indicated by round and square points. 


small compared with conduction electron velocities, 
hence we can assume that the positron is at rest and 
that any motion of the center of mass of the annihilating 
pair is due to the velocity of the electron. Furthermore, 
DeBenedetti e al.2 have pointed out that low-energy 
positrons would be expected to annihilate predomi- 
nately with the conduction electrons: the Coulomb re- 
pulsion prevents the positrons from appreciably inter- 
acting with the inner electrons in the various elements. 

In what follows we calculate the angular correlation 
which we expect to observe for positrons annihilating 
with the electrons in various metals assuming that the 
positrons are stationary and that the electrons have the 
momentum distribution predicted by the free electron 


theory. 


1. Geometrical Resolution 


The first step is to calculate the resolution function 
R(z) due to finite thickness of source and detectors. (In 
the following analysis, the origin of the Cartesian co- 
ordinate system is at the mid-point of a line joining the 
two detectors; see Fig. 5. This line is the x-axis. The 
z-axis is vertical.) For a point source the resolution 
function, Ro(z), is an isosceles triangle (Fig. 6) the 
width of the base of which is equal to the detector 
crystal thickness. The extension to a source of finite 
thickness, ¢, is merely the summation of Ro(z) for 
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Fic. 5. Coordinate system with respect to source and detectors. 
For the arrangement used d=7 mm, ‘=3 mm, s=2.45 m. 


various displacements of the point source. To simulate 
the actual source we assume that the activity is de- 
posited uniformly over a }-in. disk and that the de- 
tectors see this disk at about 10° (see Sec. II). For these 
conditions, a plot of source strength, J(z), against 
vertical distance is an ellipse as shown in Fig. 7. The 
resolution function may then be found by integrating 
Ro(a) times I (a—z) over the height of the source, i.e., 


+1/2 
R(z)= Ro(a)I (a—2z)da. 


—t/2 


R(z) is shown in Fig. 6. The resolution function was 
also determined experimentally by moving the detectors 
so close to the source that the width caused by angular 
divergence of the gamma rays was easily allowed for 
by a small correction. 

The detector and source widths introduce a hori- 
zontal resolution function similar to R(z). However, an 
additional effect must be included. The measured 
efficiency of detection at the edges of the 2-in. crystals 
is about 0.7 of the efficiency in the center. The geo- 
metric resolution function corrected for counter effi- 
ciency gives an effective horizontal resolution function, 


R (z) 
e 4.5mm. 


fon> oe 


Fic. 6. Resolution functions Ro(z) and R(z) for a point source 
and a source of finite thickness. 
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Y(y). As compared to a half-width (width at half- 
maximum) of 4.5 mm for R(z), this function has a 
half-width of 29 mm. 


2. Effect of Electron Motion 


To calculate the effect of electron velocities we first 
recall that in the free electron theory of metals the tips 
of the momentum vectors of the conduction electrons 
uniformly fill a sphere. The volume of the sphere is 
proportional to the density of the free electrons in the 
metallic crystal. 

If we consider annihilation radiation arising from 
electrons which have only one value, »,, for the z com- 
ponent of velocity and », for the y component of 
velocity, we would observe experimentally a correla- 
tion having the shape of the R(z) function times the 
Y(y) function but shifted vertically from the origin an 
amount sv,/2c and horizontally an amount sv,/2c, 
where s is the distance from source to detectors. In a 
free electron gas the number of electrons having a y 
and z component of velocity between », and »,+d, 
and 2, and v,+d2, is given by 


N (2,,0,)dv,dv, « (vp’—0,?—,2) tdv,do,, 
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where vr is the maximum velocity corresponding to 
the Fermi energy. To obtain the predicted curve for 
the conduction electrons we fold the RY product func- 
tion with the electron distribution function, N(v,,v,). 
The integrated function, 


ridge A an —9,2)4 Nea 


— (vr? —v.2)t 
XR(s—s0,/2c) V (y—sv,/2c)dvydv,, 


is proportional to rate of coincidences expected between 
the two detectors of Fig. 5 as the source of annihilation 
radiation is moved in the y—z plane. Since we are 
interested in this curve for y=0 only we shall write 
simply T(z). Curves calculated in this manner for 
various maximum electron velocities, corresponding to 
various metals, are shown in Fig. 8 and the half-widths 
are tabulated in Table I. 


IV. ANALYSIS OF EXPERIMENTAL RESULTS 


An observed angular correlation curve is the sum of 
curves representing annihilations which took place in 


ss 
bt 


the emitter and annihilations which occurred in the 
specimen. We assume that the area of the blank curve 
is proportional to the number of positrons that did not 
escape from the emitter and that the area of the curve 
observed with a specimen in position is proportional to 
the total number of positrons. Hence by subtraction 
of areas we can find the fraction of positrons which 
entered the specimen metal. The fraction which annihi- 
lated in the specimen is somewhat less than this because 
some of the positrons were scattered back to the 
emitter. 

It was observed that the areas obtained from the 
many blank runs varied by about +3 percent and that 
the areas obtained with the various specimens fluctu- 
ated about +6 percent. As no definite cause could be 
assigned to this variation, which was a few times the 
Statistical uncertainty, it was decided to take the 
average area of the blank curves to be proportional to 
the annihilation rate of positrons which do not leave 
the emitter. Similarly, the average area of the various 
specimen curves was taken to be proportional to the 
total annihilation rate. The specimen curves were then 
normalized to their average area before subtracting 
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Fic. 7. Variation of source 
strength through the thick- 
ness of the source. 
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Fic. 8. Calculated angular correlation curves for various metals 


the curve representing annihilations in the emitter. For 
example, the procedure for an aluminum run was 
first to normalize by increasing the area by 100/92 
(Table II). To determine the amount to be subtracted, 
we see from the table that about 64 percent of the 
annihilations occur in the emitter so that only about 36 
percent of the positrons enter the specimen. Seliger’ 
showed that a considerable fraction is reflected back 
to the emitter. After summing for repeated reflections, 
the net fraction returned to the emitter is found to be 
0.22. Thus the fraction of positrons annihilating in the 
emitter when covered with an aluminum specimen is 64 
percent plus 0.2236 percent=72 percent= 1.1264 
percent. Hence from the normalized aluminum curve 
we subtract 1.12 times the measured blank curve. 

Typical net curves are shown in Fig. 9. These curves 
may be compared with similar curves shown in Fig. 4 
which were obtained by the shielded emitter method. 
The observed and calculated half-widths are listed in 
Table I. 

In Fig. 10 is plotted the Fermi energy of the electrons 
of the specimen metal against the width of the corre- 
lation curve. The full line is the calculated curve and 
the points are observed values. The specimen was not 
tilted when used with the shielded emitter and hence 


Taste I. Calculated and observed half-widths of angular 
correlation curves for various metals. Resolution function, R(z), 
half-width=4.5 mm. 








Observed half- 


Free Calcu- Calcu- 





elec- lated lated widths (mm) Fermi energy 
trons Fermi half- Subtracting Shielded from measured 
per energy width blan emitter half-widths 

atom (ev) (mm) method method (ev) 
K 1 2.04 6.0 6.0+0.2 2.1+40.3 
Na 1 3.16 6.7 6.8 +0.3 3.3 +0.4 
Li 1 4.75 7.8 7.740.3 4.6+0.5 
Ca 2 4.72 7.8 7.740.3 8.0+0.5 4.8+40.4 
Mg 2 7.16 9.3 9.440.3 7.4+40.5 
Al 3 11.75 11.8 11.7+0.6 11.1+0.5 11.1+0.9 
Be 2 14.3 12.9 12.8 +0.6 12.3+0.6 13.6 +0.9 








® These Fermi energies have been calculated by assuming that the free 
electrons have the entire volume of the metal in which to move. If the ion 
core volume is excluded, the resultant Fermi energy will be higher by 
several percent for the heaviest of these metals. 


7H. H. Seliger, Phys. Rev. 88, 408 (1952). 
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Fic. 9. Typical net curves resulting from subtraction of blank 
curve from the total coincident counting rate curves. The full 
line is the calculated curve normalized to equal area. The statistical 
uncertainty of the individual points is indicated by the vertical 
bars at the side of the curves. 


the curves calculated for this ‘method are slightly 
narrower. However, the difference is within the experi- 
mental error, so that for clarity the calculated curve 
for this method has been omitted from the figure. 


V. DISCUSSION 
1. Experimental Uncertainties 


On the assumption that the fluctuations in area have 
been due primarily to changes in coincidence efficiency, 
we have normalized all observed curves to the same 
area. Fortunately the widths of the net curves are not 
strongly dependent upon the method of normalizing. 
It can be shown for the narrow curves (K, Li) that the 
maximum change, 11 percent, in the area of the ob- 
served curve will cause only about a 4 percent change in 


TaBLE II. Typical areas of observed curves and effective 
positron reflection coefficients. 








Observed Net 
areas positron 
(relative reflection 

values) coeff. 


Observed area for Al 92 0.22 
Observed area for Ca 110 0.26 
Observed area for K 95 0.26 


Percentage of positrons 
stopping in emitter 





64 +36 X0.22 =64 X1.12 
64 +36 X0.26 =64 X1.14 
64 +36 X0.26 =64 X1.14 


Average area of all runs 100 
Area of blank runs 64 


Percentage of positrons 36 
entering specimen 
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Fic. 10. Plot of Fermi energy against calculated half-width of 
correlation function. The measured half-widths are shown on the 
curve, the square and round points representing results of the 
shielded emitter and blank subtraction methods, respectively. 


the half-width of the net curve. The experimental error 
is also about 4 percent, and hence the mean uncertainty 
from the normalization is about half the statistical 
error shown in the table. For the wider curves the 
uncertainty will be less because both the total and blank 
curves have approximately the same width. 

The back-scattering was measured by Seliger’ for 
positrons from a thin emitter whereas the positrons 
being reflected from the specimen in the present experi- 
ment have been degraded in energy by passing through 
the aluminum foil of the emitter. However, the error 
caused by this uncertainty cannot be very large because 
even a 50 percent change in the reflection coefficient 
will not change the half-width by more than the experi- 
mental error. 

In the shielded emitter method, the background to 
be subtracted is in part caused by back-scattered posi- 
trons. Hence it is different for the various specimens 
and cannot be accurately determined merely by re- 
moving the specimen. The error assigned to these 
results contains an estimate of the background un- 
certainty. 

Small-angle scattering of gamma rays (Rayleigh 
scattering) has been estimated and found to contribute 
negligibly to the broadening of the observed coincidence 
function. 


2. Theoretical Assumptions and Implications 


It is immediately evident from the experimental re- 
sults that the two photons from electron positron 
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annihilation in light metals carry away an amount of 
momentum which is of the same order as the mo- 
mentum of the conduction electrons. Since it has been 
shown that positrons thermalize very quickly,® we are 
led to believe that they annihilate chiefly with the 
conduction electrons of these metals. 

If annihilations are assumed to occur with conduction 
electrons only, and to occur by a process which makes 
the total momentum of the two photons equal to the 
momentum of the annihilating electron, the quantita- 
tive experimental results may be interpreted in two 
ways: Firstly, we may assume that the momentum 
distribution of the conduction electrons is described by 
the free electron theory and deduce the velocity de- 
pendence of the annihilation cross section. The full 
line of Fig. 10 is calculated on this basis for a 1/ cross 
section. This corresponds to the assumption of equal 
probability of annihilation with all conduction elec- 
trons which was implicit in the arguments in Sec. III. 
If it were assumed that the annihilation cross section 
varies as 1/v, the calculated half-widths would be too 
small by about three times the experimental error. 
Similarly, an annihilation cross section which was 
assumed to be independent of velocity would lead to 
calculated half-widths which are correspondingly large. 
Secondly, we may assume that the cross section varies 
as 1/v and use the experimental results to determine 
the Fermi energy of the conduction electrons. The 
Fermi energies so determined are listed in Table I. 
The results agree well with the values calculated from 
the free electron theory. The assumption of an annihi- 
lation cross section which varies other than as 1/2 
would yield Fermi energies which differ considerably 
from calculated values. 

The mechanism of annihilation is not well under- 
stood. The most obvious process is the ordinary annihi- 
lation of an electron and positron in a collision, for 
which the cross section was first derived by Dirac.® 
However, as Bell and Graham have pointed out,’ the 
cross section for direct annihilation leads to a lifetime 
several times that observed. In fact, for light metals, 
the electron density is not sufficient to account for the 


§P. A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 361 (1930). 
9R. E. Bell and R. L. Graham, Phys. Rev. 90, 644 (1953). 
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observed lifetime even if all the electrons are available 
for annihilations. It has been suggested that Coulomb 
attraction may cause an increased electron density near 
the positron and hence a shorter lifetime. If this effect 
can be shown to shorten the calculated lifetime suffi- 
ciently, then the lifetime and angular correlation 
measurements will be consistent. If not, it may be 
necessary to consider the formation of positronium in 
metals in a time short compared with ~10-" sec, the 
observed lifetime. The atom might then annihilate in 
a time of the order of the singlet lifetime, 1.25 10-" 
sec. This picture is not free from obstacles. It would be 
necessary to have a mode of formation in which the 
positronium atom retains nearly all of the conduction 
electron momentum and in which therefore, a photon 
or possibly an Auger electron removes the excess energy. 
In addition, the atom must retain its kinetic energy 
during collisions in the metal. Other pictures of varying 
complexity are also possible. The unsolved problem 
remains: to account for the observation that approxi- 
mately 10~ sec after a fast positron enters a metal, 
annihilation photons emerge with a total momentum 
which appears to be that of a conduction electron. 
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The scattering of neutrons by oxygen was measured as a function of wavelength from 2.5-10 A. By sub- 
tracting the calculated nuclear contribution the magnetic scattering is established. The magnitude of the 
magnetic interaction at long wavelengths is found to be in agreement with the theory of Halpern and 
Johnson. The measurement is not very sensitive to the details of the spatial distribution of the magnetic 
electrons. However, the observed wavelength dependence of the magnetic scattering is in agreement with 
the calculations of Kleiner based on the oxygen wave function derived by Meckler. 





I. INTRODUCTION 


HE scattering of slow neutrons by gaseous oxygen 

arises from both nuclear and magnetic inter- 
actions. The latter is of particular interest because 
oxygen is the simplest molecular system exhibiting 
paramagnetism, and there is a strong possibility that 
the magnetic scattering can be predicted from funda- 
mental theory. In the past, magnetic measurements 
(as susceptibility) have dealt with the bulk or macro- 
scopic properties of this gas. High-intensity neutron 
beams, however, now make it possible to perform 
experiments that probe the magnetic properties on a 
molecular (microscopic) scale. Although the scattering 
of slow neutrons by magnetic substances in general 
depends in a complicated way on intermolecular forces, 
in oxygen gas the intermolecular effects are extremely 
small and the magnetic interaction is between the 
neutron and the “free” magnetic moment of the oxygen 
molecule. This latter interaction has been theoretically 
formulated by Halpern and Johnson.! 

In order to determine the magnetic scattering cross 
section it is necessary to subtract the nuclear effects 
from the total measured cross section. Fortunately the 
nuclear properties of oxygen are well suited for this 
purpose. The neutron absorption cross section is very 
small and the spin and isotope incoherence are negli- 
gible (zero spin and almost monoisotopic). For these 
reasons the coherent nuclear scattering amplitude, 
which is needed for calculating the nuclear effects, 
may be determined by a free-atom cross-section 
measurement at neutron energies of several electron 
volts,? where magnetic scattering is negligible. 


II. METHOD 


The present experiment is performed by measuring 
the transmission of neutrons through gaseous oxygen, 
which gives the total neutron cross section. Because 
the magnetic moments of the oxygen molecules are 
randomly oriented, there is no coherence between 
nuclear and magnetic scattering and the total cross 
section is separable into magnetic and nuclear terms. 

* Work carried out under contract with the U. S. Atomic 
Energy Commission. 


10. oe we and M. H. Johnson, Phys. Rev. 55, 898 (1939). 
2 E. Melkonian, Phys. Rev. 76, 1750 (194 49). 


The contribution of the nuclear terms has been ac- 
curately calculated by Halpern and Appleton? An 
estimate of the ratio of the magnetic to nuclear cross 
sections can be arrived at by simple considerations. 
At wavelengths large (~10 A) compared to the inter- 
atomic spacing of the oxygen atoms, the form factor 
for the nuclear and magnetic scattering approaches 
unity. For oxygen molecules at rest, in the limit of long 


wavelength, the nuclear scattering cross section of the f 
molecule is approximately four times o», the nuclear 


cross section of a bound oxygen atom. 
The cross section for the magnetic interaction is 


given by® 
an (~ ) sist)” Jee (1) 


where m is the mass of the neutron, yu is the reduced 
mass of the oxygen molecule-neutron system; S the 
electronic spin of the oxygen molecule; y the magnetic 
moment of the neutron, expressed in Bohr magnetons 
and e?/me the classical electron radius. 


[Fe f | #(&)|? sinadédg 


is the integral form factor, normalized to approach 
unity as the neutron momentum k—-0. Thus, in the long 
wavelength limit, the magnetic cross section is given by 


ota (~ ) sis+n[™ ~): 0) 


and the ratio 


Omagnetic 2r ve 2 1 
—————>— §(S+ |=] =—, (3) 
Cnuclear 3o b mec 3.5 


As the Doppler motion (resulting from the finite sample 
temperature) affects the magnetic and nuclear scattering 
in the same way, the ratio is not changed by the 
Doppler effect. 

In the long wavelength limit, a one percent error in the 
total cross-section measurement would result in about a 


30. Halpern and G. L. Appleton, Phys. Rev. 90, 869 (1953). 
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MAGNETIC SCATTERING OF SLOW NEUTRONS 


4.5 percent error in the magnetic cross section, because 
of their relative magnitude. As the wavelength is 
decreased, the magnetic scattering decreases more 
rapidly than the nuclear scattering until at wavelengths 
<1 A the magnetic scattering is less than 2 percent 
of the nuclear scattering. For this reason the calcula- 
tions of Halpern and Appleton were made in regions 
between 5-10 A, where one may hope to obtain the 
magnetic scattering with good accuracy from a total 
cross-section measurement. For the sake of completeness 
the experimental data were taken over a wavelength 
range from 2.5-10 A. The data for wavelengths less 
than 5 A can be compared with existing measurements. 


Ill. EXPERIMENTAL DETAILS 


Figure 1 shows the experimental apparatus. A 
collimated beam of neutrons from the Brookhaven 
pile is chopped into a series of approximately 200-ysec 
bursts by the “slow chopper,” a rotating cadmium 
shutter. The beam passes through a filter which 
consists of four inches of Be maintained at liquid Ne 
temperature. The Be transmits, with little attenuation, 


} neutrons of wavelengths longer than 3.9 A but is 
- essentially opaque to neutrons of shorter wavelength. 


Thus the filter eliminates neutrons of thermal and 


| higher energies from the beam and thereby greatly 


reduces background. Next the beam passes through 
the sample vessel which is 3.5 meters long. The vessel 
may either be evacuated or filled to 10 atmospheres 
with O» and the total cross section of the Oz is obtained 
by measuring the attenuation of the beam upon 
filling the vessel. The neutrons are detected in the 
shielded BF; counter, which is located 5.0 meters from 
the chopper, in a good geometry arrangement with 
respect to the sample vessel. The velocities or wave- 
lengths of the detected neutrons are determined by 
measuring the flight time over the 5.0-meter path. 

The chopped beam is monitored by a BF; counter 
which is in a beam obtained from the same region of 
the pile as the chopped beam. The monitor beam is 
filtered through graphite so that the mean wavelength 
of the neutrons detected by the monitor lies within 
the wavelength range 5 to 10 A that is being investigated 
with the chopper. 

The oxygen used to fill the sample vessel is obtained 
from the electrolysis of H,O, the only impurity being 
~1 percent hydrogen. The hydrogen is removed by 
passing the gas over heated CuO which catalyzes the 
oxidation of H: to form H,0. The gas is than passed 
through a dry ice trap which removes the H,O. The 
remaining impurities in the sample are traces of 
unoxidized He, and HO resulting from the vapor 
pressure at dry ice temperatures. Typical samples of 
gas from the target vessel were analyzed for Hz and 
H.0. These impurities were found to be present to the 
extent of 0.01 mole percent. Since the molecular cross 
sections of Hs or HO are about ten times the molecular 
cross sections of O2 at these wavelengths, the error 
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Fic. 1. Experimental arrangement of apparatus. 


in the measured O; cross section due to sample impuri- 
ties is 0.2 percent. 

To calculate the cross section from the measured 
transmission the number of molecules/cm? in the 
sample is required. Measurements of the temperature 
and pressure of the gas and the length of the target 
vessel were made with } percent accuracy. The molecu- 
lar density was computed by means of the Beattie- 
Bridgeman equation of state. At the operating pressure 
of 10 atmospheres this equation of state indicates a 
0.7 percent deviation from the perfect gas law. 

The time-of-flight spectra of the neutrons in the 
beam is analyzed by a 12-channel delayed-coincidence 
analyzer. Flight times are measured relative to a 
one-megacycle crystal oscillator. The zero of time is 
set by a calibration procedure referring to the crystal 
lattice spacing of graphite‘ which is known from x-ray 
diffraction experiments. The neutron time of flight is 
measured with an accuracy of about } percent. 

The transmission is given by the ratio of the counting 
rate less background with O:2 in the beam divided by 
the counting rate less background of the open beam. 
Backgrounds are measured by inserting a 0.010-in. 
cadmium foil in the beam. This foil absorbs more than 
99 percent of the timed neutrons but does not affect 
the epicadmium background neutrons. The data were 
obtained by repeatedly running the four measurements 
involved in the measurement of the transmission. 
The cross section was calculated from the measured 
transmission and molecular density of the sample. 
The results are shown in Fig. 2. The abscissa is neutron 
wavelength including a small correction for the finite 
resolution of the spectrometer and the ordinate is the 
total cross section per O», molecule. The indicated errors 
range from +1.6 percent at 10 A to +0.1 percent at 
5 A. In order to compare the results of the present 
experiment with existing cross section information, 
which extends up to 5 A, the cross section was measured 
from 2.5 A to 5 A with somewhat poorer statistics. 
These data are in good agreement with the measure- 
ments of Melkonian.? 


IV. CONCLUSIONS 


Figure 3 shows the experimental magnetic scattering 
in the region from 5-10 A, obtained by subtracting the 
calculated nuclear scattering’ from the measured points. 
The solid line is a theoretical prediction of the magnetic 


a Palevsky, Myers, and Hughes, Phys. Rev. 92, 716 
1953). 








220 |- =~ 


nm 

oO 
| 
! 


T=296°K 
P= 150 LBS/SQ IN. wd = 


CO; (barns /OXYGEN MOLECULE) 
=~BGBEBSE ATSB SBS 
oo oss @ Gs ese WD 
a el ee a eae ee a 
. 

o 
oo 
eo 
e 
- 
| jae ey (ee Sc ol ae 


5S 

o 

° 
| 


90 je _ 
— l l l l l l l 
“25 30 40 50 60 70 80 90 10.0 
KR 


Fic. 2. Total cross section of oxygen in the wavelength region 
2.5-10 A. Where no error is shown, the statistical error is equal to 
or less than the size of the plotted point. 











scattering made by Kleiner® using the oxygen wave 
function of Meckler.® In the region 7.5 to 10 A, Kleiner’s 
calculations indicate that for any reasonable oxygen 
wave functions the magnetic form factor is very nearly 
unity. In this wavelength interval the slope of the 
magnetic scattering depends only on the limiting cross 
section om [Eq. (2) ] and the ‘temperature of the gas. 
Evaluation of Eq. (2) gives om°=4.58 barns, and use of 
this value in calculating the Doppler effect gives a slope 
of 0.356 barn/A. 

In order to compare the experimental results with 
those theoretically expected, a least squares fit to the 
six experimental points was made between 7.7 and 
10.1 A gives an experimental slope of 0.340+0.007 
barn/A, which is about 4.5 percent lower than the 
theoretical prediction. This discrepancy is to be 
compared to the 2 percent standard deviation in the 
least-squares fit of the experimental data. 

The magnetic scattering between 5 and 7.5 A depends 
not only on the a,,° and temperature but also to a small 
extent on the details of the spatial distribution of the 
magnetic electrons in the molecule, i.e., in this wave- 
length region there is a departure of the form factor 
from unity. The experimental points here are known 
with about one percent (standard deviation) accuracy; 
however, they all lie above the theoretical curve of 
Kleiner. The average deviation is seen (Fig. 3) to be 


5 W. Kleiner, Phys. Rev. 97, 411 (1955). 
6 A. Meckler, J. Chem. Phys. 21, 1750 (1953). 
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Fic. 3. Magnetic scattering of oxygen in the wavelength region 
5-10 A. Where no error is shown, the statistical error is equal to 
or less than the size of the plotted point. 


about 6 percent. Even though the form factor in this 
wavelength region is not unity, the work of Kleiner 
indicates that the approximate wave functions he used 
should accurately predict the magnetic scattering. 
Both the discrepancy in the slope and magnitude of 
the experimental cross sections as compared to theory 
could be explained by a small (~1 percent) error in the 
calculation of the nuclear scattering. 

This experiment establishes the magnetic scattering 
of neutrons by oxygen gas. The slope of the magnetic 
cross section curve verifies that at long wavelengths 
om’ approaches the value predicted by theory for the 
interaction of the neutron and a “free” magnetic 
moment. The measurement is rather insensitive to the 
details of the spatial distribution of the magnetic 
electrons because a transmission experiment depends 
on the integral of the form factor over all angles. The 
details are further smeared out by the Doppler motion 
of the gas. In the region between 5 and 10 A, these two 
effects make it very difficult to obtain with any accuracy 
properties of the distribution of the magnetic electrons 
in oxygen. The smearing arising from the Doppler 
motion becomes less serious at shorter wavelengths and 
it would be possible to learn more about the magnetic 
moment distribution in the molecule from data between 
2 and 5 A if the nuclear contributions could be cal- 
culated. 

The authors are indebted to Martin E. Rickey for 
his able assistance in carrying out the measurements. 
We also wish to thank Professor T. I. Taylor for sug- 
gesting the method for purifying the oxygen and 
performing the analysis for impurities. The discussions 
with Dr. W. Kleiner, Dr. L. Van Hove, and Dr. D. J. 
Hughes are gratefully acknowledged. We are especially 
indebted to Dr. Hughes for his aid in the early planning 
of the experiment and his assistance in the preparation 
of the final manuscript. 
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Ion densities in electrical discharges and in stars are often 
determined by observing the widths of spectral lines emitted or 
absorbed. The Holtsmark theory, usually employed in the inter- 
pretation of the data, restricts itself to ions and ignores electron 
collisions, which are treated in a qualitative way. This paper 
describes a detailed theory of electron effects upon the Lyman 
alpha line. 

A convenient physical classification of the result is as follows. 
Electrons produce, first of all, what we have called a universal line 
effect, a broadening occurring regardless of the nature of the 
atomic transition. Its cause is the transfer of energy from the 
electrons to one or the other of the two atomic states via scattering. 
So far as the analogy is proper, this effect is what is sometimes 
called ‘second order Stark broadening.” It forms the predomi- 
nating feature when a linear Stark effect is absent. 

Secondly, electrons can enforce the optical transition by col- 
lisions of the second kind. This mechanism, called quenching, 


broadens the line. It alone has the property of reducing the 
intensity of the line under normal conditions. 

A third possible contribution to the line width results from 
polarization, the counterpart of a first-order Stark effect. It comes 
about if one of the atomic states (the upper in our example) is 
degenerate or nearly degenerate. The electron, while flying past 
the atom, can then induce transitions without much energy 
transfer, i.e., polarize the atom. A distinction is made between 
(a) polarization through induction of a temporary dipole moment 
and (b) polarization through reorientation of an atomic dipole 
already present by virtue of a neighboring ion. The first of these 
is a large effect; its calculation requires the removal of divergences 
which are ordinarily encountered in the matrix elements. 

The summary at the end of the paper contains numerical results 
on the broadening of La by these several agencies under conditions 
approximating the solar photosphere. They are all small in com- 
parison with Holtsmark broadening by ions. But the example is 
unusual; in general the electron effects are far from negligible. 





I. INTRODUCTION 


PECTRAL lines emitted in a plasma are known to 
be broadened in a manner characteristic of the ion 


| density and the temperature in the discharge. Indeed, 


line widths are often regarded as “probes” by means of 
which these two parameters can be determined. Tests 
of this kind are based upon the theory of line broadening 
developed long ago by Holtsmark,! a theory which 
assumes that the ions exert Stark effects whose mag- 
nitudes vary as the ions move, thereby diffusing the 
line intensity. The electrons, which are as numerous as 
the ions, are supposed to produce small effects because 
of their greater velocity and their ubiquity: they have 
less time to interact with the radiating atoms, and by 
being nearly everywhere they affect the atoms like a 
static distribution of charge, which shifts the lines but 
does not broaden them. 

Despite the plausibility of these considerations, the 
Holtsmark theory is plagued by an insecurity arising 
from its failure to include the electrons in its concerns. 
This has long been felt by astronomers and physicists 
alike, and many qualitative attempts have been made 
to treat the electrons. Some of these have had wide 
attention and interesting use, for the rigorous theory 
is cumbersome, and the likelihood that it will give 
answers wholly different from those intuitively expected 
is small. Probably for these reasons, such a theory has 
not previously been worked out. In the present paper 


* Part of a dissertation presented for the degree of Doctor of 
Philosophy in Yale University. 

t Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico. 

t Now at Radio Corporation of America, Princeton, New Jersey’ 

§ Supported by the Office of Naval Research and the U. S. 

tomic Energy Commission. 

1A. B. Underhill, Astrophys. J. 116, 446 (1953). 


we undertake to do this, not in the hope of spectacularly 
new results, but to provide a carefully analyzed instance 
against which simpler models can be tested. Our ap- 
proach is via the theory of natural line width; it involves © 
old and familiar ideas. We are not sure, however, that 
it is the most elegant and the most direct attack upon the 
problem ; in fact it seems to us at times as if our results 
should be obtainable in simpler ways. 

The usual theories of pressure broadening are not 
applicable to perturbing electrons because the uncer- 
tainty principle prevents electrons from pursuing a 
classical path along which an interaction potential can 
be defined. It is necessary, therefore, to incorporate 
them into the quantum mechanical system from the 
very beginning, a process which leads to the elaborate 
treatment developed in this paper. Some of the results 
obtained are intuitively plausible and almost derivable 
from various simple, classical models. But the con- 
sistency of the guesses based on such considerations is 
difficult to establish unless a comprehensive account is 
at hand. Aside from being systematic, our treatment 
also indicates many connections with other physical 
phenomena, such as scattering, quenching of excited 
states, etc., and thereby deepens understanding. 

To keep the work simple and the methods clear, no 
extensive applications are given in the present paper. 
The magnitudes of the various effects are illustrated in 
the terms of one simple example, the width of the first 
Lyman line in atomic hydrogen under typical discharge 
conditions. The analysis dealing with ‘universal broad- 
ening” (by which we mean a transfer of energy to the 
atomic state via electron scattering in a manner com-’ 
putable without assuming a change in atomic states; 
this mechanism is always present, whether there is 
degeneracy of atomic states or not) in Sec. ITI is limited 


495 












496 


to line widths comparable to the natural width. Since 
this effect is found to be small and our applications fall 
within the limits of validity of our treatment, we have 
not thought it necessary to extend it. Subsequent pub- 
lications will deal with more practical applications, 
among them the contribution of plasma electrons to the 
width of the Balmer lines. 

Current investigations of hydrogen line breadths in 
stellar spectra indicate that Stark broadening by ions 
is insufficient to account for the observations.!? They 
suggest that the diffculties may be obviated by taking 
into account the electron effects. Another discrepancy 
is the failure of Holtsmark theory for ions to predict the 
large shifts of argon spectral lines found by Kantrowitz* 
in the study of shock phenomena. Baranger* attributes 
the difference to electrons. The electron effect also 
interests workers using spectral line widths to measure 
plasma characteristics in discharge tubes.® To account 
for it the density of charge employed in the Holtsmark 
theory is often taken to be intermediate between the 
ion density and ion plus electron density.® 

Reasonable qualitative conclusions about the electron 
broadening and shift of spectral lines can be drawn from 
a semiclassical model.’ If, for example, the electron 
density is low and the lifetime of the excited radiator 
is short, then not many of the atoms will be hit before 
they emit, if by a hit we mean a “sufficiently close” 
collision. In the present paper we find the cross section 
of this collision; its radius turns out to be essentially 
the de Broglie wavelength of the electron. Thus high- 
energy electrons, which produce small effects, may be 
considered as passing the atom too quickly to polarize 
it or to be scattered by it. 

For the quantitative treatment of the problem 
quantum theory of radiation is used. On the basis of 
the results obtained it is possible, first of all, to delimit 
the large region of high temperatures and low densities 
where electron effects are minor and ignorable. With 
decreasing electron temperature and increasing electron 
density, first-order corrections to the natural line 
become important and are found. Here two effective 
broadening mechanisms are distinguished: (1) change 
in the electron energy during a radiative atomic transi- 
tion (universal broadening) and (2) distortion of the 
atomic state-function (polarization) by the electrons. 
This second effect is important only if one of the atomic 
levels is strongly coupled to a neighboring level. 
Application is made to the hydrogen-like 2p to Is 
transition. By inclusion of the 2s state, the effects of 
polarization of the excited state by electrons can be 
studied. Attention will also be given to polarization in 


2G. J. Odgers, Astrophys. J. 116, 444 i? 
3 A. Kantrowitz, Phys. Rev. 90, 368 (1953). 
4M. Baranger, Phys. Rev. 91, "436 (1953). See also P. Shultz, 
Ann. Physik 3, 280 (1948). 
5 See H. N. Olsen and W. S. Huxford, Phys. Rev. 87, 922 (1952). 
6 G. Jurgens, Z. Physik 134, 21 (1952). 
7See D. R. Inglis and E. Teller, Astrophys. J. 90, 439 (1939). 
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the physically interesting situation of a hydrogen atom 
amid numerous positive ions. 


II. GENERAL CONSIDERATIONS?® 


Electron broadening can be studied as an extension 
of the Hoyt and Weisskopf-Wigner treatment for the 
natural line width. The natural decay for a two-state 
atom (£,>£o) is described by the growth equations, 


ihd=>,, J ,*b,e*t, (1) 
and j 
ihb,=J de-**t, (2) 


where w=Watom—Wr, Mwatom=Li1—Eo, and fw, is the 
energy of the emitted radiation. In these equations the 
matrix elements for the atom-radiation interaction (J,) 
couple the probability amplitudes for the state: excited 
atom and dark field (d) with: atomic ground state and 
a single photon (6,). For exponential damping (d=e~"'), 
Eq. (2) yields the natural intensity distribution (9, is 
a weighting function) 


I (wr) =p,|b-(t= 20 ) |?=p,|J,/n|?/(y?+"). (3) 


To include a perturber (R) with the atom and the 
radiation field, we write the Schrédinger equation 


ih(d/dt)¥ (r,R) =H (r,R)¥(r,R). -- (4) 


The Hamiltonian (H) includes terms for unperturbed 
atom and radiation field [H,(r)], the perturber 
[H.(R)], an interaction between atom and perturber 
[C(r,R) ], and finally the interaction between atom and 
radiation [J(r)]; it neglects the interaction between 
perturber and radiation. 

In our notation symbols referring to the radiation 
field are suppressed. The wave functions and eigen- 
energies for the field are understood to be contained in 
the atomic y, and E,. 

We are here interested in the extreme of an undis- 
torted atom; hence, we seek a solution which is an 
expansion of product functions with unperturbed atomic 
functions, i.e., 


W= Don Da” Gnr(An(t)dr™(R) ilies’ 


where >>,” means the sum and/or integral over all 
perturber states \ while the atom is in state m. The 
atomic function satisfies 


Ha(t)¥a(t)=Enn(), f valde=1; (6) 


the normalized electron function for an electron in the 


8H. Margenau and S. Bloom, Oak Ridge National Laboratory 
Progress Report, March 1, 1952 (unpublished). 

9 See S. Rosseland, Theoretical Astrophysics (Clarendon Press, 

Oxford, 1936), especially Chap. VIII. 
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field of an atom in state y, obeys 


[H.(R)+C,, n(R) jor*(R) =«"¢,"(R), (7) 
filo | *dR= i, Cm n(R)= fbntcvadr, 


To justify the use of the expansion (5), we note that 
the best product function with neglect of the exchange 
property is given by the Hartree equations: 


(Ht f o*covraR a= Eanes (8) 


(a4 f b*Oreddt Jint= 0%" (9) 


For high perturber energies (€,"), ¢,” is to a good 


| approximation a plane wave. Then |¢,"|? is a constant 
.’ |) independent of X, and y,” is the atomic state in a uni- 
ir is § ° . . . 

| form charge distribution normalized to the perturber 
| density. At low perturber density it is proper to neglect 


, the shielding effects of this charge distribution on y,.. 


Thus we ignore the C matrix element in (8) and our 
equations take the form (6) and (7). Since the product 
¥nox" is not a stationary solution for the material system, 
the coefficients will, of course, depend on C. 

On substituting (5) into (4) and using (6) and (7), 
we find that 


Ndimy Expl —i(eu™+Em)t/h] 


=n da” dann { 5" n"dR expl—i(e"+£,)t/h] 


> pa Daten f $:"°Caadh"dR 


(nm) 
Xexp[—i(e"+£,)t/h]. 


This equation differs in two respects from the 
Weisskopf-Wigner equations. First it provides for an 
exchange of energy between electron and radiation 


(10) 


| field by the presence of the ¢,” and ¢,” factors in the 


exponent of the first expression on the right. These 
remain because ¢,” and ¢,” are not orthogonal. The 
likelihood of these exchanges or shifts depends on the 
integral factor, 


| f $.”*on"dR. 


The second effect additional to the natural line width 
is inherent in the terms contributed by the C elements 
on the right of (10). They represent polarization or 
distortion of the atom when the states m and m are 
degenerate or nearly degenerate; if m and m denote the 
levels between which the radiative transition occurs 
these added terms describe quenching. 
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Henceforth, we speak of the first additional effect 
as universal broadening, of the second as polarization 
or quenching. The two may be treated separately in 
our case of low electron density and high temperature, 
where modification of the spectral line is small. 

The first correction, to which the remainder of this 
section and the next are devoted, is found by solving 
(10) with neglect of the off-diagonal elements Cn, n. 
This approximation holds for atomic states which are 
not easily polarized or quenched, i.e., for transitions 
between two isolated atomic levels. The correction then 
comes merely from the fact that the atomic transition 
takes place in the field of the electron. In view of this, 
it is not surprising that the results we obtain involve 
quantities also encountered in the theory of elastic 
scattering of electrons. 

For the two-state atom, then, with neglect of quench- 
ing and polarization, 


ihds=D, 9 bey * exp (it +iQy) f on""6,dR, (11) 


lis Mii comak~ tan Whad) f $.%by'dR, (12) 


with 272),=«'—e,°; the index r refers again to a 
photon of frequency w;=Watom—w, and the amplitudes 
d and 6 designate “dark” and “bright” states. 

We now establish the fact that the exponential decay 
approximation for the initially excited atom is valid 
and independent of the electron state. From (12) we 
find an integral for b,,(¢) which we substitute into Eq. 


(11): 


F | J,|? t 
itdh=Lr Le Ea" f dy, 
ih 0 


Xexp[—iw(1r—t)—i12)4(7—f) Jd exp (iQ t) 


x| f os"dy", dR- f ar osaR|. (13) 


The assertion is: d,,=a)-'e~7', where a/! is a constant. 
The proof is to note that it reduces the differential Eq. 
(13) for d, to.an identity. The sum over oscillator 
states in (13) can be replaced by an integral. 





20 +e0 
Zof pode f prdw,, 
0 — 


where the symbols for the integration over angles of 
emission and the sum over polarization are compressed 
into p,. Since the integral, $°¢,°°¢,"dR, is small for 
large 2)-,, we can take p,|J,|? out of the integral over 
w,, understanding that it remains constant over the 
spectral line, and replace it by its value p|J|? at w=0. 
Integrating over +=—(w+Q)-,) and then over 7, we 
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obtain 


t +00 
f dy(r) f ei Odxdr 
0 —< 


t 
= f e192 95 (7— A) draye-1'= rayne. 
0 


Returning to (13), we find 
d= —xp|J/h | 2 dYatdy exp(i2),/1) 


xx, f 6,0"by4dR f dn'"4,%dR 


= =D "dy exp(iQyt) = — dy, (14) 


with y=p|J/n|?. In establishing Eq. (14) the closure 
relation of the functions ¢,° is used. This proves the 
exponential dependence of d, on time. 

Equation (12) can be written 


ihb,=> ,itb,.=J e-1-™" f go*oidR, — (15) 
provided we define 
$1= Ln'a'gr' exp(—ialt/h), 
do= Ly o,° exp(—ie,"t/h). 
Both po and ¢; represent electron wave packets moving 


in the Hartree field of the corresponding atomic state; 
in view of Eq. (9) they satisfy 


(H.+C a, n)bn=ib(9/dt)dn. 


The function ¢p is, of course, not normalized. 

Suppose the electron is initially in a single stationary 
state (A), so that a1, =4,-,. Then we find from (12) 
for the line intensity 


Tu(w)=pr Dul bru() |? 
Pr | J,/h | De fosrovar 


(16) 


(17) 


/ P+(wt%,) (18) 








A theory based on a formula of this type was developed 
by Rudkjobing"; his paper contains applications to the 
H and K doublets of Cat and to the 4S-4P doublet of 
Si** at 4100 A. 

We note that the normalization of Iy(w) is maintained 
(SIvudw= fIdw), since 


im dw to dw 
2 P+ (wtMy)? J. Yo 
is independent of yu and, by the closure property, 


f $,0*bxidR 





2 
=1. 


a 








To evgf.ec this broadening quantitatively, we 
expand ¢ in eigenfunctions (um) that are independent 
of the atomic state. In place of Eq. (16), we write 


1M. Rudkjobing, Ann. astrophys. 12, 229 (1949). 
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(using a slightly modified definition of d and 8) 
o1= >a dm exp(—iet/h) 
d0= La bym exp(—iat/nh), 
where H .u,=u,. Equation (17) then leads to 
ihdy=>,(C1,1)n,n expli(ea—e)t/A]du=> ihpyd,, (20) 
and 
ihbn= Lu (Co,0)r,u exPLi(e— &y)t/A]bu= Liu thgnuby; (21) 
with 


and 


(19) 


(Cl) u= f uy*(C)u,dR ; 


the p and g matrices are defined by (20) and (21). 
Then 


f GotbdR=¥, b,4d,=5(/)'d(), (22) 


where 6 and d are column vectors. We now introduce 
time-development matrices T and U, defined, by 
d(t)=T(é)d(0), b()=U()b(0); TO)=UO)=E4 By 
(20) and (21) they satisfy T7=pT and U=qU. Since 
p and q are anti-Hermitean, T and U are unitary. Equa- 
tion (22) then becomes 


f do*ddR=btd=b(0)1UtTd(0). 


With exponential decay of the initially excited state 
Eg. (15) takes the form 
ihb,=J ,b(0)tUtTd (O)e— r+, 


For the broadened line intensity we then have, 
Iu=pr Lul bu() [?=p,| Din bryu(% ) |?=p,|b,(c0)|? 


= orl Je/al? Tf drTtUe-(-)t 
0 


(23) 


x f droite ose) (24) 
0 


where 
p=d(0)d(0)t and 6(0)b(0)t=E, 


a unit matrix. Several steps in the preceding develop- 
ment require comment. First, we prove the equality of 
the sum of squares and the squared sum of the 3,,. It 


holds if 
Dn Om*by=0. 
pry 
This is not true in general; e.g., when there are cor- 
relations between the phases of the individual 6,,. But 
in the absence of correlations every term b,,*b,, will 
vanish when supplied with the phase factor expi(a,—a,) 
and averaged over some ensemble of phases. 
The relation 
b(0)b(0)t=E£ 


rests on a similar argument. From (16) and (19) at 
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1=0, 


go= Le d= La by (0) Uy. 
It follows that 


(0) =Ey f m%d,0dR : 
and 


bv (0)= (Ee fusyeraR’)(, f m2) 


aff, f thd, dR’ J y*6,%R=5,; 


| if cross-terms containing ¢,/"¢,° with factors 


exp[7(ay—ay) ] 


are assumed to vanish on being averaged over phases. 
We now transform 


d,—d, expl—i(C1, 1) ut/h] 
bb, expl—i(Co, 0) uut/h] 


- and 


and thereby remove the diagonal elements from # and q. 


For plane waves these diagonal matrix elements are 


independent of the electron state, since 


|u|? « | exp(ik,-R) |?=1. 
Designating such elements by 


C. a) r= ce ny 


we have 


[oroar- La ba*dy exp{il (Co, o)a— (C1, 1) ]t/7} 
= exp{i[Co, o—C1, 1 |t/h}>) by*d,. 


In computing Jy from (23) and (24), we shall absorb 
the exponential factor occurring in (25) into e~**‘ as a 
line shift. Its magnitude is the change in electrostatic 
interaction energy of the atomic states with a uniform 
charge distribution normalized to the free electron 
density. 

Some interesting implications of Eq. (24) are easily 
established. First, if the perturbation elements (C;,1)a,, 
and (Coo), are equal, then no broadening occurs. 
This is reasonable, for in this case electron scattering 
by the atom is the same for the two atomic states; no 
change of the electron energy occurs with the radiative 
transition and no broadening is expected. 

To demonstrate this result set p(#)=g(#); then 
T=U; TtU=E; and 


(25) 


Tos pel Je/Al? Teo" [ ater duet 
pel J-/h|? ; 
since Tr(p°) = 1. 
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Second, the normalization is maintained; i.e. 


J todo,- a. 


This follows from (24) and a little algebra. 

To prepare for the detailed work of the following 
section we now consider a specific expansion of the 
matrices T and U. As we shall see, this limits the range 
of validity of our results and restricts us to broadening 
effects comparable with the natural line width. We 
solve for T by iteration, writing 


T()=E+T® W)+T@ (+--+, 


where 


T() w= f f " oe f P(tn)- . : p(ti)dty- * +dtn—1dtn. 
0 “0 0 (26) 


A similar expansion holds for UV. This expansion is more 
strongly convergent for small C; i.e., little scattering. 
The first term, 7= U=E, corresponds to no change in 
the perturber state and leaves the spectral line un- 
changed. Higher order terms are small if the interaction 
induces little change in the perturber during the lifetime 
of the excited atom. These higher terms give a correction 
to the spectral line which we evaluate to the second 
order in the elements of C. 
On expanding, 


T= orl Jel? Te of] f die~*"(E+ (UM+4T1) 
0 
+(UP4THOLTIOUM)4...] 
xf dte-“T E+ (UtO4T) 
0 


+(UtIP4+TO4LUIMTM)4.. q , 


with a2=y+w. 
Neglecting terms of order C* and higher, we find 


E 1 f° 
T= pr Jef? Te} | —+— f dte**(UtM 47) 
lal? a*Jo 


1 ) 
+- ; dte~* "(UD 4+Tt) 
0 


a 
+f dte(UO4TI0) f dte-2t(UtM4T7) 
0 0 


1 2 
5 apo J dte~*(Ut@+4+T@+4+UtOT@) 
a* 


0 


1 0 
a f die *(U@-+4-T1@) 4.710) v)] . 
0 


a 
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In practice, the statistical matrix p° is diagonal because the random phases of the d,, result in the cancellation 
of nondiagonal d,d,*. Random phases imply a lack of interference patterns or other periodicities in the per- 


turber current. Thus, on expanding the trace, 


1 1 
a ne 


Ja? a* 


Io= eel 5/A| 


C) : ) 
Ya ol f dte~**(Uy,* + Ty) +- f dte-* (Uy. +T),"*) 
0 ao 


C) ) 1 ) 
+5,f dte-"(Uy.+T a) f dte*(Uy.+T )+- f dte~**(Uy. P +7), 2" +>, Tyr* Un.) 
0 0 a 


0 


1 00 
+—f dte-*#(Uy, @*+ Tr®O+D, Un"Ta®)] . 
a’“0 


From their defining Eq. (26), we find for the elements in the expansion of T: 


IQyyl) — 1 
Tn =0, eager 
IDy 


Ty? => 


7 


’ 





° mf exp (iM%yt) — 1 exp(i2,t) — ) 


i2, Li, i, 


where py°= (C1,1)a/ih, qur° = (Co, 0)a/i#. Because of these relations, 





pr|J,/h|? | Pas? — gra” |? 2 
Iole)=—| 14D po! x + 
+o" V+ (wt+Qy,)? X,? 

lear) 

Pe ellen 

V+ (+2)? 

. 

as Real ( pn 


{lol Lastl) = 
y 





Qy 
—|gqn°— Pr? 
+u* 


Pro | (= ) 
V+ (—D,)? 





Fert IQ t oy y°+o*— oe) | (27) 


V+ (w+Qy)? P+ (w— My)? 


The frequency integral of the correction to the natural line Jy—p,|J,/h|*/(y*++w") is zero. Thus the line inten- 
sity is still normalized; there is no quenching of the radiation. 

When the matrix elements are real, Jy has a simpler form. Since the matrix elements considered in the next 
section are all real we avail ourselves of this advantage. On putting 


pPrwo= —1Py,= —1P yr, 


Ey. (27) reduces to" 





Grau = —10.~= —10yr, 











pr| J,/h|? 1 Py Qn 
Tola)= | 14S pu? Ea Lai let7—a,) 
P+ Y+e “\y?+ (oy)? se 
Tt teh) Onldut— +2000) |. (28) 
LPu(¥ a wr — + 20) . 
7+ (w+2y)* r 
III. EVALUATION OF ELECTRON BROADENING FOR The broadened intensity distribution given by II-(28) 
A TWO-STATE ATOM has the form 
Redistribution Factor p| J/h|? R 
Iy= i+ ‘ (1) 
The present section, being restricted to effects that +o? V+w* 
sas when the atom ha s but San Segre, less We shall refer to R as the redistribution factor. It is 
interesting from the point of view of practical applica- 
tion than its sequels. For the restriction excludes the R=D) pw? Du Rau; (2) 


possibility of degeneracy, and therefore the occurrence 
of “linear Stark effects.” These are numerically larger 
than the results computed here. The latter, however, 
are universal, independent of the accident of degeneracy 
and will therefore be considered first. 


11. Bloom, dissertation, Yale University, 1952 (unpublished). 


and depends on the collision matrix elements between 
the initial (A) and final (u) unperturbed electron states. 
R,, contains two resonance terms: 


Any By 
Ry= + 5) 
+ (w+ (o+0)? 








In 


on 


)) 
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where 


NQ= €.— Ey 


represents the perturber energy loss and w= E,—Eo 
—hw,. The maximum of the first term occurs when 
Wp—Wa= —Q; i.e., when the excess of radiation energy 
over the atomic energy has a sign opposite to that of 
the energy lost by the perturber; this combination does 
not conserve energy. The second, however, corresponds 
to conservation, since the perturber gain equals the 
radiation loss. A and B depend on the elements of C; 


Ayy= (P—Q)2PW?—7—w) 
and 


Byy= (P—Q)LP (7° +o) —Q (3a? — 7+ 2u) J, 


where 
P= (Ci, Dru/h and Q= (Co, o)au/h. 


In the summation over X, the first term in (3) has a 
resonance at 
X,=o, 
which means 
€x— €y= hwa— hw,. (4) 


If w,>we, the radiation has received more energy than 
the atom possessed (in its excited state, which was 
assumed to be realized at =0). Hence the radiation 
should have drawn energy from the electron. According 
to (4), however, ¢, must be >e,, which means the 
electron, too, has gained energy. 

Conversely, if w,;<we, the radiation field did not 
receive all the energy the atom had. But the electron 
did not get the excess either, because now €>«, ac- 
cording to (4), which means the electron lost energy. 
Therefore this first term of (3) represents contributions 
to the line width which violate conservation of energy. 

Characteristically this term is small. At resonance 
(Q\,=w) with respect to pu, its coefficient, w’—y?—w, 
is —’; it would therefore vanish if we did not include 
the energy uncertainty resulting from the natural line 
width. 

The second term has a “resonance” (with respect to 
the variable A) at 

Q,r.=. (5) 
Hence, 
€u— €.= hwa— ery. 


If w->wa, i.e., if the radiation field receives more energy 
than the atom can supply, then «>e,; that is, the 
electron looses energy. The second term therefore repre- 
sents the energetically proper transfer of energy from 
the electron to the radiation field. 

The greatest term in the summation over y, defined 
by (5), has the coefficient 


Pry (y?+@*) — Ory (3w?— 7? + 200),) 
= Pyy(w?+7*) — Oru (w’—7’). 


Interestingly, it survives even if y is neglected. 
To calculate Zy for a specific and simple case, we 


consider the 2p and 1s states of hydrogen. The per- 
turber density (m) defines the volume per electron 
V=n-", Using g=V/(2r)*, the number of states per 
unit volume in wave number space, we replace the 
sum over final states by an integral: 


x f ech 


The integrations over direction and magnitude of 
k, can be separated, since A and B change slowly 
with |k,|. 

We note that P and Q are functions of K°=k,?+k,? 
—2k,k, cos®. Hence we write A=A(k,, cosQ) and 
B=B(k,, cos). Consequently, 


A(k,, cos@) 
B(k,, cos@) 
aoe 


The integrand is large at w=+. The values of A and 
B at these peaks, i.e., where their respective denomi- 
nators reach a minimum, will be called the “resonance”’ 
values of k,. These occur at 


+1 ) 
Du Ru 2rg f d cosO f ids,| 
Ls 0 


nh? nh’ 
—h,x = F | hwa— ha, —h ) ‘ 


2m 2m 


where the — (+) sign is for A(B). We now take ad- 
vantage of the slow variation of A and B with k, and 
obtain 


f Rug, =2re| a if P_(P_—Q_) sin@dOk,°G_ 
0 
+ (+0) J (P,—Q,)P, sinOd@ 
0 


- w= f (P.-0,0, sin0d0 fi, 6) 
0 


° dh, 
c.- { ——_ (7) 
0 Y+(wt 2)? 


and the arguments + (—) indicate evaluation at the 
resonance value k,(k,-) which satisfies w+2=0 
(w—Q2=0). This approximation cannot be used if, for 
example, the radiation gains more energy than the 
perturber possessed initially. For this case the con- 
servation resonance, w+2=0, is not satisfied by a 
positive k,. Similarly, for the nonconservative reso- 
nance, the radiation must be restricted to lose less than 
the initial perturber energy. Thus the present method 
is not valid in the far wings of the line where |fw|>e, 
= (h?/2m)ky?. 


where 
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Direct evaluation of the ae in (7) yields 


«-(F) J (—iy+b) aa 


=— (h/2m)kVP+w. 
Ordinarily ye,/%, and we find on expanding in powers 


of y/b: 
on (F) Gals e(-F)] 


2m\* wi 1 (42 
tat 
h/ 4, bl+tiy/b, 





where 


where the criterion of a real and positive G may be 
used to select the correct value. This will be done later 
[see Eq. (21) ]. 

The electrostatic interaction is 


é |Wn(r) |%dr 
Cua ef enemcereneen, 
|R| |R—r| 
provided r and R represent the positions of atomic and 
perturbing electrons relative to the nucleus and y,(r) 


is the atomic wave function. The unperturbed electron 
functions are plane waves: 


uy= (1/V*) exp(zk,- R). 


Then the matrix elements between perturber states 
contain the factor 





e*K-R f exp(iK-z) 


[2 





4a ~ 
=—_K-r f sinKzdz, (9) 
K 0 


where z= R—r and K=k,—k,, the momentum transfer 
vector. The indeterminate 7 is evaluated by using the 
artifice of a convergence factor e~**, which leads to 





» K 1 
lim e~** sinKzdz=lim =—, (10) 
a0 0 a0 o’+ K? K 
Hence, 
Z= (4n/K*)e*"*. (11) 


Using this result and neglecting exchange, we find 


1 - R 1 4reé? 
Vv cE FC. nd = (Canam ant], 
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where 


_ f eK-tly,(x) [2dr (12) 


represents the usual form factor. 

The atomic state and the momentum transfer vector, 
K, determine the form factor (12). Its value is inde- 
pendent of the direction of K for a spherically symmetric 
charge distribution, in which case polar axis can be 
oriented along K to simplify the evaluation. The general 
situation will be discussed in detail in Sec. VI, where 
the shortcomings of the present simplified treatment 
are removed. The angular dependence of the 29 states 
will not trouble us, since in the absence of external 
fields the probabilities for the degenerate states are equal 
and we may take to a good approximation. 


F,=3 Fil Fopm, 2pm. 


Although this average can be evaluated with the use 
of the radial function alone, we include for completeness 
the individual Fem. 

The atomic functions are 





ae | : 
= —e" a 
Vis, 0 gt gil? ’ 
1 r 
27,0= __pg~r/2a cos6, 
™ 4(2m)} ad? 
i ¥ 
Wop, 41=— —e~ "4 sinBe+*?, 
82? a5/2 


a being the first Bohr radius. To compute the F’s we 
consider the integral 


% +1 
a100= fevem-ar anf rare [ eiKrudy 
0 —1 
——; Gorath. (09 
= ————;_ (a<0). 
(a?+ K?)? 
In calculating F'2y0, one encounters 
; a 
arom [ rerte® “dr ——4100 
dK? 
a? — 5K? 
= — 3240] ———|. (14) 
(a?+ K*)$ 
Similarly, 
ona fA wer"eK dr 
2d 641ra 
= —— —419= —-——._ (15) 
K dK (a?-++--K2)3 
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ELECTRON IMPACT 


Making use of these relations, we find 


F = F yoo, 100= 1/ (1+), (16) 
Fo10, 210= (1—5x)/(1+2)', (17) 
and 
Fo141, 214.1 1/(1+<)%, (18) 
where 
w=a?K?, Fo= (Foim,21m)m=(1—2%)/(1+«)4, (19) 


where { )m means the average over m. 
We are now ready to evaluate Eq. (6). There are 
integrals over the scattering angle © of the type 


=f (P—(Q)? sin@dO. 
aos 


Transformation from @ to the variable x= a?K? proceeds 
by the relation 








K?=ky?-+k,?—2kyk, cosO. 
Thus dx=2a?k)k, sinOd@, and 
1 (49) a? * 7 F\—F2\? 
deans f ( ) dx, (20) 
| V2 w® kk, Ye_ x 
where 
a4. = 0? (Ry + hy)? 
and 


x= a?(ky— ky)”. 


For hydrogen, a= h?/me’ and 


1 t+ 7 fF i F 2 2 
L= “Wy m)*— ( ) dx. 
RyRy c. x 





Equation (6) takes a simple form when w is small, 
e., when the perturber energy changes very little in 
comparison with its initial value. This is indeed a mean- 
ingful approximation, as will later be shown. Here 


&.* = ket (2m/h)w=ky 


and, in view of Eq. (8), 





Gs.=(m/h)(1/yh). (21) 
Furthermore, when a Taylor expansion is used, 
z+ (F,—F.)? 40%)? (F,—F 
f os - — wen a — =Sy. (22) 


Consequently, near the line center all terms in Eq. 
(6) become independent of the resonance condition. 
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Equation (6) then reads 


f Rygdk,, = 2ag (®—y2)h2G J (P—Q)? sin@d® 
0 





am 2/fh\? 1 
= Ing (w’—y")ky?>— — ~) 





hyk, V? (Ry)? 
4atky? 7 F,— Fo\? 
xf ( ) dem ft—7")Sy, 
0 x 
and 
Pr| J+/h|* ef 
u=—— } 14 fSy——- }. (23) 


wy | w+ 
We now define symbols and analyze the result. 


f= 2nrn0y/y; 


n=1/V, the electron density ; v) is the electron velocity 
in the state \ and o, the cross section associated with 
its de Broglie wavelength, 


on,=1(h/mr)*; 


the function f is a measure of the relative number of 
atoms struck during the lifetime of the excited state. 

The redistribution factor, R, [see Eq. (1)] has the 
property of decreasing the intensity within the half 
maximum and increasing it without. It is symmetric in 
w. A more detailed investigation which allows w to be 
large shows that far from the line center the redistribu- 
tion factor goes to zero and a very slight shift to the red 
is introduced. 

For large values of fSy our result indicates that the 
intensity at the line center can become negative. In 
this case (indeed whenever fSy>0.4) terms of higher 
order in the collision matrix elements must be con- 
sidered. 

Evaluation of Sy 

Since 


(Fi— Fs) /%= (1608+ 17u?+21u-+ 18) /u4(3+u)? 


[see (16) and (19) ], where u=1+2, the integral of 
[(Fi—F:2)/x can be transformed into a linear com- 
bination of integrals of the form /du/[(3+u)‘u™]. We 
expand this integrand: 


_ Le ( “i + ip 1 
(3-+u)4um 3421 tao ) a t ae 


where 











W=u/(3+u4). 
Integrating each term, using 
1 Wim 
= i—mA#—1 
f du= = [wena =43 3t—m+1 ‘ 
(3+-u)? 
3lnW t—m=-1 
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we find for the indefinite integral: 


lee, Tall 


with the understanding that the quantity in the curly 
brace is to be replaced by InW when t—m=—1. The 
limits are u=1 and u=1+%,. 

When terms with like powers of W are collected, 
there results 








F\—F2\? 
S( ) dx=0.197W*— 1.04W?+2.44W 


x 
—0.799 InW+0.452W-'—0.198W*+-0.0434W- 
— 2.52 10 °W*— 4.11 XK 10 *W*+0.914 

X10 W-*— 0.261 XK 10°W"+C, 


C being the constant of integration. This integral 
between the limits of 0 and x,, i.e., between W=} and 
W = (1+,)/(4+2,), namely Sy, is plotted as a func- 
tion of the initial electron energy «,/(e?/2a) = }x,+= 7k)? 
(Fig. 1). The integrals in equation (6), when written 
in their exact form (20) are seen to depend on the 
final electron energy as well. This dependence enters as 
the difference between k, and k, in the limits of inte- 
gration; and from Fig. 1, we see that they are quite 
insensitive to changes in ¢, of the order of the line 
width #y~10~ ev, i.e., changes in the abscissa of this 
amount leave the ordinate unchanged. It is this cir- 
cumstance which justifies both the resonance approxi- 
mation and the use of Sy in place of an integral with 
exact limits in the region near the line center. 
Numerical values to be used, typical of the positive 
column of an arc discharge, are: »=10'/cm* and 
€,= (1/25) (2/2a)~} ev (T~5000°K). We treat all 
the electrons as if they had this energy and take 
Pw°=5,,. As we have shown, the initial direction does 
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Fic. 1. Sy, the factor in universal broadening which depends on 
the atomic states, as a function of the initial electron energy, ¢:. 
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Fic. 2. Intensity profiles for universal broadening: fSv=0, 
0.13, 0.3, 0.5, 0.7, 1.0. The dashed curves represent cases for which 
the present theory does not hold. 


not enter in our case. With the value y=3.12X 108/sec” 
for the chance of spontaneous emission 


_— 1-013(“—") . 


7 + Ww 7 ote ow 


This is plotted in Fig. 2. Curves for fSy=0.3, 0.5, 0.7, 
and 1.0 corresponding to higher electron densities are 
also included in the graph. 

The dotted curves, though given by our theory, are 
of course spurious because terms beyond the second 
order in the elements of C are important~in these 
instances. 

We note that the half-width of Jy [Eq. (23)] under 
the condition in which our approximation is valid 
(small fSv) is given by 


=Y7(1+ fSv). 


It is therefore suggested that we define the half-width 
for universal broadening as 





(24) 


yu= fSuv. 


Formula (23) can then be shown to be an approximation 
to first powers in yu/y of 


I _ Pel J e/|*(y+-10)/¥ 
w+ (y+)? 


which we expect to be valid even if yu/y is large. 

It may seem surprising that the natural line suffers 
almost no modification until fSy reaches a value com- 
parable to 1, at which point the natural line as such 
is destroyed rather suddently. But this is merely 
another aspect of a point previously made: Sy is 4 
number of order 1; f~nva/y. Now ¢,, the mean time 
between electron impacts with the atom, is 1/nvc, and 
ta, the lifetime of the excited atomic state is of order 1/7. 
Hence f~ta/te. If f>1, the electrons make many col- 


(25) 





2 H. Bethe, Handbuch der Physik (Verlag Julius Springer, Berlin, 
1933), second edition, Vol. 24, p. 444. 
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ELECTRON 


lisions during ¢a, so that a static perturbation theory is 
applicable. The region of f under consideration seems 
to be characterized by the passage from a condition in 
which the time dependence matters to one in which a 
steady-state analysis is adequate. 

The energy dependence of fSy is easily obtained, 
because f is proportional to (€,)~} and Sy(e,) has already 
been calculated. We find that fSy is zero at both low 
and high energies because Sy and f vanish respectively 
at the extremes (Fig. 3). 

In Fig. 4 we delimit the region of small electron 
broadening (of the universal kind here discussed) 
defined by yu < 7/10. 

For negligible effects, 


n 8.2 € } 
Le. Bn 
10“ Sy \ée/2a 





The theory developed here holds strictly in the 
region below the curve of Fig. 4. Immediately above it 
our theory is not adequate because of the neglect of 
higher powers of C. Far above this curve a statistical or 
time-independent type of treatment is appropriate.” 

To remove the restriction to small , distorted waves 
must be used to describe the electrons. This refinement 
is under consideration. The result is likely to be Eq. 
(25) with a yy not differing appreciably from that com- 
puted with plane waves. 


IV. INCLUSION OF POLARIZATION" 


Polarization effects arise when the perturber is able 
to induce a dipole moment in the radiator or to orient 
an existing dipole moment. They depend, of course, on 
the speed and localizability of the perturbing ion or 
electron. Fixed ions give rise to the Stark shifted lines. 


oat 








0.15 
0.105 
10.054 
ie) + r r + — 
fe) 02 04 06 08 10 
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Fic. 3. fSy, which is proportional to universal broadening, as a 
function of the initial electron energy, «;. 





4H. Margenau and R. E. Meyerott (to be published). 

4G. Wentzel, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), second edition, Vol. 24, p. 767. L. Spitzer, Phys. 
Rev. 55, 699 (1939). 
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ang" 








3 
€/(e*/2a) 


Fic. 4. Curve of density () vs electron energy (e;) delimiting 
the region of small m and large e; where universal broadening is 
negligible compared to the natural width (7); the curve is the 
locus of points satisfying fSu=yu/y= 1/10. 


As the perturber moves, the atom may or may not 
have time to be deformedor to re-orient itself. A measure 
of this failure to follow the changing field is given by 
the probability of nonadiabatic transitions. For very 
fast and frequent collisions, unpolarized, randomly 
oriented atoms are expected, and electron effects are 
negligible. We seek a criterion for the setting in of these 
polarization effects as the electron density increases and 
temperature decreases. 

We study polarization effects as a correction to 
Holtsmark broadening and consider the Stark-shifted 
components of the first Lyman line from a hydrogen 
atom in the mean Holtsmark ion field, Fion=3.26¢emion!. 
Only three atomic states are considered: W,=(1/v2) 
X (W2e,0t+W2p,0), Y= (1/V2) (Yoe,0—W2p,0), and Yrs,o. 
The excited states correspond to dipoles (3ea) oriented 
along the z-axis of the atom which points at the ion. 
Their energies are displaced by +3eaF ion from E,= 
—7(2/2a). 

Deliberate exclusion of the states Yopu1 is a very 
unrealistic procedure. Our reason is this. The two 
omitted states give rise to divergences requiring special 
treatment. Since we do not wish to encumber the basic 
analysis of the present section with mathematical dif- 
ficulties, it seems indicated that the degenerate states, 
though present and far more effective in broadening the 


line, be first ignored. 


Physically, a transition between ¥; and y_ corre- 
sponds to the re-orientation of a dipole, while a mixing-in 
of Yop.41 and Yop-1 represents induction of a dipole 
moment. In the present section, then, we make a some- 
what artificial distinction between polarization by re-ori- 
entation and polarization by induction, and we treat 
here only the former effect. 

The mathematical difficulties arising in connection 
with induction are removed in Sec. VII. This will 
prepare the way for the study of polarization by induc- 
tion in Sec. VIII. 
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The basic equation for the expansion coefficients is 


iNGmy Expl —i(e™+Em)t/h] 


= a DrtaaTnn f dsm orrdR expl—i(o"+£,)t/h] 


+2 Doren f de"Cn nr"dR 
n¥m 
Xexp[—i(e"+£,)t/h]. (1) 
The electron functions satisfy (II-(7)) 
[- (h?/2m)V?+C n, nlh"*= "ox". (2) 


In order to neglect universal broadening we replace 
Can by a function which is independent of the atomic 


state; i.e., 
Ca aC, nC. 


Below, where plane waves are used for the ¢, we imply 
that C=0 in Eg. (2). As a consequence of this ap- 
proximation, 


f bu" gy"dR= foroar =d,a, (3) 


with the equation 
[—(h?/2m)V?+C ]bu= vbr (4) 


determining the ¢,. The part of the electron-atom 
interaction retained corresponds to the changes induced 
in the atom by the second sum in Eq. (1), and the 
effect of these nonradiative transitions will be called 
polarization broadening. To see how it enters, we start 
with the growth equations for the three-state atom. In 
fairly obvious notation, 


ihds, expl—i(¢+E,)t/h] 
=>, by J,* expl—i(e.+L£1.+hy,)t/h ] 


+2 dy f ¢,*C,,-odR 


Xexp[—i(o+E_)t/h]; (5) 
ihd_, exp[—i(e+E_)t/h] 
=Dr bn J * expl—i(e+Ei.t+hy,)t/i] 
+Didir f $r*C_,4¢rdR 
Xexpl—i(at+E£,)i/h]; (6) 
ihb,,.=J{ds, expli(E:.+hv,—E,)t/h] 
+d_, exp[i(E:.+hv,—E_)t/h}}; (7) 


and 


C., _-= fvscya r. 
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We know that the effect of the terms with J in the 
equations for d can be approximated by an exponential 
decay ; therefore Eqs. (5)-(7) become , 
ihd4y= —ihysdyy+Dr da(Cy,-)r 

Xexp[i(o,,—-+Qa)é], (8) 
ihd_,= —ihyd_4+Dp dyr(C_,+)n 
Xexpli(u++Ma)/], (0) 


ihbi=J [dye *+'+-d_,e~*#-*]. (10) 
Here 
hw,,-=E,—E_, ho,=E,—Ey—hyy, 
ho_= E_—- Ey,— hy,, 
and 
(Cram f62*(Cs,oaR. 
To solve these equations we first put 
d4,=D,,e7+' and d_,=D_,e7-'. (11) 
This reduces the growth equations to 
ihD.= Da Da(Cy,-)a 
Xexpli(w,,-+Qa)t— (y-—v4)4], (12) 


inD_,=X Dyr(C_.4)n 
Xexpli(w_4+Qn)t+ (y-—v4)é], (13) 


ihbm=J {Dy expl— (v4 +iw,)é] 


+D_, exp[— (y-+iw-)é]}. (14) 


As the initial conditions we consider an excited atom 
in state ¥,, no radiation present and the perturbing 
electron in the state 


1 
alae exp(ik;- R— iet/h). (15) 


Further, all amplitudes d,,, are assumed to remain 
small compared to d;,; during the lifetime of the excited 
state. That is, polarizing transitions which return the 
atom to the initial state before the atom radiates are 
unlikely. Then 


inDsi= Du (C+,-)inD-a 
Xexp[i(w,,-+2%,)t— (y_—4)#]; (16) 


ihD_4= D(C.) aD 
Xexpli(w_4+Qa)t+ (y-—74)4] 


= (C_,4)uiD4sexp[i(w_4+-Qys)t+ (—14)4]. (17) 


cer ener 
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From (14) and because cross-terms with random phase 
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factors cancel, 


I(w)=Den Pr| Du(s= ©) |? 


fo expl- ties ID, at 


0 


2 





= orl J/Al 





+0) |. (18) 








f ’ exp[— (y_+iw_)t]D_,dt 
0 


Clearly, when all of the C matrix elements vanish, the 


| D are constants: D,;=1 and D_,=0. Then J(w),”as 
i expected, contains only the + component of the 


spectrum, and this line has the natural breadth. 
It will now be shown that 


D,i= pt, 


(19) 


The spectral line is then’ broadened in accordance with 








=e ae crags ninemsn 


se | 


the uncertainty principle, y being replaced by y+v7p. 
To find yp we substitute D_, found from (17) into 
(16): 


: 1 
D,i= a Dl Crab f Ds; 
0 


Xexp {[i(w4+0u)+(y-—14) (7-4) Jdr. (20) 


This result is general and free from the limitation to 
a single large d,;. Had we retained all terms on the 
right of (17), then the place of (20) would be taken by 


ihD,.se'**= Ty D(C4,-) iw(C_.4)un 


x f Diy exp(ion) exp{Li(o,4-+ 2) 
+(x—14)(r—O) dr exp(iMas), (21) 


where the phase factors exp(ia,) are written explicitly. 


| When we average over random phases (21) reduces to 


(20), since the average of exp[i(a,—«a;) ] is zero unless 
=i. 

Before summing over » we evaluate the matrix 
elements. 

Preliminary account is taken of the random orien- 
tation of the direction of motion of the incident electron 
with respect to the atom by averaging over directions 
of the atomic z axis for a given k;. (See Sec. VI for an 
accurate treatment of the angular dependence of form 
factors.) Hence we replace y—*y, by the spherically 
symmetric 


: 1 Qr T 
*, et ices * *, 
WV) =J dé ‘ sinddty._"Y 


=1f ClW20,0|2— |op,0]? Idu 








=$[(Res)’—3(Rep)], (22) 
where = ree 
ices tier, 
32” a5 324 a 
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Then, with the use of plane waves, 


| (Cy, —)as|* 


“6 (aa hve 


2 


. (23) 


2 





Are? : f —* 
eee | 

K? V 
The interaction with the nucleus, e?/R, contributes 
nothing to yp, since ¥ is orthogonal to y_. The integral 


(23) over the atomic coordinates is independent of the 
direction of K which is along the polar axis; 





L(Res)’—3 (Rep)? Jer 








fe®€Re)*4 Re) 
Hope [4 4(r/a) +3 (r/a)?] 
=2n d, dre'Krs e747? 
. J 1 uf m 327a? 
a 1 (3—x) | 2l-«)  2x(a— 1) 
(1a)? (14+2)9 (+e)! (1+a)¢ 


Here we have made use of the following earlier results. 
The integral is considered as the sum of three integrals 
corresponding to the three terms in the square brace 
(24). The first is related to Foo, 100 and is adapted from 
the integral aioo [see III-(13)]. The third is just 2F2 
[see III-(19) ]. The second was not previously encoun- 
tered but is evaluated in a similar way and yields 


1 [ 2 2 3-x 

- e |-- . (25) 
4iKal (—iKa—1)> (iKa—1)8} (1+)? 

Thus, from (23) and (24), 

Area? (x—1) ) 

Ve (a1) ’ 








(24) 











I(Cs.Jal?=( (26) 


which is a function of the momentum transfer through 


x=a?K?=a?(k?+k,?—2kk, cos@). 


The evaluation of the sum over states u in (20) can 
be simplified because the change in the matrix element, 
as €,= (h?/2m)k,2 deviates from €;+hw,,_ by h(yp+7+ 
—v7-), is very small. The time integral, however, peaks 
in this region of ¢,. Hence we can factor the integrals 
over the magnitude and direction of k,; i.e., from (20) 


dD,.; 
dt 





1 t 
== Eel Coal far 


~~. 





f | (C+,-)ino|*Ruo sinOdO 


~ (2m)? J aes 
x J J dr Lidl (27) 
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where (see Sec. IIT) 


rf aah 


(h?/2m) kue?= hws, _te;. 


and 


By inverting the order of integration over 7 and k,, 
replacing k,dk, by (m/h)d(w_,++Q,;), and using 


+00 
f eng leno (e~ 0 Wleo44ed = 208e—9, 


2 


the last integral factor in (27) becomes 


. 2mr 
[/ Das(0) expl-+ (—14) (7-080 


™m 
= _ (28) 
Hence 


Dys=—ypD,i=— 


| (Cs,—)ino|?h 
(2nh)® J +,—)t HO 
rm 
x sinO@dQ ¥ ie {eo 
This leads to the result 
(29) 


, yp=2nv;0 Sp, 
with 


ge 


11 ee. 4 
"105. 5(1-+a4)® 3(1-+a4)® 7(1-+ay)? 
a4 =a?(ki+k,)*4(k,a)?=4e;/(e/2a), 
o=n(h/mv,)?. 





If we say, somewhat arbitrarily, that polarization by 
orientation can be neglected when 


ye<v7/10, (30) 


there is defined region of low electron density and high 
energy delimited by 


48.2 


n €; 

—= ( —, (31) 
10% \(e/2a)/ Sp 

But this is of theoretical interest only, for it will be 
seen that the orientation effect we have here considered 
contributes far less to the line width than the states 
thus far omitted. To return to our example: at €;~} ev, 
an electron density of the order n< 10'° induces few re- 
orientations of the (three-state) radiating atom and 
hence this polarization effect can be neglected. If e;= 3 ev 
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and m= 10", then with y=3.12X 10°, Sp=0.081 and 
vp/y= fSp=0.0049. (32) 


This result is subject to modification because of the 
angular dependence of the form factors, which is dis- 
cussed in Sec. VI. Other atomic states (especially 
Yop, 41) are included later. 


V. QUENCHING AND STARK BROADENING 
A. Quenching 


For quenching, the intensity distribution is the same 
as for polarization broadening: 


To(w) « [w+ (y+7e)?F", (1) 


provided q is equal to half the transition rate from the 
initial atomic level induced by electron impacts. That is, 


Yo= 3nvQ: (2) 


for initial electron velocity v;. Here Q; is the quenching 
cross section for hydrogen,!® 


ky m 2 /4re*\? 
a f ~( )) Fi,,2,2 sin@d@d®. (3) 
(2p—1s) k;\2rh? RK? 


Now ky is fixed by conservation of energy, and (see 
Appendix) 
sa |F 1s, op|? 
yo=2neerif dx=~yf So. (4) 


2 


The form factor is evaluated as before: 


1 


F 100, 210 


f e~ 7/20 cosbre** dr 
ma’ 

= 3iKa2"*/2/[9+-4K7a? F. 
Furthermore, 


2a 
F 10, 2141=0, since f exitdp=0. 


0 


This means that only 3 of the atoms will be so oriented f 
as to allow a quenching transition. Therefore one can 
use F490, 210 in (4) and multiply by the factor 4. 
The integral over x, J°|Fis,2p|?/x%dx, contains the f 
factor 


dx 1 10X4 
J —--g]-motsxas- ‘a 
x(9+4x)6 96 2 


10x 48 5x4! 4 
Ss 42 
4 5 
where 
S=x/(9+4x). (6) 


16G. Wentzel, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), second edition, Vol. 24, p. 738, 
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For es= (1/25) (e/2a) and n= 10", k;=1/5a, Sg=0.021, 
and 
Yo/7=0.0013. (7) 


B. Stark Broadening by Ions'® 


Stark broadening by ions results from variations of 
the electric field intensity at the atom. The mean field 
for the ions given by Holtsmark is F=3.26en,!, where 
n; is the ion density. This splits the degenerate hydrogen 
n=2 states into three components. The separation of 
the outer two, 6Fea, is linear in F. Using this estimate 
the half-width of the broadened line, we find 


stark = 3.26en!X 3¢ea/h = 2.5 X 10""/sec (8) 


for n=10"/cm*. Consequently, Stark broadening by 
ions is at least 100 times larger than the universal 
broadening. . 

A comment on the mass dependence of the broadening 
effect computed in this section is in order. The effect 
is expected to be small for heavy ions since it arises 
from elastic scattering collisions, and the ions -are 
scattered less. This is indeed borne out by our formulas. 

Broadening is proportional to fSy=2nveSu/y. Let 
the ions have a reduced mass (with respect to the radi- 
ating atom) M. Now v«M-! for ions of the same 
energy, o=m Aa (4/Mv)?« M—; hence fx«M-}. On 
the other hand, Sy depends on M through the upper 
limit of Eq. III-(22), and it increases with ,?. At low 
energy its variation with k,? is approximately linear. 
However, k,? « M. In all, therefore, fSy « M-}. 

Protons are thus less effective in broadening the line 
by a factor of at least 30. 


VI. ANGULAR DEPENDENCES IN THE FORM FACTORS 


In the preceding work, we have made much use of the 
) form factor 


Fan(K)= fe Vs"vade (1) 


Throughout we simplified these integrals by taking the 
momentum transfer vector K to be directed along the z- 
| axis of the atom. When the product of the atomic func- 
tions Yn*Pm is spherically symmetric, this is of no con- 
| sequence. We now extend the calculation and demon- 
) strate that the orientation of the atom with respect to 
) the momentum transfer vector is generally unimportant 
) for small Ka. 

Let us evaluate 


Fy, rom f ela o |?dr, (2) 


where the superscript 2’ specifies the direction of the 
polar axis for the wave function, Wop, o*. The direction 
of K is the polar (z) axis of Yom’. The angles 0, & define 


_'6For a discussion of the quantum theory of broadening by 
lons see reference 13. 
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the orientation of z’ with respect to z. In terms of these 
angles, we expand 


Yn, 0” = Rop cos’ 
= R,,[ cosO cos#+sin® sin@ cos(¢—®) } 
= cosOyop, o° + (sinO/vV2) [eon 41° tery, -1* |, 
’ (3) 
with 
1 
Royp= —— ite. 
4 (2m)? a5! 
Furthermore," 


e'Kt =>, (2L-+1)i"P,(cos6) fr (Kr), (4) 


fu(r) = (4/2Kr) J 141/2(Kr). 


where 


Integration over ® annuls all terms in F290, 290 which 
contain ®-dependent factors. Hence the integral reduces 


to 


+1 0 
F p09, 2p0= an f nf rdre'Kz{ [cos?@ lWon, 0(2) | 2 
aul 0 


+3 sin’O(|P2p,+41(2) |?+ | W2p,-1(2) |”) ]} 


+1 rs) 
+2 f du f r’dr(Ro,)*e'** 
a" 0 


X {cos?O cos’#+}3 sin?O sin’6}. (5) 


When we replace e‘** by its expansion, most of the terms 
contribute nothing because of the orthogonality of the 
Legendre polynomials. On using well-known relations!® 
between these polynomials, we find 


Fapaane=2n f rdr(R2p)*{cos’OL 3 fo— (4/3) fe] 


+4 sin?@[ (4/3) fot (4/3) fo}} 


4r 


= f rdr(Ro,)? 
X{ fot felsin?O—2 cos?O@]}. (6) 


The radial integral for fo, 


1 f*sinKr 24(1—x) 
— —— re"! *dy = —__—__, (7) 
a/v, Kr (1+x)4 


where x= (Ka)?. Further," 


a rie—"!¢ fo(Kr)dr= = ; (8) 
a’ Jy (1+<)4 


17N. F. Mott and H. S. W. Massey, Atomic Collisions (Claren- 
don Press, Oxford, 1949), second edition, p. 22. 

18H. Margenau and G. M. Murphy, Mathematics of Physics and 
Chemisiry (D. Van Nostrand Company, Inc., New York, 1943), 
Chap. 3, Secs. 4 and 5. 

19 See reference 18, Chap. 3, Sec. 8. 
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Combining these results, we find 


(1—x) 
ue 2 cos er 


2p, 0; 2p, 0= 


Clearly, at @=0 we have 
F2p,0;27,0= (1—Sx)/(1+2)', (9) 


which is the result found directly for K along the (z’) 
polar axis of the atom [III-(17) ]. Further, if we average 
over random angles of collisions (i.e., over ©) the term 
in brackets vanishes, and the result is the quantity used 
in our earlier study [III-(19) ]: 


(F2p0, 2900 = (1—x)/(1+«)*= Fe. (10) 


To proceed more rigorously, we use the sum over 
initial states to average over orientations of collisions 
(i.e., 20s piP 3/0" sinOdO). Let us put 


rf [Fi- F 20, 2p0(9) sin@dQ@ = (Fi- F,)?+A, (1 1) 
0 
so that the deviation from our earlier result is 


‘lal if [sin*®—2 cos’ Psin@d®. (12) 


A corresponding difference is added to Sy, namely, 


Ty ... 
as= [oe 
~35\ (f-ba4)? 


for x,=4/25. This is to be compared with Sy which 
has the value 2.1. The correction is limited (0<AS 
<16/35), depending on the value of x,. Its inclusion 
would not change appreciably the results of our simpler 
approach. 

For polarization broadening F1— F 2», 0,27,0 is replaced 
by (1/2) Fes, 0;28,0—F2p,0;27,0- Since Wos,0 like Wis.o is 
spherically symmetric, (1/4)AS is to be added to Sp of 
Sec. IV. Here the correction is not negligible and 


yp/y=0.061[0.081+ (0.29/4) ]=0.0094 


in place of (IV-32). 
Our earlier treatment of quenching is rigorous. The 
form factor is 


)=029 (13) 


(14) 


F 16, 0;27,0= fern 0" Pep, o° "dr 


= fem, cos ys 0” 


sinO 
tM anes bean 1) Je 


=cos@ cE 1, oop, 0dr 
= cosOF 1,, 0; 2p, o(@=0), 
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and the transition probability averaged over orienta- 
tions is proportional to 


af cos’?@ sin@dO[ Fis, 0; 2p, o(0) P= 4 Fis, 0; 2p, o(0) F. 


0 


This is the value used previously [V-(7) ]. 


VII. MATRIX ELEMENTS WITH SPURIOUS 
DIVERGENCES 


Some matrix elements occurring in the analysis of 
polarizing collisions appear to be imaginary and to 
diverge if the momentum transfer vector (K) is zero. 
Hence a contradiction arises, for the integrals are ob- 
viously real. We shall see that they do not diverge if the 
perturbing electron charge is distributed over a finite 
volume. 

This obviates the difficulty which prevented us from 
including all degenerate states in the polarization 
problem. Polarization by induction involves electron- 
enforced transitions between y,. and We», 11 (see Sec. IV). 
These contain a matrix element which we now single 
out for study. It is 


4re® 
C(K) 29,0; ney 0; 22, 0) (1) 
where 


F op, 0;28,0= f eK Yo no Woe0dF. 


Use has here been made of the formula 


which was derived by [III-(9, 11) ]. 
The form factor Fe», 0,2s,9 contains 


——(2—r/a)e—"/4 


Y28,0= 
*°" A(2n)tal 


e7!24 cosp. 


P2n, = A(2m)ta¥!? 1g5/2 


In performing the integral over 6, we can see that 
the form factor is pure imaginary, as follows. Taking K ) 
along the polar axis of the atom and letting u=cos8, we 


have 
= sinKr cosKr 
f eX udu = 2i] ——— | 
= (Kr)? Kr 
This yields 

F 2p, 0;28,0= 31Ka(x— 1)/(1+<)4; (3) 
ud ba 1) 
VK (1+x)* 


and 


C(K) 2p, 0;28, 0= } x=Ka?, (4) 
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This element diverges as 1/K when K goes to zero, 
and it is imaginary. A look at the integral (1) for K=0 
tells us that the result should be real. We note that the 
form-factor alone does not introduce this difficulty, 
since it becomes zero. This suggests that the 1/K? factor 
in (2) is the culprit. 

We may view C(K),,n as the electrostatic inter- 
action energy between atomic charge, dgq(r) = en*~,/dr 
and an electron charge density dg.= (e*"®/V)edR. The 
integral (2), when multiplied by e/V, then plays the 
role of the potential at r due to the charge density 
distribution (e/V)e** ‘8. It satisfies Poisson’s equation”: 


4re 4re 
(ees =< eiK-r 
VK? V 


For K=0, therefore, it is proper to evaluate C,,,° by 
ordinary electrostatics, taking g. to be a uniform spheri- 
cal distribution extending to R,;. The mutual potential 
energy between g, and dg,(r) is 


2re 
dU Se 39)dqa(r). 
This leads to 
Can'(K=0)= f - = Raw — Haw): (5) 
V 


V is the volume per free electron, R, some finite cut-off 
radius introduced by the over-all neutrality of the 
plasma. For n=29,0 and n’=2s,0, the term (1) nn’ 
vanishes and therefore C,,,=0. 

To obtain Can: for small K, we modify the calculation 
of formula (2), heeding the suggestion implied by the 
electrostatic consideration and using a finite cut-off 
radius. By the previous substitutions, (2) becomes 


4r Py 
Z=—e=*t f sinK pdp, 
K 0 


| where o=R-r. 

s At large values p=R, which goes to R,. We assume 
KR,<1; then 

Ry 


| ig sinKpdp J Kpdp=KR,?/2. 

0 . 

oe Z=2ne* "Ry, KR<1. 

| Consequently, 

Can’ (KR,<1) — (2mRy2e?/V)F n, n! (6) 
Cu, n'(K=0)= (29Ry2e?/V) bn, »', (7) 


which agrees with (5) with neglect of the second term, 
(the correction for the distributed charge). Evidently 
we have made an approximation in the transformation 


and 


% H. S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. (London) 
A132, 605 (1931). 
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from R to 9 [in Eq. (2)], by which this term is lost. 
This was done by inexact treatment of the upper limit 
of integration, which depends on the angle @,z. If done 
correctly 

Z=2ne**[ Ry?— Fr" ], (8) 


provided K- (R,—r)<1. 
Thus the problem of the divergence as K-20 can be 
avoided by introduction of a plasma cutoff R,. 


VIII. POLARIZATION AND DEGENERATE LEVELS 


Section V treated the small broadening effect result- 
ing from polarization for a three state atom, i.e., polari- 
zation by reorientation. The matrix elements were 
selected deliberately to avoid the divergences associated 
with the degenerate levels of the preceding section. 
Now we are prepared to study collisions which couple 
the initial state y, to all atomic states. 

Excitation to higher principal quantum numbers is 
not energetically possible for low electron energies such 
as that considered in our example [;~ (1/25)e?/2a]. 
Even where they are possible, they introduce no new 
features. On the other hand, quenching-transitions to 
the ground state do occur. As seen in Sec. V, the 
divergence poses no problem for them; the large amount 
of energy given to the electron keeps the minimum 
momentum transfer far enough from zero to avoid this 
difficulty. The results obtained in Sec. V for quenching 
are slightly modified when we regard the upper state, 
not as a random combination of degenerate states, but 
as the one corresponding to ¥,. Our present concern 
with polarization requires this latter choice. The line 
width in question is 


(vp) 4:10, 0/Y=3S{ (Sp) 2s, 0; 10, 0+3 (SP) 20, 0;14, 0} 
=4(0,061){0.032+0.021} =0.0016, (1) 


provided n=10" and ¢;=(1/25)e?/2a. This should be 
compared with the previous 


Yo/vy=0.0013. (2) 


Only for degenerate levels does the minimum mo- 
mentum transfer approach zero, and we enter the 
region of spurious divergences. We meet this problem 
when considering the two undisplaced states, Yo», 11. We 
define these states in terms of functions with a polar 
axis z along the direction of the momentum transfer 
vector K, as follows: 


sinO 
Yop41 = a o° +3 (cosO+ 1)e- Pop, 41° 


+3(cosO—1)e*yo,, 1%, 
and 
sin@ 


Yop" = — we” o° +3 (cosO—1)e~** op 41° 
+3 (cosO+ 1)e*pop 1%. 





$12 


The angles © and ® determine the direction of z with 
respect to 2’. Thus, along with 


W452” = (1/V2) (Woe, 0°" +29, 0°’) 


and y_*’, there are four states of principal quantum 
number n=2, which are normalized and orthogonal. 
We write similar expansions for Yo, and W2p,0*': 


V2, 0° =W25, 0°, 
Pop, 0° =COSOW2y, 0? + (1/V2) sinOe~* Yop, 41° 
+ (1/v2) sinOe**po2,-1'. 


First, consider the form factor: 


Fanny (O8)= fe Vapi borat 


= (1/V2)[F2p, 41,22, 0(O,P) +F 2p, +1;2n, 0( 9,8) J, 
with 
Fp, 41;28, 0( 90,8) = — (sinO/V2) F2p, 0,28, o(0) 
= — (sin@/v2)[3iKa(x—1)/(1+x)*] 
and 
Foy, +1;2p,0(9,8) = — (1/V2) sin® cosOF 2», 0; 27, 0(0) 
= (1/2v2) (cosO+1) sinOF 2p, +1; 27, 41(0) 
+(1/2v2)(cos@=- 1) sinOF 2,1, 27,-1(0) 
6x 

(1+x)* 


=— sin® cosO: 
2 
We note that if @=0 this form factor vanishes. This 
tells us that collisions in which the momentum transfer 
is along the polar z’ axis cannot change the atom from 
V4" to Yop, a1”. 
The transition probability is proportional to the 
absolute square of the form factor averaged over col- 
lision orientations: 


1 Qn T 

a f f | Fop.414(O,®) |? sin@d@d® 

4 

we0 NT 2A | Pap. o¢20.0(0) [2+ 3L62/ (1-42) P), 


where F(0) indicates that O=0 and K is along the 
polar axis of the atom. As before, we can write 


(yP)+;2p,41= 20,0 (Sp)+; 27,41) (3) 
with 


» -{ |Fap0,200(0) Pr ¢ dx 
’ = ————_dr+- 
(Sp) 4:27.41 “i a m sJ, (te 


6 1 
=3 2p, 0; 28,0 T —_ i— . 4 
pononumeie | aa @) 
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The false divergence of (Sp)2p,0;2s,0 at small x appears 
in this term. 

It might be thought that it can be avoided because 
x_ is not zero but a?(k;—ky)®, and k; cannot equal k, 
in view of the shift which the + level has undergone 
relative to 2p,+1; for conservation of energy requires 
kP—k?2=(2m/h*) AE. Inspection shows, however, that 
this is not the case for reasonable ion densities. Nor 
would the removal of a mathematical difficulty by the 
artifact of a static ion field be altogether satisfactory. 

We therefore turn to the development of Sec. VII. 
From (VII-8), 


eiK-R re 
dR&2re®*| R2——|. 5 
re al [R: | ®) 


If we neglect the r’~a? contribution as being small 
compared to R, then [VII-(6) ] gives 


Cos, 0; 2p, 0= (4re* / V) (3R,’)F "26, 0; 2p, 0) (6) 


so that R,?/2 has taken the place of 1/K?, as is seen 
from (VII-1). This change prevents the divergence. We 
now know the matrix element at the two extremes of x. 
In these two regions, 


| Cos, 0:27, 0|2= (4me?a?/V)?| Fos, 0;2p, 0|? 


‘ | 4(R,/a)* 
1/x? 


if x(R,/a)?<1 
if x(R,/a)?>1, 


in view of VIII-(6) and VII-(1). 
In order to average over orientations of K we use the 
previous expansions. Setting u.=cos@, 


41 
{| Fos, 0:20, ol)ued f | Foe, 0;2p, 0(Q) |*du 
—1 


=}+3| Fos, 0;2p, 0(0) |= 3[9x(a—1)?/(x+1)*], 


since Fo.,0,27,0 is given by [VII-(3)]. Hence, when 
xK1, (| Foe, 0:2, 0/2223 and the matrix elements have 
the simple form: 

ax(R,/a)* ifx(R,/a)?<1 


Coz, 0:27, 0|?) w= (4rea?/V)? 
i ita 3/x if «(R,/a)?>1. 


Following the considerations of Sec. VII, it can 
be shown that |Coz,0,27,0/? is bounded in the middle 
region. Since 


P+ 2 
f sinKpdp| < |— | 
0 K 


we have 


4re? ' 4re’a?\ 29 
| Cos, 0;2p, 0 |? <4 ——F 2, 0; 2p, 0(0) =4( ) ° 
VK? V 
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In Fig. 5, the curves for |C|? are extrapolated into the 
region of uncertainty. To avoid a detailed treatment 
of this intermediate region we use the extrapolated 
curves to their intersection. This intersection % occurs 
where. (R,/a)*(@/4)=1/#; ~2a’ni~10" for n=10" 
cm™*, Consequently, neglecting x against 1, we find 


(Sp)2p, 0; 2s, o(0 >} (e/a) f | Fog, 0; 2p, o(0) | *dx 


0 
r+ 2 
+f emesis I ™ 


z 


9 .z Zs dx 
>— J xdx+9 J — 
Zt? oy so 


V4 0. 16 
=” +in—} 
10-7 














~133, (7) 


since | Fes, o,2p,0(0) |?= 9a(x—1)?/(1+-2)%. And finally, 
in view of Eq. (4) (with x,=0.16), 


(vp) 4s2p-41/7~ f{EX 133+0.11} = 0.061 X 2221.3. 


The main uncertainty in this number arises from the 
manner in which we obtained <. We note, however, 
that an increase in & by a factor 100 decreases 
(yp)4:27,41/Y by only $f1n1000.4. This leaves the 
order of magnitude of the effect unchanged. In the 
other direction £ cannot be pushed very far, since 
%(R,/a)*~2 has been used in (7) and the logarithmic 
divergence is limited by #(R,/a)?~1. R, may, of 
course, be larger than m~*, An increase of Ry, by factor 
100 decreases by 10~‘ but increases yp/y by only 0.8. 

We conclude that coupling between Y, and Wop,41 
gives rise to a polarization effect about 100 times as 
large as inclusion of the other states. This is because 
the coupling involves the matrix elements between 
V2p,0 and Woe, 0. However, the effect does not diverge. 


4 
Pavel 


Y 


YY 
Hh 


Yj 








x xo 


Fic. 5. A sketch of | C2s0, 2p0|2, known at large and small"x=a?K? 
(K= =momentum transfer). The matrix element in the shaded area 
is found by extrapolation from the extremities. The point of inter- 
section is called 2. 
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n/i0 
20 








re) 02 0.4 06 08 =-:1.0 
€,/(e*/2a) 
Fic. 6. Curve of density (”) vs electron energy (e;) delimiting 
the region of small m and large e; where electron broadening is 


negligible compared to the natural width (7). The curve is the 
locus of points satisfying (yp)2p0,2s80= y/10. 


_ 

In Fig. 6, we plot the locus of yp/y=1/10 in onder 
to indicate the region of electron densities and velocities 
in which their broadening may be neglected. 

A word is in order about the line shifts, which are 
neglected in this treatment. The use of the resonance 
approximation, which ignores the variation of the 
matrix elements C with change in electron energy Q, 
makes yp real. When this dependence is properly con- 
sidered, an imaginary term is added to yp. This pro- 
duces a line shift which will be discussed in a separate 
publication. 

As a summary, we compare the several effects for the 
hydrogen 2,0—1s,0 transition, using y=3.12108 
sec—!, n= 10" cm-, €;= (1/25)e?/2a: 


III-(38) Universal broadening yu/y= 90.13 
VIII-(16) Polarization by re-orientation 
(involving the matrix ele- 
ments 2p0—2p+ 1) 
V-A-(7) Quenching (260-150) 
VIII-(16) Polarization by induction 
(involving the large element 
2p0—2s0) yp/y= 2.7 
V-B-(8) Stark broadening by ions 7Ystarx/y=<80 


yp/y= 0.027 
Ye/v= 0.0013 


Thus for the Lyman a line, where there is a linear 
Stark effect, the ion broadening is the dominant effect, 
as expected. But in other instances, to be treated in 
further publications, the electrons can make important 
contributions. 


APPENDIX 


The principal symbols used in this paper are as 
follows: E=energy of atomic state; e=energy of elec- 
tron: ¢;=initial energy, ¢,=final energy; k=wave- 
number vector for electron; K=k,—k;=momentum- 
transfer vector; v=velocity of electron; a=nh?/me?; 
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x=@K*; x,=a(kyt+k,)?; x_=a?(ku—k;)?; n=number 
density of electrons. 

Throughout the paper, line widths resulting from 
different causes are written in the Lorentz form: 


y=2nv0S, 


where a is a cross section and S a numerical efficiency 


factor. In particular, 


+ | Fi;—Foe|? + | Fam|? 
Suv= —————dx, Spm f dx, 
0 x 





U = 
0 x 
and 


F n= f eK) ,.*(r)Wmn(r)dr. 
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In this note we show that in an n-electron system, if we assume that these m electrons occupy m orthogonal 
one-electron orbitals, the state of highest multiplicity has the lowest energy. 


NE of the interesting results that comes out of the 
calculation of the energy levels of atoms, mole- 
cules, and crystals is the total spin (multiplicity) of the 
ground state. In general the question of the multiplicity 
of the ground state cannot be answered without lengthy 
calculations. It is, however, sometimes possible to 
answer this question without any calculation at all 
(at least to within a certain approximation). We know 
of Hund’s rule of atomic spectra. Part of this rule 
states that of all the levels arising from a given spatial 
configuration, the state of highest multiplicity lies 
lowest. A rule similar to this can be proved quite 
generally. 

We imagine that we have m distinct one-electron 
spatial orbitals #1, #2, - - -#n. In each of these we put one 
electron with either spin up or spin down. (The presence 
of other orbitals which are doubly filled does not in- 
fluence the validity of the arguments given below and 
will be dropped from consideration.) We also assume 
that the orbitals under consideration are orthogonal. 


f tf uadale Bay. (1) 


For our n-electron problem, by taking products of these 
one-electron states with spin up or down, we can form 
2” product functions which we use as the basis of ap- 
proximation for the wave function for our electron 


* The research in this paper was supported jointly by the Army, 
Navy, and Air Force under contract with the Massachusetts 
Institute of Technology. 

+ Staff Member, Lincoln Laboratory, Massachusetts Institute 
of Technology. 

1 This extension of Hund’s rule has been published in the 
Quarterly Progress Report of the Solid-State and Molecular 
Theory Group at Massachusetts Institute of Technology, July 15, 
1953, p. 37. P.-O. Loéwdin [Phys. Rev. 97, 1474, 1490, 1509 
(1955)) has also presented a proof by a different method. 


system. We must now form the correct linear combina- 
tions of these product functions to form states which are 
antisymmetric with respect to permutations of all of 
the electron coordinates and which have definite multi- 
plicities. The multiplicities will range from singlets 
(m even) to states of multiplicity 7+1. We shall lose 
no generality by restricting ourselves to all those states 
with the same z component of total spin. Of these only 
one corresponds to the state of highest multiplicity, 
whereas for any other multiplicity there is, in general, 
more than one state of this multiplicity. We shall now 
show that there is no state that lies lower in energy than 
the state of highest multiplicity. The problem which 
confronts us now is to diagonalize the matrix of our 
Hamiltonian between states of a given multiplicity in 
the basis of antisymmetric functions. (There is, of 
course, no interaction between the states of different 
multiplicities.) We assume that our Hamiltonian in this 
case is spin-free and is given by 


H=% ([- Ve+fOH4L i jgs (2) 


Here f(z) is the one-electron potential and g;; is the 
interelectronic Coulomb interaction. 

The problem as stated above is in just the form which 
can easily be set up in terms of the Dirac vector model.’ 
For a given multiplicity the matrix of the Hamil- 
tonian is given by 


HreS=const +3) (ix j)[—Jij(Pij5)ne]. (3) 


2P. A. M. Dirac, Proc. Roy. Soc. (London) A123, 714 (1929). 
For further references and a complete discussion of this method 
see F. M. Corson, Perturbation Methods in the Quantum Mechanics 
4 ee Systems (Hafner Publishing Company, New York, 
1950). 
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Here 3C,,° is the A, o matrix element in the Hamil- 
tonian matrix which connects states of total spin S. 
(P;;8) are unitary matrices which represent the permu- 
tation of the spin coordinates of electron 7 with those of 
electron j. These matrices are part of an irreducible 
representation of the permutation group and the super- 
script S which denotes the total spin also specifies the 
particular irreducible representation. The order of these 
matrices depends“on the multiplicity. They are of the 
same order as the number of states of a given multi- 
plicity which can arise from m singly occupied orbitals. 
The order of these matrices are  !/[(4n+5S) !(4n—S) !] 
—n!/[($n+S+1) !(3n—S—1)!]. Thejmatrices have 
only one row and column for the states of highest multi- 
plicity (S= 4). The constant in the expression (3) con- 
tains all the one-electron interactions as well as 
the interaction of the orbitals which are unpaired 
(u1,%2,°**%n) with the.orbitals which are paired and 
the interactions of the paired orbitals amongst them- 
selves. This constant is independent of the multi- 
plicity of the state under consideration. J;; is the 
customary exchange interaction, 


Jagm fut (edus(e)erens edu (edddrvdre (4) 


This quantity is greater than zero since it represents the 
electrostatic interaction of a charge distribution with 
itself. 

First let us consider the state of highest multiplicity. 
As we have mentioned the matrix of the Hamiltonian 
has only one row and column. The matrices representing 
the permutations P;; have as their component unity. 
Therefore the energy of the state of highest multi- 
plicity is [apart from the constant in (3) which is 
independent of multiplicity ]: 


5,3" = —3> (iF 7) J s3- (5) 


For any other multiplicity, as we have seen, the matrices 
(P:;%)y_ are of larger order. Let us consider the diagonal 
energies of all the states of a given multiplicity. These 


energies are the diagonal elements of the matrix in 
Eq. (3): 


KH, o8 = — 3D (iF /)Jis(Pis See: (6) 


Using the unitary nature of the matrices (P;;5),, and 
the fact that J;;=J;;, Eq. (6) can be rewritten in the 
form 


Hoos =—3L (6 jJisld (Pus )eot(Pis)eo*]. (7) 


In the above, we have also made use of the fact that the 
inverse of the permutation P;; is the permutation P;;. 
Once again using the unitary nature of the matrices 
representing the permutations, we know that 


3L(Pis5) oot (Pis5)eo* JX 1. (8) 


It is clear, therefore, from this fact and the fact that 
Ji;>0 that 


Hii*= —4> (iF J) i < Hoo 
= — FL (14 J)JisLd (Pas) oot3(Pij)oo*]. (9) 


We have therefore shown that there is no state lower 
than the state of highest multiplicity under the as- 
sumptions of this proof. 

One might ask if the process of diagonalizing the 
Hamiltonian matrix (3) will push some state lower than 
the state of highest multiplicity. This is not the case 
since in diagonalizing the matrix (3) we use a unitary 
transformation which does not destroy the unitary 
property of (P;;%),.. This unitary property was all that 
was necessary to prove the theorem. P.-O. Léwdin! 
has, by a different method, presented a proof which is 
less complete but which gives the explicit energy values 
for a limited form of configurational interaction. 

One might well ask how we could upset the result of 
this theorem to get a state of some other multiplicity to 
lie lower. In order to do this, we must include in our 
approximate wave function other states which consist 
of having some of our n orbitals doubly occupied and 
others empty. 
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Bloom and Norberg and also Hahn and Herzog have observed spin echoes due to electric quadrupole 
interaction alone and also in the presence of a weak magnetic field in addition to electric quadrupole inter- 
action, with Cl** (spin J=3/2) nuclei in NaClO; crystal. They have explained these echoes theoretically 
for the particular case of J=3/2. We have calculated the spin-echo amplitudes to be expected under the 
above experimental conditions for nuclei of any general spin in crystals with axial symmetry. The opposite 
case of spin echoes in a strong magnetic field in the presence of weak electric quadrupole interaction is also 
discussed. The theoretical investigation leads to “‘slow beats” in this case also. 





INTRODUCTION 


N the conventional spin-echo experiment,! we have 

a strong steady magnetic field, perpendicular to 
which a radio-frequency magnetic field is applied, and 
the free induction and echo signals following the appli- 
cation of the radio-frequency field in short pulses, is 
studied. However, in the case of many crystals, some 
of the nuclei have considerable electric quadrupole 
interaction with the surroundings. In such cases one 
can think of spin-echo experiments where the electric 
field gradient inside the crystal takes the place of the 
steady magnetic field. Such experiments have recently 
been carried out successfully by Hahn and Herzog? and 
also by Bloom and Norberg* in the case of chlorine 
nuclei in NaClO; crystal. They have also observed the 
modulation pattern obtained when a steady weak mag- 
netic field is applied at an angle 6 to the axis of sym- 
metry of the crystal. They have explained their ob- 
served results theoretically using a method similar to 
the one used earlier by Hahn and Maxwell.’ We shall 
show in this paper how their results can be explained 
and extended to the case of nuclei with any general 
spin J, using the density matrix method of calculating 
spin-echo amplitudes developed by us in an earlier 
paper.® This paper is divided into three sections. In 
Sec. I, we take up the case of spin-echo signals for pure 
quadrupole coupling. In Sec. II, we examine the effect 
of a weak magnetic field superimposed on the electric 
quadrupole coupling, at an angle 6) to the axis of sym- 
metry of the crystal. In Sec. III, the opposite case is 
treated, viz., the one in which the electric quadrupole 
effect is small but the applied magnetic field is strong. 
As in our previous paper,® which we shall henceforth 
refer to as Paper I, we have not included the effects of 
the relaxation times 7, and 72, because from a phe- 
nomenological point of view, we expect their effects 
on the spin echoes in the present case to be the same as 
on the conventional spin echoes.! In a later paper we 


1E. L. Hahn, Phys. Rev. 80, 580 (1950). 

2 E. L. Hahn and B. Herzog, Phys. Rev. 93, 639 (1954). 

3M. Bloom and R. Norberg, Phys. Rev. 93, 638 (1954). 

4M. Bloom, Phys. Rev. 94, 1396 (1954). 

5 E. L. Hahn and D. E. Maxwell, Phys. Rev. 88, 1070 (1952). 
( . ot Saha, and Roy, Proc. Roy. Soc. (London) A227, 407 
1955). 


shall try to examine how the concept of density matrix’ 
may be used in the context of the Bloembergen picture®# 
of relaxation forcer to introduce their effects directly 
into the spin-echo signal amplitudes. 


SECTION I. PURE QUADRUPOLE CASE 


As explained in Paper I, our method of calculating 
the spin-echo amplitudes essentially involves solution 
of the time-dependent Schrédinger equations for the 
spin system in the presence and absence of the rf 
pulses. If the Hamiltonian due to the electric quadru- 
pole interaction be Hp and the additional perturbation 
due to the applied radio-frequency field be 3’, then if 
R and D represent the transformation matrices in the 
presence and absence of pulses respectively, then the 
Schrédinger equations in the two cases will be . 


dR 
ih = (Beat He')R, 
t 


dD 
iN—=KD. 
dt 


We shall refer to R in the future as the “transition 
matrix” depicting the transformation in the state of 
the spin-system in the presence of a rf pulse and to D 
as the “free-precession matrix’ depicting the trans- 
formation in the state of the spin-system in the absence 
of the rf pulses. If we now apply m rf pulses, then the 
net transformation matrix S, termed the ‘echo matrix,” 
will be given by 


S=DpReDi-iRr-1° : *DeRDRi, (2) 


the suffixes referring to the successive pulses. The 
density matrix® p(/) for the spin system after the 
passage of the pulses will then be related to the initial 
density matrix before the pulses are applied by the 


7P. A. M. Dirac, Quantum Mechanics (Clarendon Press, Ox- 
ford, 1947), third edition, p. 132. 

® Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 

9R. K. Wangsness and F. Bloch, Phys. Rev. 89, 728 (1953), 
have introduced 7; and 72 in the differential equations for the 
density matrix under certain restricted conditions and without 
using the detailed Bloembergen picture. 
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ELECTRIC QUADRUPOLE INTERACTION 


relation 
p(t)=Sp(0)S“. (3) 


In most experiments, where the rf coil producing the 
rf field is also the detector, we need the expectation 
value of J, the x component of the spin of the members 
of the spin system, after the passage of pulses. This is 
given by 


(Iz)=Tr{p()I2} =Tr{Sp(0)S“T2}, (4) 


The Hamiltonian in the case of pure quadrupole coup- 
ling may be written down, in the irreducible tensor 
scalar product form." as 


Ho= (2)? (VE)_,’, (5) 


where the components (Q),? of the electric quadrupole 
moment tensor of the nucleus and (VE),? of the field- 
gradient tensor are given by 


eQ 


—_——-(3]°— I), 
21(2I—1) 


(Q)?= 


(Q)4°=¥ (34/6) ——__ * {74,To}, (6) 


21(2T—1) 


(Q)a2°= (3/6) “ 


21(2I— mary" a 


(Vv E)°= 
(WE)s°=+ (4\/6)eq sin® cos#o exp(ido), (7) 
(VE) 2°= (§/6)eq sin exp(+ 290), 


with Jo>=J, and J,=J,+il,; the notation {A,B} refers 
to the anti-commutator (AB+BA). Q is the scalar 
quadrupole moment defined by Casimir,! depending on 
the charge distribution within the nucleus. g is simi- 
larly the scalar quantity” defining the components of 
the field gradient tensor for axial symmetry depending 
on the charge distribution around the nucleus. ¢o and 
6 refer respectively to the azimuth and colatitude of 
the axis of the symmetry in the coordinate system 
chosen. If we now choose our coordinate system with 
the axis of symmetry as the z axis, we then have @)=0, 
and we get," 


4eq(3 cos*@o—1), 


Ho= Ph(31e—P), (8) 


ae 
4h (2I—1) 


where 


(9) 


Evidently the energy levels will be specified by the 


1 R. V. Pound, Phys. Rev. 79, 685 (1950). 

" Refer to M. K. Banerjee and A. K. Saha, Proc. Roy. Soc. 
— A224, 472 (1954). We have followed their notation 
closel 

2H. B. G. Casimir, Arch. du Musée Teyler, 8, 202 (1936). 

3 R. Bersohn, J. Chem. Phys. 20, 1505 (1952). 
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eigenvalues of J, and the levels corresponding to eigen- 
values +-m and —™m will coincide. We shall thus have 
in all, (+1) distinct energy levels for integral J and 
(J+4) for half-integral 7. The spacing between the 
adjacent levels will be unequal, and we shall therefore 
have in all, J resonance frequencies for integral J, and 
(I—}) for half-integral, corresponding to the energy 
differences between successive levels [see Figs. 1 (A 
and C)]. The resonance frequency corresponding to 
the transitions m— (m—1) and —m— —(m-—1) will 
thus be given by 


w(m) = 3PLm?— (m—1)?]=3P(2m—1). 


Let the applied radio-frequency be that corresponding 
to the transitions, 


(10) 


+m, — +(m—1). 
For brevity, we introduce the following notations: 
E(m,)=aPh, 
E(m,—1)=6Ph, 
a=3m/—I(I+1), 
b=3(m,—1)?—I(I+1), 
so that the resonance frequency in question is 
w(m;)=P(a—d). (12) 


If the radio-frequency magnetic field be applied at 
right angles to the symmetry axis, (i.e., the z-axis), 
then calling its direction that of x, the perturbing 
Hamiltonian will be 


Ky (t) = —yhI,-H, cosw(t—to), (13) 


where J, is the x-component of the nuclear spin and 
2H, the amplitude of the radio-frequency field, w being 
its frequency. Now, following the usual method" for 
dealing with time-dependent Hamiltonians, we have 
the matrix R given by, 


R(t,to) = exp[— (¢/h)3o(t—to) ]- R*(t,t0), 


RM) exo] — (i) f ses*(ehat | 


51* (0) =expl_(i/h)Ho(t! — to) ]-5Cr(¢') 
Xexp[— (i/h)Ho(t—to) ]. 
In the present case, using (13), 
H1* (t’) = — furh{exp(3iP (t’— to) (27o—1)) 
-T,[exp(tw(t’—to))+exp(—iw(t’—t))] 


+exp(—3éP (t/— to) (2%o+1))-I_Lexp(io(t"—t0)) 
+exp(—iw(t’—to)) }}. (15) 


Using w=w(m:) and putting ‘—fo=¢ty, the rf pulse 


4 P. A. M. Dirac, Quantum Mechanics (Clarendon Press, 
Oxford, 1947), third edition, p. 173. 
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HALF-INTEGRAL SPINS 





E-r=PhI (21-1) +1 hwo, 
E+1=PAI (2I-1) i Esz= PRI(2F1)-I hwo COS 6, 
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Fic. 1. A and B are energy-level diagrams for half-integral spins resulting from pure electric quadrupole interaction 
only, and also in the presence of a weak steady magnetic field. The solid lines in the lower part of the figure represent 


the pure quadrupole resonance frequencies and the dotted lines the resonance lines in the presence of the weak magnetic 
field. 


width, the matrix elements of R may be easily found (+m,|R|m')=cos(xt/2) exp(—iPatw.)5m’,im 
from (14) and (15). Thus we have +i sin(xt/2) exp(—iPat,)5m’,+(m1—1), 


(16) 


(m|R| m’)=exp{ —tPto[3m?—I(I+1) ]} 5mm, (+ (m—1)|R|m’)=cos(xt/2) exp(—iPbty)5m’, + (m1—-1) 


for m+-+m, +(m-—1), +i sin(xt/2) exp(—iPbt.)dm’,+m1, 
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Fic. 1 (continued). C and D are energy-level diagrams for integral spins resulting from pure electric quadrupole 
interaction only, and also in the presence of a weak steady magnetic field. The solid lines in the lower part of the fig- 
ure represent the pure quadrupole resonance frequencies and the dotted lines the resonance lines in the presence of 
the weak magnetic field. 


where so that 


#=[(I—m)(I+m+1)}}. (17) 
(m| D(t,to) |’) 


In the absence of the rf field pulse, the free precession : 
is given by the free precession matrix D, viz., =exp{—iP(t—to)[3m?—I(I+1) ]}onm’, 


D(t,to.) = exp[ — (t/h)3o(t—to) ], for all m. 
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(18) 
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The density matrix at start, p(0), is given by a 
normalized Boltzmann distribution, 


N Ph 
PO 25 exp| — a P’) | (19) 


2I[+1 k 


where @ is the absolute temperature and & the Boltz- 
mann constant, V being the number of nuclei in the 
sample. If the spin-echo matrix at the end of a number 
of pulses be S, then we have the expectation value of 
I, after these pulses given by (3). Remembering that 
Ph/kO<1, and S and J, both commute with FP, we 
shall have 








(I2)= (20) 


N 3Ph 
m/( _ S1S-I.), 
2[+1 kO 


Using a pulse pattern of the type shown in Fig. 2 
with pulse width ¢, satisfying the usual conditions,! we 
have, following the procedure outlined in Paper I, the 
master matrices at the end of one and two pulses re- 
spectively given by the following equations. 

Single pulse: r<t<ty (free induction signal) 


(m| S| m’)=exp{ —iPi[3m?—I(I+1) }}bnm’, 
for m++m, +(m—1), 


(21) 
(+m,| St | m’) = Gy6m’ ,-+m1+C16m’,+(m1-1), 
(+ (m— 1) | Sy | m’ ) = dm’ ,+my+b15m’,+(m1-1), 
with 
a,=exp(—iPat)-cos(xé/2), 
b:=exp(—iPdt)-cos(xé/2), 
: (22) 


¢,:=1 exp(—iPat)-sin(xé/2), 
d,=i exp(—iPbf)-sin(xé/2). 
Two pulses: t=(k-+ 7) (spin-echo signal) 
(m| Stz| m’)=exp{ —iPt[3m?—I(I+1) }}Snm’, 
for m++—&m, +(m—1), 
(23) 
(+m | Su | m’) = dobm’ mi +Cobm’,+(m1 —1), 
ft (m,— 1) | Su | m')= bobm’,+m1-+dobm’,+(m1-1), 
where 
a2=cos?(xé/2) exp[—iPa (x+7) ] 
—sin?(xt/2) exp[—iP(ax+6r) ], 
bo= 41 sin(xt){exp[ —iPb(x+7) ] 
+exp(—iP(bx+<a7) ]}, 
co= i sin(xt){exp[—iPa(x+7) ] 
+exp(—iP(ax+6r) }}, 
d2=cos?(xt/2) exp[—1iPb(x+7) ] 
—sin?(xt/2) expl[—iP(bx+a7) ]. 


(24) 


T. P.' DAS AND A. K. SABA 





I I 





0 ty T Utty t=Kre 


Fic. 2. Applied rf pulses. 


Using Eqs. (21) and (23) together with (20), we get 
the expectation value of 7, after one and two pulses 
respectively as 


SS 2 bes i ® +); 
(Iz) arse” m,— 1) sin(w(my)-t) 


(single pulse) (25) 


(I,)= (2m— 1) 


(27+ 1)kO” 
X {sin (xt) cos?(«§/2) sin[w(m1) +t] 
—sin (x) sin?(«é/2) sin[w(my) - (¢— 27) ] 
+sin(xé) cos(x€) sinlw(m1)-(¢—7) J}, 


(two pulses). (26) 
In case there is an inhomogeneity in g, and hence in 
P, there will be a corresponding inhomogeneity in 
w(m,). As in the case of echoes in a strong magnetic 
field, we can assume a Gaussian distribution in 
Aw=w(m;)—w, with an rms value of 1/T.*;-we then 
get, on integrating the right-hand sides of (25) and (26) 
over Aw, 
NV 

(I,)=——————-« (2m — 1) sin(xé) sinw! 

(27+1)k® 


Xexp(—?/2T,**), (single pulse), (27) 


ijn — 0 ae~t 
a niin 


X {sin (xé) cos?(«é/2) sinw!-exp(—#/27T,**) 
—sin(xé) sin?(xé/2) sinw(t— 27) 

-exp[ — (t—27)?/2T2** ]+sin(xé) cos(xé) 

X sinw(#— 7) -exp[— (¢—7)?/2T.**]}}, 


(two pulses). (18) 
In Eq. (28), the first and third terms are easily identi- 
fied with the free induction signals following the first 
and second pulses respectively while the second term 
gives an echo at =2r. We have here assumed that the 
rf field is perpendicular to the symmetry axis in the 
crystal. But in the general case, the rf coil may make an 
angle @, with the symmetry axis. In such a case, follow- 
ing the above procedure, first it may be shown that in 
the R-matrix we have now £=wyt, sin6;, and secondly 
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ELECTRIC QUADRUPOLE INTERACTION 


the component of the magnetization contributing to the 
free induction or echo signals will now be proportional 
to (Jz) sin#;. With these modifications the spin-echo 
amplitude will still be given by (28). These considera- 
tions bring our results in exact agreement with those of 
Bloom and Norberg and Hahn? and Herzog, if we put 
]=3/2 and m,=3/2. Thus for spin 3/2, the amplitude 
of the spin-echo signal is proportional to 


(v3/2) sin (V3é) sin?(V3¢/2). 


For a higher spin like 2 or 5/2, where we have two 
possible quadrupole resonance frequencies, the spin- 
echo amplitude to be expected for either frequency is 
easily found by putting down the corresponding values 
of m, and x in Eq. (28). In Table I, we have tabulated 
the values of the different resonance frequencies, and 
relative spin-echo amplitudes for spins 1, 3/2, 2, 5/2 
due to pure quadrupole coupling alone. 


SECTION II. STRONG QUADRUPOLE COUPLING 
AND WEAK MAGNETIC FIELD 


Suppose now we apply a weak steady magnetic field 
Hy to the crystal at an angle to the axis of symmetry ; 
the Hamiltonian in the absence of the rf field will now be 


H=Hot+KH’, (29) 
where 
Ho=Ph(3le—P), 
‘= —woh[ Io cosbo+3 (I,+J_) sind |, (30) 


wo=yHo. 


It is now easy to see, using the perturbation theory for 
degenerate states, that the coincidence of the levels 
+|m| and —|m| discussed in Sec. I is destroyed and 
the energy levels are characterized by m, each m level 
being now quite distinct. For half-integral spins how- 


TABLE I. Spin-echo amplitudes in pure quadrupole coupling 
case for J=1, 3/2, 2, 5/2. 








Value of Resonance 











Spin P(J) frequencies Spin-echo amplitudes 
1 oO 3P(1) NPOM 2 sin (v28) sin®(&/v2) 
ea NV. ‘ ‘ 
3/2 ats 6P(3/2) SUE hs sin (v3e) sint(S*) 
9P(2) Sy Fs sin (2) sinté 
» 209 
24h 
3N. 2 s 
3P(2) LAC sin (/6£) sint(*) 
NV. 4 
" 12P(5/2) SNF CMs sin (+/SE) sint(3*) 
”q 
5/2 7h 
6P(5/2) SUP ihe sin (4/8) sin®(v2é) 
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ever, the two lowest levels are obtained by a mixing 
of the states corresponding to m=-+}. The energy 
levels and eigenstates are tabulated in Figs. 1 (B and D) 
respectively for half-integral and integral spins. 

We have 


|+)=|2) cos#+ | —}) sind, 


|—)=+|—4) cosé— |) sind, (31) 
sin’=—[(f+1)/2f}, coso=[(f—1)/2f}. 
For a half-integral spin =}(2p+1), 
f=[T1+ (p+1)? tan }}. (32) 


We shall designate the new eigenstates by the numbers 
n, with the understanding that the m’s correspond to 
the m’s for all the levels of integral spins and for all the 
levels of half-integral spins, except m=-+}. For this 
lowest pair of levels for half-integral spins, the n’s 
correspond to + and —. 

Our discussion in this section will be divided into 
two parts. In the first part we shall take up the case of 
transitions between the lowest levels of half-integral 
spins and the next higher. In the second part we shall 
consider transition between levels other than the lowest 
for half-integral spins, and between all successive levels 
of integral spins, i.e., between levels where there is 
correspondence between the n’s and m’s. 


(a) Transition between the Levels + and the 
Next Higher Levels 


The states next higher than the lowest levels will be 
those corresponding to m=+3/2. It will be directly 
seen that the single frequency w(3/2)=6P of the pure 
quadrupole case, is now replaced by four closely spaced 
frequencies given by 


W1, 2, 3,4 6P+3 (3 f)wo cosh. (33) 


Let the applied radio-frequency be w=6P; to a first 
approximation we can then assume resonance condi- 
tions to exist for all these four frequencies. The R- 
matrix may be calculated as in Sec. I, with the follow- 
ing modifications. We have to replace 3p in Eq. (14) 
by 3C given by (29) and also we have to take matrix 
elements with the eigenstates of 3C as basis and not 
those of Ho. A similar modification has to be applied 
to Eq. (18) to obtain the D-matrix in the present case. 
Also, exactly as in Sec. I, we can obtain in the present 
case the relevant matrix elements of S; and Siz, the 
echo matrices after one and two pulses respectively. 
We can then use (20)!* to find the expectation value of 
I, after one and two pulses respectively to obtain the 
free-induction and echo amplitudes. We have the fol- 
lowing equations for the expectation value of 7, after 


15 Properly we should use (4) with p(0) defined by p(0) 
=exp(—3C/kO), with 5C given by (29), but if we do not want to 
retain terms of the order of wo/P in the free-induction signal and 
echo amplitudes, we may just as well use (20) without much error. 
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one and two pulses, v7z., 


. 3NPh 2x (x8) sinCo()-1) 
2/= “t 
(Iz) Wh sin («£) sin[w(3) 


[F cos( “ex cos) 


— cos“ cost) | 


(single pulse), 














(34) 


. _3NPh 2x (xe) (= Cw(8)-((—22)] 
(I2)= xO 241 sin (x) sin ; ) sin[ w T 


Xx | (=) cos( “ex cos0o) (¢— 27) 
+ (=) cos( cos0o) (-27)) 


fr- 1 3w cosh foo cos6 
+ cos (-22)) cos( i) 
tid 2 2 


sul C“ cos8o ) co ( foo i an) ) 
-o( 22) (22) 


(two pulses). 


























(35) 


In Eq. (35), only the terms giving rise to an echo at 
t=2r, viz., the terms involving sin[w(3/2)-(x—7)] are 
given. In the presence of an inhomogeneity in g and a 
corresponding inhomogeneity in P, we have to integrate 
over a Gaussian distribution in Aw=w(3/2)—w with 
rms value equal to 1/72* as before. Sin(w(3/2)-#) in 
(34) then gets replaced by sinwt-exp(—#/27.**) and 
sin[w(3/2)-(t—27)] in (35) gets replaced by sin 
(w(t—2r))-exp[— (t—27)?/27.**], the latter exponen- 
tial term showing the occurrence of the echo maximum 
at ‘=2r. It is evident that we get a modulation of the 
pure-quadrupole echo signal by the action of the weak 
z-field. If only a single spin-echo signal, corresponding 
to a pair of pulses with a fixed interval between them, 
be observed, then it will appear to have a modulation 
on account of all the terms in (35) involving wo. We 
term this modulation pattern “echo modulation.” On 
the other hand, in echo envelope measurements with 
paired pulses of varying intervals 7 only the last wo 
terms, viz., those multiplying the factor (f?—1)/2f? 


will give rise to a modulation of the envelope, the 
other two terms being independent of 7 at the instants 
of occurrence of the echoés, i.e., at = 27. We term this 





T. P: DAS AND A: K.'SAHA 





modulation “envelope modulation.” Besides this modu- 
lation of the echo envelope there will be the usual ex- 
ponential damping due to the causes contributing to 
the transverse relaxation time. We shall not incorporate 
the effect of the latter here, but shall merely mention 
that as pointed out by Hahn and Maxwell,’ to get a 
correct estimate of the present modulation effects from 
experimental echo envelopes, the latter have to be 
normalized first to correct for the above damping. 

(b) The other important case that we have to con- 
sider is that in which the applied frequency corresponds 
to pure quadrupole frequencies w(m) other than that 
between levels +3/2 and +1/2. In this case, each fre- 
quency w(m;) in the pure quadrupole case is broken 
up into a doublet w(m1)=-w cos) by the action of the 
weak magnetic field. Proceeding as in the previous two 
cases, we obtain the free induction and echo signals 
respectively as 


3N Ph x(2m—1) 











I.)= : ou 
(Iz) 6 Git) sin(x£) sinw , 
t 
Xcos[_wo cosBo:t] e(-—), 
i) oe (xé) (=) in[w(t—2r) ] 
(I,)= 10 (I+) sin(xé&) sin ; sin| w T 


X cos[wo cosbo(t— 27) ] 
Xexp[— (¢—27)?/27.*]. 


This expression evidently holds for all the pure quadru- 
pole resonance frequencies of a nucleus with integral 
spin J and for all those of half-integral spins except 
the lowest one, viz., that between levels +3/2 and +1/2. 
It is evident from the expression (36), that in these 
cases we merely have an “echo modulation” and not 
any “envelope modulation.” 


SECTION III. STRONG STEADY MAGNETIC FIELD 
AND WEAK QUADRUPOLE COUPLING 


(36) 


In this case, the Hamiltonian in the absence of the 
rf field is given by 


5 = Fo +3’, 
where (37) 
KHo= —yhI ge 2) 

and 

e’qQ 
5’ = ————[_(3I?— FP) (3 cos*)— 1) 

87(2I—1) 
+ sinOo cosOo(e~*#°{ I, Jo} +e'9{7_To}) 
+3 sin%o(I,.2e-2#o-4+ J_2¢2#40) ], (38) 


Q and q being defined as before, and 6» giving the angle 
between the symmetry axis and the z-direction, viz., 
the direction of the steady field; {a,b} represents the 
anticommutator (ab+ba) as before. We then have the 
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ELECTRIC QUADRUPOLE INTERACTION 


energy levels correct to the first order given by 
En= —mhw,+}Ph(3 cos*o—1)[3m?—I(I+1)], (39) 


the eigenstates being characterized by the magnetic 
quantum number m, and 


e9Q 


P=——_—___. (9) 
41 (2I—1)h 

This case differs from the previous cases in that there 
is only one central frequency here, viz., w., about which 
we have a number of symmetrically placed components 
with frequency separations of the order of P. Hence all 
these frequencies will be more or less subjected to reso- 
nance simultaneously and so the R-matrix will no 
longer be of the simple type obtained in the preceding 
cases. There will now be matrix elements between all 
the levels and it thus becomes difficult to give a general- 
ized treatment for spin J. We shall only give the re- 
sults for a few important cases, viz., J=1, 3/2, 2. The 
last one is important, because whereas in the first two 
cases there is only one symmetrical pair of lines, in 
this case there are two. The case of spins greater than 
I=2 may be worked out by following the general pro- 
cedure outlined below. 

The R-matrix may be found as usual by Eq. (14), 
employing the eigenvalues and eigenkets discussed 
above. We then find that if we agree to neglect terms 
of the order of P/w in the amplitude of the spin-echo 
term, then the R-matrix is the same as the usual 
Rabi-Bloch matrix,'* viz., 


(m| R| m’)=exp[itw{ mw.— P[3m?—I(I+1) ] 


X (3 cos*@o—1)/2}]-(m| R*|_m’), 
with 


(m| R*| m!')={ (I+-m) \(I—m) \(I--m’) \(I—m’) }}3 
X sin?! (E/2)¢@#-m—m) 
(jp OOOO 
x (m-+-m! +k) '(I—m—k)\(I—m'—k) tk! 





(40) 


where & takes up integral values restricted by the 
condition that none of the factorial terms in the de- 
nominator is to be negative. 

The D-matrix will as usual be given by 


D(t,to) = expl — (t/h)3 (t—to) ]. (41) 


The density matrix at start will be given by the 
Boltzmann distribution, viz., 


( KH 
crt —-— fF, 
kO 





p(0)= 
2I+1 


and if we are not interested in retaining terms of the 
order P/w in the echo and free-induction signal ampli- 





16 F, Bloch and I. I. Rabi, Revs. Modern Phys. 17, 237 (1945). 
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tudes, we can safely take it as 


0) N ( =") 
———— ° 
. 2I+1 kO 





(42) 


We can now obtain the echo matrices S; and Sy 
after one and two pulses respectively, using (40), (41) 
and (2). Using these matrices and Eq. (3), we get the 
density matrix after the passage of one and two pulses 
respectively. Using (4), we now obtain the following 
expressions for the free induction and echo signals!” 
for spin J=1: 


Free-induction signal : 
2Niw, 


=——— sint sinw,t cos(3P1), 
(27+1)kO 


(Iz) 


Spin-echo signal : 
Nhw, 

~ (2T-+1)kO 

X {cost cos(3P#)—2 cos?(¢/2) cosl3P(#—27) ]}, 


(Iz) sing sin?(/2) sin[w,.(¢—27) ] 


(43) 


where w.+3P are the two frequencies into which the 
original resonance line due to the z-field alone is split 
up by the quadrupole interaction. We have to integrate 
these expressions over the inhomogeneity in the applied 
z-field as in Paper I; we then get the free-induction and 
spin-echo signals as 


Free-induction signal : 





2 
, (44 
al sala 


2Niw | 
(Iz) wer siné cos(3P/) -eo( _ 
Spin-echo signal: 
(Iz) ae = sing sin?(¢/2) 
3 kO 


-{cosé cos3Pt—2 cos?(€/2) cos3P(t—2r) ]}. (45) 


It is evident that in the echo-expression (45), only 
the first term in the brackets causes an “envelope- 
modulation.” The resonance frequencies and the free 
induction and echo signal amplitudes for spins J=1, 
3/2 and 2 have been tabulated in Table IT. A check on 
the correctness of these echo amplitudes is obtained by 
putting P=0, when we get the expression 3/(J+1) 
X (22-+1) sing sin?(¢/2) for spin J, discussed in Paper I. 


CONCLUSION 
We have discussed above the two extreme cases of 
spin-echo formation in crystals with (a) strong quadru- 


17 We have only given the results for the case when the sym- 
metry axis of the axially symmetric electric field gradient tensor, 
at the sites of the resonant nuclei, coincides with the direction of 
the applied magnetic field, i.e., @0=0. 
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TABLE II. Spin-echo amplitudes in the case of strong z-field and weak quadrupole coupling. 














Value of Resonance Free-induction signal 
Spin P(J) frequencies amplitude Echo signal amplitude*® 
1 $00 esp) 2S cos(3 PID) £2 S°C| (CS?) cos(3Pt)—2C cos 3P(t—2r)]} 
3/2 oo ws6P(3/2) Nhesctit cos(6P(3/2))] 5 TSC —2(2C?—S*)?+.6C(C-— 25?) cos(6Pr) 
—9C4 cos[6P(t—2r) ]+3,5?(2C?— S?) cos(6Pt) 
+6C?(C?— 25S?) cos[6P(t—7r)]} 
20q ws 9P(2) 4N ho 2 Nib cy _ 
2 74h wt 3P(2) AX) SC[2 cos9Pi+3 cos3Pt] 5 FQ Cl 16C® cos9P(t—2r) 


—454(S?— 29C*+86C*S?+-20C*) cos (9Pt) 
+12C9(C?-—3S?)(C*+-S*) cos(3P(3t—4r)] 
+24C4S?(2S?(S?— C*)+C4(2+-C*) ] cos[3P(3t— 27) ] 
+12C*(C®&— C4S?— 11S4C?+-17S°— 24S*] cos3 P(t—4r) 
— 36C?(C®— 2S*C+-65°C?— 55°+45") cos3P(t— 27) 
+12(—S§+7S4*C?— 13S?C*+-3C*) cos(3Pt) 
+24S°C?(C8§— C4S?+-C2S4—3S°+-2S*) cos(3P(t+2r)]} 








®C and S denote cos(¢/2) and sin(/2) respectively. In some places, due to lack of space the brackets denoting the spin to which P refers have been 
omitted. In these cases, the P’s naturally stand for the P(/)'s of the corresponding rows. 


pole interaction and weak magnetic field and (b) weak 
quadrupole interaction and strong magnetic field. Ex- 
periments in the former case have already been re- 
ported. But there are as yet no experimental results in 
the latter case. In some cases, such as in Al?’ resonance 
in Al,O; crystal, as Pound? points out, the second order 
perturbation due to electric quadrupole interaction is 
fairly appreciable. In such cases we expect some de- 
parture from the results obtained by the method de- 
tailed above. Nevertheless, using a second order per- 
turbation treatment to handle the electric quadrupole 
interaction, we can obtain the spin-echo amplitudes in 
these cases, using the rudiments of our method. Be- 
sides, we have only discussed the situation when the 
strong magnetic field and the symmetry axis of the 
crystal coincide. We shall subsequently publish the 
results of calculation for the case in which the symmetry 
axis of the crystal makes an angle @ with the strong 
magnetic field. Of course, the most general case would 
be one of “intermediate coupling,” where the quadru- 





pole interaction and the interaction with the 2z-field 
are of the same order. In this case, as Feld and Lamb'* 
have discussed, we have to solve a secular equation to 
obtain the energy levels and eigenkets of the total 
Hamiltonian (29), the two terms 3p and 3%’ being now 
of the same order. A complete solution of this secular 
equation (usually cubic, for spin 1 and higher than 
cubic for spins 7>1) can only be obtained numerically. 
Using the energy values and eigenstates so obtained we 
can then find the R and D matrices using Eqs. (14) 
and (18). Then, proceeding as in the previous cases, 
the free-induction and echo amplitudes may be found 
by evaluating (Jz) after one and two pulses re- 
spectively. 

The authors are indebted to Professor M. N. Saha 
for his keen interest in the progress of the work. They 
are also grateful to Mr. D. K. Roy and Mr. M. K. 
Banerjee for some helpful discussions. 


18 B. T. Feld and W. E. Lamb, Phys. Rev. 67, 15 (1945). 
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Following Das and Saha’s method, the response of a nuclear spin system to four rf pulses has been analyzed 
by using the classical Bloch equations. The calculations enable one to obtain a recursion formula for the 
number of echoes to be expected with m pulses. Besides, the calculations also yield several other results 
important from the experimental view. Thus, they provide a method for obtaining 7, the spin-lattice 
relaxation time, from primary echo measurements alone, and also give an idea of the order of correction 
necessary in a measurement of 72, the “spin-spin relaxation time,” by observation of primary echoes with 
successive paired pulses of gradually changing intervals. 





I. INTRODUCTION 


AHN! first gave the mathematical theory for the 
occurrence of free-induction and spin-echo signals 
when the rf field is applied in the form of short pulses. 
Das and Saha? subsequently showed that in estimating 
the damping effects of diffusion on these signals, the 
frequency difference and phase shift accumulated by a 
certain “isochromatic” group in any free-precession 
interval, by virtue of diffusion, could be regarded as 
independent of those accumulated in the previous 
intervals. Hence they can be averaged independently 
after collecting all the terms that are of even parity in 
all the variables involved. We have followed this pro- 
cedure in our calculations with four pulses, the results 
of which we present in Sec. II. In Sec. III, we have 
interpreted the various terms obtained in Sec. II in 
terms of the primary and stimulated echo mechanisms 
between applied pulses and between echoes and applied 
pulses. One term remains unexplained after applying 
this mode of explanation. It appears to be characteristic 
of four pulses alone and follows a new law of combination 
of intervals as regards its position. We call it a quater- 
nary echo; subsequent calculations with five and six 
pulses also show that we have similar “pentanary” and 
“hexanary” echoes occurring with five and six pulses 
respectively. Using this idea, we establish a recursion 
formula for the number of echoes to be expected in 
general with pulses. In Sec. IV, we discuss the cor- 
rections to be applied to primary and stimulated echo 
envelope measurements with successive groups of two 
and three pulses respectively when the intervals 
between these successive groups are only fractions of 7}. 
A possible method for obtaining 71, by measurements 
on primary echo envelopes alone, is suggested. 


II. RESULTS WITH FOUR PULSES 


As shown in Fig. 1, we take four rf pulses of equal 
width. The angle of nutation during each pulse is 
therefore given by 


£=wily. 


1 E. L. Hahn, Phys. Rev. 80, 580 (1950). 
2 T. P. Das and A. K. Saha, Phys. Rev. 93, 749 (1954). We shall 
refer to this paper henceforth as I. 


We follow the same terminology and notation as in I. 
Thus, we denote the frequency drifts undergone by the 
constituents of a certain isochromatic group in the first 
three free-precession intervals by m10, 121, and 132 
respectively, while we denote the phase shifts in these 
three intervals and in the interval following the fourth 
pulse by ¢10, $21, $32, and gs respectively. The dis- 
tribution functions for these are given by Eqs. (31) 
and (33) of I. Also, for completeness, and to enable 
us to draw conclusions about the number of echoes to 
be expected with » pulses, we assume that the following 
conditions hold regarding the lengths of the different 
free-precession intervals: 


T3> 272 and T2> 2r1. (1) 


If these conditions do not hold, then as we shall pres- 
ently obtain by our calculations, some of the echoes 
will not be observed. 

To obtain the conditions after the passage of the 
fourth pulse, we have to proceed as in I, by solving the 
Bloch equations during and after a pulse, and tabulating 
the solutions at the different stages of passage of pulses. 
For our present purpose, we shall need, besides the 
solutions tabulated in I, viz., those at A, B, C, D, F, 
G, and H, also those at J, J, and K. Following an 
exactly similar procedure as in I, we can then obtain 
the value of V after the passage of four pulses, viz., 
V(K). It will be seen to consist of 22 terms, whose 
positions and the different parts of the amplitudes, 
viz., trigonometric, diffusion damping, and relaxation 
damping parts are tabulated in Table I. The termin- 
ology for the different terms will be explained in Sec. 
III. 


III. DISCUSSION OF THE VARIOUS TERMS IN TABLE I; 
THE RECURSION FORMULA FOR n PULSES 


We shall now explain the terminology used for the 
different terms in Table I and interpret them physically. 
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Fic. 1. Applied rf pulses. 
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These terms can evidently be divided into the following 
categories. 

(a) Free induction terms.—The symbol used for any 
one of these is in general F,, representing the free in- 
duction signal following the mth pulse. In the case of 
four applied pulses there are thus four such terms 
designated by Fi, F2, F3, and F,. 
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(b) Terms arising from a primary echo mechanism 
between any two of the applied pulses.—A typical one is 
denoted by Pimn), which represents the primary echo 
arising from a pair of rf pulses respectively applied at 
instants 7m and r,. The interval between the first pulse 
of the pair and the echo is 2(ta—7m)=25nm, nm repre- 
senting the interval between the pair of pulses. There 


TaBLE I. Amplitudes of the different free induction and echo terms for four pulses.* 



































Trigonometric 
Position of part o! Diffusion damping of 
Term maximum amplitude the amplitude> Relaxation damping of the amplitude 
t 
Fi 0 —sin£é cos®(¢/2) exp EG ri) )| en(-=) 
2 
t— T1 
Fy. 1 —W(C) siné cos*(¢/2) exp (442 6; ‘| en( - ra ) 
a 2 
: h 
PF, T2 —siné sin*(¢/2) exp (+20) {1-t1-ie cost] on(-=)| 
1 
t-— 72 
(3) 
T2 
k 53 
Fe Ts sint oo ~<e480| | 1—(1—cosé) en(-=) 
3 Ti 
—costL1—W(C) cosé] 
T3—T1 t—7; 
onl") ml) 
Ti T2 
T 14 "| t 
Pas 2 } sin®¢ cos*(¢/2) exp -{ Atz> ss) on(-<) 
i r a 2 
rT OR 14 | t 
Pasy 272 } sin®é cos*(£/2) exp -( fitz ss) on(-=) 
= r _ 2 
rT oR 24 4 t—7 
P22) 2re— T1 4W(C) sin®¢ exp ~3( 142 ss) ex - r ) 
e r e 2 
a. 14 7 t 
Paw 273 i sin’¢ cos*(¢/2) exp ~ (s+ ss) en(-—) 
i r a 2 
i, oe 24 a t—r2 
Pia) 2-71 tW(C) sin*t exp ~3( 142 ss) en( - rn ) 
i: r a 2 
> 3,4 j 52 
Pray 273—T2 sing sin?(¢/2) exp --( fe+> ss) | 1—[1—W(C) cost] en(-=) 
Ee r a 1 











( ) 
x 
Ti 





®* Here, 61=7, 62=72—71, 53 =73—72, 54 =i —73, 
fi =3 (t —71)271 +3 (¢ —172)2( 72 — 71) +3 (¢t —72)2(73—72), 
F2=3 (t —72)271 +3 (¢ —72)2( 72 — 71) +3 (¢ —73)2(73—72), 
Se =3(t —7s)271 +3 (¢t —73)2(73 — 71) +3 (¢ —73)2(73—72), 
Sa =3 (t —272+4+71)271 +3 (t —72)2( 72 — 71) +3 (t —73)2(73—72), 
Ss =3 (¢ —273-+-71)271 4-3 (¢ —273-+4+-72)2( 72 — 71) +3 (¢ —72)2(73—72), 
fe =3 (¢ —273-+-172)2714+-3 (t —273-+-72)2(72 — 71) +3 (t —73)2(73—72), 


S21 =3 (t —273-4+-272 —171)271 +3 (¢ —273+72)2( 72 — 71) +3 (¢ —73)2(73—72), 


Sa =3(t —73 —724+-71)271 +3 (t —73)2(72 — 71) +3 (¢t —73)2(73 — 132). 
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b By = &* we mean bm?+d5m413+- + - +5n3. 
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TABLE I (continued). 












































Trigonometric 
Position of part of Diffusion damping of 
Term maximum amplitude the amplitude> Relaxation damping of the amplitude 
> % 14 > 
Pcaazys) 272-271 —} sing sin*(¢/2) exp a D2; ss) en( - ~) 
g r 
_. 14 a f 
P a2) 273-271 —} sing sin*(¢/2) exp -( +z ss) en( - ~) 
& r a T2 
; & 14 5 t 
Pyasya) 273—272 —} sin®¢ sin?(¢/2) exp ~3( #42 is) € no - =) 
z=. 24 i t—7 
P(¢23)4) 273— 272-71 —W(C) sing sin‘(é/2) exp ~( 442 is) en( - : ) 
Les r al 2 
r & 14 “| t 
© Poccaaysy4 2r3—2r2+271 sing sin®(¢/2) exp] — (i z is) en( - ~) 
; f a | . 
L [ & t—re+71 _} 
! Pies) tetnh 3 sin®t sin*(¢/2) exp —Ueteitet tee) en(-— =) 
5 k t— tstT2 53 
| Paw Ts+72 —4 sin*é cos*(¢/2) exp 17 acalialiaiaa en( - ~.) 
g T2 
, & t— aida T3—T1 
Pan) tatn —4 sin*é cost exp —ateetee) en(-— ) 
i Ti 
ae t—rstre—71 53 
P23) T3+7T2—71 —4W(C) sin®t exp} — r (fe+6s°+6,3) en( - SE BAT ~.) 
® 1 
rT Rk 7 t—re+7) Bons 
P((123)4) —(retr1) —4$sin®£ cos*(t/2) exp useless en(-—= n) 
a k Z| t- tate 53 
P(c12)34) t3+72—271 4 sin’¢ sin?(¢/2) exp childlike e(-— ~.) 
| ok a t—tre+nT1 ie 
P(az34) —tetn1 —} sin®£ cos*(é/2) exp Whiteline ‘ en(-— =.) 








are six such echoes in the case of four applied pulses as 


; seen from Table I, and the above law for finding their 


positions is seen to give their positions correctly. 

(c) Terms which can be explained by a primary-echo 
mechanism between primary echoes due to previous applied 
rf pulses and subsequent rf pulses—A typical one is 
denoted by P(mn)p), Which gives the primary echo due 
to primary-echo interaction between the primary echo 
P (mn) and the applied pulse at 7. The interval between 
the echo P((mnyp) and the echo P(mn) is given by 26p, (mn), 
where 8,,(mn) is the interval between the applied rf 
pulse at 7, and the primary echo P(mn), the position of 
the latter being found by the combination rule given in 
the previous paragraph. This rule gives correctly the 
positions of the maxima of four such terms occurring in 
Table I with four applied rf pulses. There is one more 
echo in Table I which comes into this category, viz. 
P«12)3)4), Which represents the primary echo due to 
interaction between the primary echo P,1z)3) and the 


fourth applied pulse. We can make a general notation 
P (((mn)p)q) for this type of echo. The rule for finding its 
position is that it is at an interval 25,, ((mn)p) away from 
the echo P((mn)p) With 5g, (¢mn)p) representing the interval 
between the pulse at 7, and the echo Pcmn)p); the 
position of the latter is found by the combination rule 
given in the first part of this paragraph. A similar inter- 
pretation may be given to terms like P(((...(mn)p)+++)+++))) 
which may arise with more than four applied rf pulses. 

(d) Terms which may be explained by a “stimulated” 
echo mechanism between three applied pulses.—A typical 
one we denote by P(mnp), arising out of the three applied 
pulses at tm, 7, and 77; the rule for finding its position 
is that it is situated an interval (ra—Tm)+(Tp—Tm), 
i.e., dpn-+25nm away from the first of the trio. There are 
clearly four such echo terms in Table I, and the above 
law of combination evidently gives the positions of 
their maxima correctly. 
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(e) Terms which can be explained as arising from a 
primary echo mechanism between a stimulated echo due 
to three previous rf pulses and a subsequent rf pulse.—A 
typical one is denoted by Pi(mnp)g), arising out of a 
primary echo—mechanism between the stimulated echo 
P (mnp) and the applied pulse at 7,. The law of combina- 
tion of intervals for finding the position of this echo is 
that it is an interval 25,, (¢mnp) away from the stimulated 
echo P(mnp), 5g, (mnp) Tepresenting the interval between 
tT, and the echo P(mnp), the position of the latter being 
given by the rule in the preceding paragraph. There is 
evidently one such echo in Table I for four applied rf 
pulses, viz. P.(123)4), and the above rule is seen to give 
its position correctly. 

(f) Terms which can be explained as arising out of a 
“stimulated-echo”’ mechanism between an echo (primary 
or stimulated) and two subsequent pulses.—A typical one 
is denoted by P(imn)pq) OF P((mn)pq), according as the 
previous echo contributing to the “stimulated echo” 
mechanism in question is the “stimulated echo” P(imn) 
or the primary echo Pimn) respectively, the rule for 
finding the position being easily found by a combination 
of the different rules given in the previous paragraphs. 
We have only one such echo, viz. P(12)34) in the case of 
four pulses tabulated in Table I. 

(g) Final term.—Finally we have one echo which we 
have denoted by P1234), with a maximum occurring at 
273— 72+71, which we cannot explain by the mechanism 
discussed in the above paragraphs. It appears to be due 
to a new type of combination of intervals which we call 
“quaternary,” characteristic of four pulses, and analo- 
gous to the “primary” combination with two pulses, 
and the “stimulated” combination with three pulses. 
The rule for finding its position when written in terms 
of the interval between the pulses is also interesting; it 
‘is at an interval 25;+6:+26, (see Fig. 1) away from 
the first pulse as compared to 62+ 26, for the stimulated 
and 26, for the primary echo mechanisms. We have also 
carried out calculations with five and six applied rf 
pulses, when “pentanary” and “hexanary” mechanisms 
following the combination rules 644+263;+6:+26, and 
253+64+ 253+62+ 26; are found as well. Hence we find 
that there is a new law of combination giving rise to a 
special type of echo, coming in with every extra applied 
pulse. Of course, all these can be explained by the 
rotating vector models developed by Hahn.!* In 
general, the law of combination involving 1 pulses, 
giving the interval of the echo in question from the first 
pulse of the group, will thus be given by 


2(6n—-1t+8n—st + + > +81) + (6n-2t+bn_st * - + +60), 
for n even, 


(nr t+8n—st + > +52)+2(6n-2t+6n-at - - > +61) 
for n odd. 


(2) 


3 For a specially simplified picture for explaining the origin of 
these mechanisms, we can consider rotating models with a 90° 
pulse followed by 180° pulses, as discussed by H. Y. Carr and 
E. M. Purcell, Phys. Rev. 94, 630 (1954). 
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51, 52, +++, representing the intervals between successive 
pulses starting from the first one. 

These considerations enable us to obtain a recursion 
formula for the number of echoes, yn, to be expected 
with m pulses. 

(a) Number of primary echoes due to interaction 
directly between the mth pulse and any of the previous 


—1 
pulses= fy 1 ). 


(6) Number of primary echoes due to interaction 


between mth pulse and previous echoes=yn_-1 +n © 


q+ +p, 
(c) Number of stimulated echoes between mth pulse 
: n—1 
and any two of the previous pulses= > 


(d) Number of stimulated echoes between nth and F 


(m—1)th pulses and a previous echo= yn_2+Yn-3+ °°: 
+. 


(e) Number of quaternary mechanism echoes between | 
') the 
© ech 


n—1 
3 
(f) Number of quaternary mechanism echoes between 
the previous echoes and last three pulses= yn_st+Yn-s 
+> >o% 


(g) Number of (m—1)-mechanism echoes between 


one | 


nth pulse and three previous pulses= 


nth pulse and (z—2) previous pulses= 


(hk) Number of (n—1)-mechanism echoes between the | 


last pulses and previous echoes= yo+1. 


1 


—1 ‘ 
(i) Number of n-mechanism echoes= ( ie )=t ; 


We therefore have 


n—1 n—1 n—1 
w= ( ! )+( 2 Je) 
+L y nat 2yn2t- + +1yn-r+- > 
+ (n—2)y2+ (n—1) 91] 
= (2)"7—14[yn-rt2ynet + 7a: 


+(n—2)y2+(n—1)y1]. (3) 


By using yi=0, the formula (3) gives ye=1, y3=4, 
ya= 13, ys=39, ye=112, in agreement with the results 
of direct calculations with 2, 3, 4, 5 and 6 pulses, respec- 
tively. The laws of combination giving rise to the 
different echoes with four pulses are shown in Fig. 2, 
where a horizontal line is drawn to represent the mode 
of combination for each echo, the dots representing the 
parent pulses and the crosses the echoes obtained from 
them. 

Of course it is to be remembered that the recursion 
formula (3) holds only under the conditions: 


to ‘fee El A> 2Ta~2; etc. ; 
or, in terms of 6, (4) 
6n—1> 5 n—-2>On—3> ree >6,. 


If these conditions do not hold, some of the echoes 
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Fic. 2. Diagram illustrating 
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predicted by (3) will not be observed. Moreover, one 
may enquire why we do not observe all these echoes 
discussed above when we apply successive pairs of 
pulses of increasing intervals, as in primary-echo en- 
velope measurements.! The reason is that in such 
measurements, the pulse intervals do not evidently 
satisfy the conditions (4) so that some of the echoes 
discussed above do not occur. Further, it is to be ex- 
pected that since the applied pulses now consist of pairs 
of pulses with fairly large gaps between successive 
pairs, all the echoes arising out of pulses belonging to 
different pairs will be heavily damped and so disappear 
in noise. Only the primary echoes between pulses within 
a pair will have significant amplitude and will be 
observed. 

The aforementioned analysis for echoes with four 
pulses has an important practical application. Thus, it is 
difficult to set the angle of nutation £=wty at exactly 


CaS eay Cex es 














4:1 /03)4)aw lame) Fish BO % 
Yea) 4% pt “tee why — %oh) 








1/2, because w:= yH,, and H,, the rf field amplitude can- 
not be measured accurately by a direct method. But the 
present investigation gives us a way to attain this end. 
Thus we see that the stimulated echo due to the first, 
second, and fourth pulses has an amplitude given by 








Skry 
P 124) = —3 sin®é cost (ex- , ~kntrs) 
271 73-71 (5) 
xexp( -—*— ). 
T2 y 


Thus if a circuit be arranged to give four successive 
rf pulses with intervals satisfying (1) and also such that 
the diffusion and relaxation dampings are small, and 
then the groups of pulses be repeated at a rate faster 
than that necessary for persistence of vision, the full 
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Fic. 3. Arrangements of rf pulses for Hahn 
primary-echo experiment. 

















echo pattern can be seen, from which the particular 
echo of interest, viz. P24), may be chosen from its 
position. Now, keeping the pulse-width #, constant, the 
rf voltage from the oscillator may be varied till this 
echo vanishes. The value of H, when this occurs is the 
value necessary for making §<=wit»=7/2. 


IV. APPLICATIONS TO HAHN’S MEASUREMENTS ON 
PRIMARY AND SECONDARY ECHOES 


The aforementioned analysis with four applied pulses 
also has interesting applications in experimental meas- 
urements on primary and stimulated echoes, with groups 
of two and three pulses respectively. Thus, it gives us a 
possible method of obtaining 7, from primary echo 
measurements alone, and also a correction to measure- 
ment of T2 from observations on primary echoes. Hahn,! 
in his experiments on the primary echo, applies paired 
pulses (Fig. 3) with intervals d1, d2, ds, ---, respectively 
between members of successive pairs, the intervals 
between the last member of the (n—1)th pair and the 
first member of the mth pair being denoted by fp, (n-1). 
The interval between the first pulses of successive pairs 
is denoted by x, which is usually kept constant. 

From Table I, we get the primary echo amplitude 
due to the first pair of pulses as 


2d, 5Skd? 
A,=siné sin?(¢/2) «(-=—— ). 





The primary echo amplitude due to the second pair of 
pulses is given by 


‘me snt&/2)} 1+[W'(D)-1] exp(- =) | 


2d2 5Skd2® 
(2) 


where W’(D) represents that part of W(D) which is 
contributed by the W’s of the previous instants. The 
term 





c= 1+{W’(D)—1} exp(— p21/T1) (6) 


gives the effect, on the primary-echo amplitude, of the 
memory retained by the spin system regarding the con- 
ditions established by the previous pair of pulses, and 
is a consequence of the fact that thermal equilibrium 
is not attained in the interval between the two suc- 
cessive pairs of pulses. Similar calculations with a third 
pair of pulses gives the primary-echo amplitude due to 
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these as 


As=sing sin*(¢/2)}1+[W’(J)—1] ex( a =) 


2d3 5Skd;’ 
xex( a ) 
T2 3 


If we now use pulses with £=72/2, then the C term for 
the primary echo due to the nth pair of pulses will have 
the general form 


[1—exp(— pn, n1/T1) ]. 


This factor we shall call the ‘memory damping” factor 
in the primary-echo experiment. This “memory damp- 
ing” effect provides us with a method of obtaining 7; 
from primary-echo measurements alone. Thus, from 
Fig. 3, we have 





Pn, n—1>%— dot 


Hence the amplitude of the primary echo due to the nth f 


pair of pulses will be given by 


2d, 5k 
An=siné sin?(é/2) ep( ay ‘) 


2 


: Fame ese | 


If now the d,’s be kept constant and the. interval 
between the successive pairs of pulses be varied, then 
the primary-echo envelope will be given by 


—d 
Ay«[1-exp(-— | (7) 
1 


Thus, we can arrange a circuit to give us paired pulses 
with equal intervals between the members of each pair, 
but with gradually decreasing intervals x between suc- 
cessive pairs, starting from a value of x large compared 
to Ti, corresponding to attainment of thermal equi- 
librium between successive pairs of pulses, till x is of 
the order of 7; or even smaller. By taking multiple 
exposures we shall then get the echo envelope giving 
by (7), and by taking a log-plot of this envelope we can 
then evaluate 7; directly. 

In Hahn’s primary-echo experiment to measure 7», 
on the other hand, x is kept constant and d is varied. 
In such a case, unless x>>d, there will be a correction 
due to the “memory damping” factor. Thus, considering 
the primary echoes due to the second and third pairs 
of pulses, we have 


Az 1— —exp[— (w—ds)/Ti]_ exp(— 2d2/T2) 


he 1-— —exp[— (x—d:)/T:] exp(— 2d3/T2) 


If we had neglected the momemory damping factor, we 
would have had 


A: _exp(— 2d2/T>') 
mae exp(— 2d;/T2’) 
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T,' representing the uncorrected value of 72. Then, 
putting 
d,—d,=d3—d,= - +» =d,—dni=B 


as employed in Hahn’s experiment,' we get 


dead 
T, T:! 28 ass ses T; rT 


Of course, in general, the correction will be small, 
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because, for 7; large, 8/T1 is small and for 7; small 
x/T, can be made large. A similar correction for 
“memory damping” will apply to stimulated echo 
measurement with groups of three pulses also. 
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The purpose of this paper is twofold. One is to analyze the 
group-theoretical significance of the Dirac bracket and to examine, 
in particular, the apparent ambiguities in the presence of both 
first-class and second-class constraints. The other is to prepare 
the ground for the utilization of the Dirac bracket for the quan- 
tization of generally covariant theories. It is shown that the Dirac 
bracket represents the commutator of infinitesimal transformations 
in phase space which are not canonical but form a group, in that 


_ they are the only transformations that preserve the form of all 
_ the constraints of a theory as well as the canonical form of the 
' equations of motion. This group of transformations possesses an 
‘invariant subgroup: those transformations that correspond to 
' coordinate transformations, gauge transformations and the like. 


1, INTRODUCTION 


T is well known that the quantization of a given 
classical field theory is not a straightforward unique 
process. The replacement of classical Poisson brackets 
by commutators between operators cannot be carried 
out simultaneously for all conceivable dynamical vari- 
ables without leading to internal inconsistencies. Ordi- 
narily, the formulation of commutators is therefore 
restricted at first to a certain class of variables, such 
as the canonical coordinates of the theory,! all other 
commutators being obtained subsequently by calcu- 
lations from this primary set. But a given classical field 
theory may be set up in terms of any set of canonically 
conjugate variables; the transition from Poisson 
brackets to operator commutators then leads to differ- 
ent quantum theories depending on the canonical coor- 
dinate system chosen. Hence the usual prescription is 
ambiguous unless we can single out a particular canon- 
ical coordinate system for the transition to quantum 
theory. 
This situation is somewhat less ambiguous in quantum 
mechanics. There the rule is to carry out the quantiza- 





* This work was supported by the Office of Naval Research. 
1R. E. Peierls, Proc. Roy. Soc. (London) A214, 143 (1952). 


From this subgroup, we can construct the factor group. All 
members of the original group have generators, but the generators 
of the invariant subgroup are zero. There is, then, a one-to-one 
correspondence between the nonvanishing generators and the 
members of the factor group. The Dirac bracket is uniquely 
defined for all dynamical variables that can serve as generators; 
excluded are variables that have no invariant significance (such 
as the divergence of the electromagnetic vector potential). If it is 
possible to identify all these permissible generators, then the 
theory can be reformulated in terms of these and will be free of 
constraints. It is proposed to adopt the set of generators and the 
Dirac brackets between them as the point of departure for the 
formulation of covariant quantum theories. 


tion in Cartesian (or Lorentzian) coordinates and to go 
over to other coordinate systems only after quantiza- 
tion. This rule can be transferred to field theories that 
are “essentially linear.” An essentially linear theory is 
one whose Lagrangian can be split naturally into a 
“free field” part and an “interaction” part, such as the 
Lagrangian of electrodynamics. This separation of the 
Lagrangian into two components, of which the former 
is purely quadratic in the field variables, remains 
preserved under linear-homogeneous variable trans- 
formations. There is, then, a set of privileged and 
identifiable canonical coordinate systems, any one of 
which may be adopted as the point of departure for 
quantization. The resulting theories are all equivalent 
to each other, except for terms that are readily identi- 
fied as so-called zero-point energy terms. Such terms 
can be subtracted from a given Lagrangian or Hamil- 
tonian without serious consequences. There is some 
doubt about the ultimate justification for such a pro- 
cedure, especially in the event of strong coupling, but 
we shall not concern ourselves with that question here. 

Generally covariant theories are not essentially 
linear. Moreover, the most convenient canonical coor- 
dinates of such a theory, i.e., the initial field variables 
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and their canonical conjugates, are not ordinarily 
observables in the quantum-theoretical sense. It is 
true that the Hilbert space of physically possible states 
can be imbedded in a linear vector space containing 
also physically meaningless states, and that all the 
dynamical variables of the classical theory can be 
identified with linear operations in this larger space. 
But this construction is by no means unique; it does 
not appear likely that with its help the unitary trans- 
formations in Hilbert space can be identified more 
readily with the classical canonical transformations and 
their generators. ; 

Dirac? has opened a new approach. He has introduced 
into the classical theory a new type of bracket (which, 
with some further modifications, we shall call the Dirac 
bracket) that corresponds closely to mapping operations 
among physically meaningful states. The Dirac bracket 
avoids a number of mathematical pitfalls of the Poisson 
bracket as applied to covariant field theories. We shall 
give this new bracket a precise transformation-theo- 
retical significance. In the concluding section we shall 
indicate the course of quantization. 

Briefly, the thesis of this paper is the following. An 
ordinary classical theory may be described fully in 
terms of the structure of its group of canonical trans- 
formations. The corresponding quantum theory will 
have a corresponding group of unitary transformations 
whose commutator algebra is similar. The quantum 
theory can be fully characterized by a precise statement 
in which respects the classical group of canonical trans- 
formations and the quantum group of unitary trans- 
formations are alike. In a covariant theory there is, 
first of all, a group of transformations that maintains 
the covariance properties; this is the basic group, and 
it takes over the role of the canonical transformations in 
an ordinary theory. But this group contains a subgroup, 
those transformations that make up the invariance 
group of the theory itself (or of the class of theories). 
The transformations belonging to this subgroup do not 
map a state into a different state, but into the same 
state described in a different representation. (Coor- 
dinate transformations, gauge transformations and the 
like.) These transformations have generators that 
vanish. They form an invariant (or normal) subgroup, 
hence it is possible to construct a factor group of trans- 
formations which, though preserving the invariance 
character of the theory, lead from one physically mean- 
ingful state to another, different one. The generators 
of the factor group are different from zero (except, of 
course, for the identity mapping); moreover, there is 
a one-to-one relationship between the (abstract) factor 
group and the generators, which may be considered as 
a true realization of the factor group. It is our con- 
tention that this factor group represents the appropriate 
point of departure for quantization. Theories possessing 


2P. A. M. Dirac, Can. J. Math. 2, 129 (1950); 3, 1 (1951). 


aogiy Anderson and P, G. Bergmann, Phys. Rev. 83, 1018 
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identical covariance properties differ from each other 
in the structure of the factor group. Hence the factor 
group is the distinguishing mark of a particular quan- 
tized theory within the set of theories possessing the 
required covariance properties. 

This point of view will not provide a logarithm per. 
mitting the unique quantization of any given theory. 
But if sustained, it will make possible a more effective 
and unhampered analysis of the particular charac- 
teristics of a given theory while guaranteeing the desired 
covariance properties as a matter of course. 


2. ORIGIN OF CONSTRAINTS. CANONICAL 
TRANSFORMATIONS 


When a theory whose differential equations can be 
derived from a variational principle is invariant with 
respect to a group of transformations that involve 
arbitrary functions of the coordinates, including the | 
time, then invariably the Lagrangian of such a theory [ 
is singular in the following sense: The matrix L4? of | 
the expressions that are the second mixed derivatives 
of the Lagrangian density with respect to the time 
derivatives of the field variables ya and yz (ie., 
L/dys0yz) is singular, and its null vectors are related 
to the changes in the field variables y4 under an infini- 
tesimal transformation belonging to the invariance 
group.‘> The consequences of this singularity are mani- 
fold: the field equations are not independent of each 
other, but satisfy differential identities; some linear 
combinations of the field equations are free of second 
time derivatives; and though the canonical momentum 
densities are uniquely determined in terms of the field 
variables and their time derivatives, they are alge- 
braically related to each other through what we have 
called the (primary) constraints. If we go over to a 
canonical formulation of the theory, then these primary 
constraints occur with arbitrary coefficients in the 
Hamiltonian.?-+-* The requirement that the constraints 
remain satisfied in the course of time if they are satisfied 
at the time fp leads to additional constraints* (secondary 
constraints). Both the primary and the secondary con- 
straints are what Dirac calls first-class constraints.’ 
That is, the Poisson brackets between any of these con- 
straints vanish, provided only the constraints them- 
selves are satisfied. Moreover, the Poisson brackets 
between a complete set of such constraints and the 
Hamiltonian vanish, too, again modulo the constraints. 

Aside from constraints that are related to the co- 
variance properties of a theory we may encounter 
additional constraints. These arise, for instance, if in a 
Lagrangian certain of the time derivatives of the field 
variables are introduced as formally independent vari- 
ables or if, for any other reasons, the time derivatives 

‘L. Rosenfeld, Ann. Physik 5, 113 (1930); Ann. Inst. H. 
Poincaré 2, 25 (1932). 

5 P. G. Bergmann, Phys. Rev. 75, 680 (1949); P. G. Bergmann 
and H. M. Brunings, Revs. Modern Phys. 21, 480 (1949). 


6 Bergmann, Penfield, Schiller, and Zatzkis, Phys. Rev. 80, 81 
(1950); R. Penfield, Phys. Rev. 84, 737 (1951). 
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of certain of the field variables enter the Lagrangian 
linearly rather than quadratically. The most important 
instance of such field variables are probably those 
representing de Broglie waves of particles. In all cases, 
the derivative of the Lagrangian density with respect 
to one of the time derivatives is free of such time 
derivatives; and thus the corresponding canonical 
momentum density is a function of the undifferentiated 
field variables. These constraints generally will have 
nonvanishing Poisson brackets with each other,’ though 
their Poisson brackets with the Hamiltonian will vanish 
modulo the constraints themselves. Dirac calls this 
type of constraint a second-class constraint.” 

In a quantized theory that is patterned after the cor- 
responding classical theory, the observables represent- 
ing constraints must, of course, have zero expectation 
values. In fact, if we construct a base system of Hilbert 
vectors that are all physically meaningful states (i.e., 
in which for each base vector W and for each constraint 
C* the expectation value C* vanishes), then all matrix 
elements of every constraint must be zero. This re- 
quirement is inconsistent with the fact that there 
are undoubtedly dynamical variables whose Poisson 
brackets with the constraints fail to vanish, which in 
fact are equal to 1. At least there is an inconsistency 


' as long as we attempt to have each classical dynamical 


variable possess a counter-part Hermitian operator and 


| as long as each Poisson bracket is to go over into an 


operator commutator. The contradiction is particularly 
glaring for second-class constraints: For second-class 
constraints it is generally possible to construct two 
constraints whose Poisson bracket equals 1. 

Dirac? has constructed a new type of bracket (the 
Dirac bracket) which vanishes whenever one of the 
two factors is a second-class constraint. It differs from 
the ordinary Poisson bracket by terms that are bilinear 
in Poisson brackets involving second-class constraints. 
For a system with a finite number of degrees of 
freedom, the Dirac bracket (A,B)* is defined in terms 
of the Poisson brackets by the expression: 


(A,B)*= (A,B)+(A,C*) (B,C) Fas, (2.1) 


where the summations are to be extended over all 
second-class constraints and where the quantities Fy, 
are the elements of the matrix reciprocal to the matrix 
consisting of the Poisson brackets between the second- 
class constraints, e.g., 


Fap(C®,C*) =8,°. (2.2) 
If a theory contains both first-class and second-class 
constraints, then Dirac’s prescription requires that the 
constraints be replaced by algebraic combinations 
between them so that the number of second-class con- 
straints is made as small as possible. The Dirac brackets 
are shown, through straightforward computation, to 


7E. Newman (to be published). 


satisfy the Jacobi identities, 
((A,B)*,C)*+ ((B,C)*,A)*+ ((C,A)*,B)*=0. (2.3) 


Hence they may be adopted as the prototypes of the 
quantum-theoretical commutators, instead of the usual 
Poisson brackets. 

We shall now develop a formalism (in the c-number 
theory) that leads directly to the group property of the 
Dirac brackets and which does not require the explicit 
separation of the first-class and second-class constraints. 
In order to simplify matters, we shall demonstrate our 
approach on a theory with a finite number of degrees 
of freedom. Transition to a field theory involves no 
additional features. 

We start out with the well-known variational prin- 
ciple in phase space from which the canonical equations 
of motion can be derived as Euler-Lagrange equations, 


s= [ Lat, L=piGe—H(q,0,), (2.4) 
to which must be added a number of constraints, which 
we shall symbolize by the notation 


C* (qu, Prt) =0. (2.5) 


When we carry out an arbitrary transformation in 
phase space (not necessarily a canonical transforma- 
tion), then the Lagrangian L, as a function of its 
arguments gi, Gx, px, t, will change as follows: 

= aL aL 
8" L=Q——iq.-—_5 pi — 5h 

Ogx Opr Ok 


d oH oH 
=—(0—pba)+ (—his ort (——a on. 
t Ook 0 


k 


(2.6) 


In this expression, Q is an arbitrary exact time deriva- 
tive [i.e., the time derivative of an arbitrary point 
function in phase space, Q(q,9,t) ], to be restricted later. 
In general, these additions to the Lagrangian L will 
be such as to change its form, and the equations of 
motion in the transformed coordinate system will no 
longer possess the canonical form. If the canonical form 
is to be preserved, the change in Z must have the form 


oH oH 
8”L=—5"”H=F(q,p,t)+—dq.+—op. (2.7) 
Ogx OPK 
Comparing Egs. (2.6) and (2.7), we have 


d 
ra — prdqu)+Prdqe—Gipr=F(q,p,!) (2.8) 


as a condition that places restrictions on both the trans- 
formation quantities 5g., 5, and on the choice of Q. 

If we disregard the constraints, then the condition 
(2.8) forces us to assign to the coefficients of the time 
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derivatives of the canonical coordinates such values 
as to convert them into an exact time derivative. Hence 
we obtain the customary conditions for an infinitesimal 
canonical transformation: 


6a.= aC /Opx, 6p.= — aC /Oq, 
=—aC/at, O+C—prdqe=0. 


The choice of a single dynamical variable, the ‘“‘gener- 
ating function” C, whose dependence on gq, #, and ¢ is 
arbitrary, determines all the other transformation 
quantities, including the variable Q. 


(2.9) 


3. TRANSFORMATIONS WITH CONSTRAINTS 


In a self-consistent theory, the constraints are con- 
stants of the motion, at least modulo themselves. That 
is to say, if the constraints are all satisfied at some time 
to, then they will remain satisfied if the canonical 
equations of motion are obeyed. Formally, we have 
then: 

dC*/dt+ (C*,H)=a%C°. (3.1) 
If a theory initially possesses constraints not obeying 
the conditions (3.1), then it will be necessary to add the 
left-hand sides of (3.1) to the constraints and form their 
time derivatives in turn, and so forth, until the iteration 
of this procedure produces no further constraints. This 
procedure may, in the case of a contrived example, also 
lead to unacceptable requirements on the dynamical 
variables. In that case the original variational principle 
was not a physically reasonable point of departure. 

Under a transformation (2.6) or (2.9), the constraints 
will generally change their forms. If they do, then a 
peculiar difficulty arises in the subsequent quantization 
of such a theory. In the quantized theory, the trans- 
formation group corresponding to the infinitesimal 
canonical transformations is that of infinitesimal uni- 
tary transformations, which are generated by Hermitian 
operators in Hilbert space. These generators are then 
interpreted as the observables of the theory. In these 
presence of constraints, these two roles of the Hermitian 
operators may come into conflict with each other. As 
an observable, the constraint must vanish. As the 
generator of an infinitesimal unitary transformation it 
must not. This conflict is particularly serious in the 
case of “second-class” constraints. The canonical trans- 
formations generated by two suitably chosen second- 
class constraints are noncommutative, hence their 
Poisson bracket is nonzero. But, clearly, two Hermitian 
operators in quantum theory cannot have the eigen- 
value zero with the same state vector and also possess 
a commutator whose expectation value is different 
from zero. With a first-class constraint, the situation is 
not much better. By definition, a first-class constraint 
commutes with all other constraints. Hence there must 
be some nonconstraint Hermitian operator with which 
it does not commute. The constraint, then, though 
itself zero for physically permissible states will generate 
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a unitary transformation in which at least some ob- 
servables change their values. 

It would be much more convincing if we could for. 
mulate an operator algebra such that the constraints 
are not only zero in the whole Hilbert space (the latter 
consisting, presumably, only of permissible states) but 
as a result commute with every true observable. In this 
section we shall construct a transformation -group in 
classical phase space that has this property. 

We shall consider the group of all (infinitesimal) 
transformations that leave the constraints unchanged 
(modulo the constraints themselves) and which preserve 
the canonical form of the equations of motion. To 
accomplish this aim, we consider the hypersurface in 
phase space on which all constraints, Eqs. (2.5), are 
satisfied. Because of Eqs. (3.1) the motion will not lead 
outside this hypersurface. Likewise, the coordinate 
transformation in phase space must be tangential to 
the same hypersurface C*=0 if the constraints are to 
remain intact. To facilitate the notation, we shall 
designate the gq, px uniformly by &, with the index » 
running from 1 to 2m (m being the number of degrees 
of freedom). The set of constant coefficients occurring 
in the canonical equations of motion shall be designated 
by the symbol e¢*’, so that the canonical equations of 
motion themselves take the form 


oH S £ 
ge= vr, c= ( ). 
ae at * 


w+er=0, det|e”|=1. 


(3.2) 


(3.3) 


To identify the hypersurface itself, we shall introduce 
(2n—mo) parameters x", m being the total number of 
constraints C*. In other words, the hypersurface C*=0 
will be characterized by the & being specified functions 
of the «". Whenever we find this convenient, we may 
extend the definition of the parameters in phase space, 
so that the 2m functions C*, x" form a coordinate system 








(albeit a noncanonical coordinate system) throughout 


phase space. 

Equation (3.1) specifies that the equations of motion 
will not lead a representative point on our hypersurface 
off it. Likewise, we shall consider only such (infinites- 
imal) coordinate transformations in phase space that 
map the hypersurface on itself, which is another way 
of saying that the constraints do not change the form 
of their dependence on the canonical coordinates %’. 
These two statements may be expressed concisely by 
the two equations: 


Oe” 0g” 
= —i", s’=—#ix". (3.4) 
Ox” Ox" 


These conditions are equivalent to the two requirements 
that 





0Cce a 
Ce=—#=0, 8C°=—#?’=0. (3.5) 
av ag” 
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Returning to Eq. (2.8), we find that the canonical 
equations will be reproduced if 


oe Of ar 
€wE"5E? + F = €yy— —a2™5x"+F =— 
Ox™ Ox” dt 
(3.6) 
or or 
=——_j™+—. 
ox™ ot 


We are thus led to the requirements: 
émnda"= OT /Ox™, F=ad/dt=sH, 
Q+T— pidiq.=0. 


In the first of these relations, the coefficients ém, are 


(3.7) 


nate E short for 


dg" ae” 
€mn=— — Eps = Fb" | nurs 
Ox™ Ox” 


0 —-I 
om (_ 9 ). ype” = 5," 


and are antis mmetric in their subscripts m,n. (In 


(3.8) 


_what follows we shall designate differentiation with 
respect to the canonical coordinates by the comma 
| symbol, differentiation with respect to a constraint by 


the vertical bar, followed by a subscript a, b, ---, and 
differentiation with respect to a parameter also by the 
vertical var, followed by a subscript m, n, . . ..) All these 
relations are to be considered valid only on the hyper- 
surface C*=0. Hence the dependence of the new 
generating function I on the C*, does not affect the 
situation; we may add to a generating function any 
expression that vanishes together with the constraints, 
without affecting the resulting transformation. Equa- 
tions (3.8) are also manifestly invariant with respect 
to any transformation of the parameters such that the 
new parameters x’ are algebraically independent func- 


tions of the x" and C* and the new constraints C’” 


algebraically independent functions of the original con- 
straints C* and the parameters x”, as long as C*=0 
and C’*=(0 imply each other. We conclude that any 
general algebraic property of the new coefficients é€mn 
is independent of these choices. 

Depending on the constraints C*, the matrix €m, may 
be regular or singular. We shall find that éma will be 
regular if all the constraints are second-class con- 
straints, and singular in the presence of first-class 
constraints. Moreover, the number of algebraically 
independent second-class constraints (the minimum 
number that can be achieved) equals the rank of the 
matrix émn. To prove these assertions we shall assume 
_ there are S null vectors, designated by the symbol 

"(a)) 


€EmnU™ (4) = E"| mEwe’ | nU (2) = 0. (3.9) 
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We multiply Eq. (3.9) by x, and obtain: 
O=2™ p£"1me"|n€wU(e) 
= (6,"— c*, ot" ta) Ew” nU" (2), (3.10) 
€pr6”|nU" (2) =C% pf" [a€ ure" nU™ (0) =C% p€anU (2), 
€an= "ae" |n€ur- 


In view of the circumstance that e¢,, is a regular matrix, 
its reciprocal ¢”” exists (the elements are all 0, 1, and 


~«f}, 


€upe?*=5," (3.11) 
and we can multiply Eq. (3.10) by it: 
[nU (0) = °C, ob aE upe?nU (0); (3.12) 


= "Co ptanU *e). 


We shall multiply this equation by C®,, noting, inci- 
dentally, that 


A, ,B, €°°= (A,B) (3.13) 
is the usual Poisson bracket between the two arbitrary 
functions A and B. We obtain: 


0= (C2,C*) €anU" (2) 


= (C2,C°) U.e)a, (3.14) 


U )e™ €an en 


The matrix of Poisson brackets between the constraints 
is the one used by Dirac to determine the maximum 
number of first-class constraints that can be obtained 
by algebraic combination. We must still show that the 
S vectors Us)q do not vanish. We multiply Eq. (3.12) 
by 2": 


Us) es (x™,C*) U.e)a (3.15) 
because of the definition, last Eq. (3.14). 

We shall now return to the first Eq. (3.7). If the 
matrix €mn is regular, then we may introduce the 
reciprocal matrix «”", multiply through, and obtain an 
explicit expression for the transformation quantities 
6x": 

é2*= e™*T' in. (3.16) 
The final expression for the transformation law is: 


SEP FO, HPT EP EMME g. (3.17) 
This transformation law is not identical with that 
propounded in Eq. (2.9), because the new matrix e*?” 
is not identical with the matrix «’. We have, for 


instance, 
(3.18) 


Co ,€*°=0, 
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If we form the new bracket (the “Dirac bracket’) 
{A,B} =A.,B, -¢*?°=5pA 


3.19 

=A |mBime™", ( 

then we find that the Dirac bracket of a constraint with 

any other dynamical variable vanishes. It follows that 

if two dynamical variables [ and I differ from each 

other by an expression that vanishes when the con- 

straints are satisfied, then they generate the same 
transformation. 

The group-theoretical commutator of two. trans- 
formations (3.17) must be a transformation of the 
same type, because Eq. (3.17) represents the most 
general point-to-point transformation in phase space 
that leaves a certain set of (essentially second-class) 
constraints invariant. Let us examine the generator of 
the commutator. We have, as a general rule, for the 
commutator of two point-to-point transformations in 
any kind of space the expression 


Sa¥= (514), bax? — (Sox), ,dix?. (3.20) 


If the expression for the transformation law (3.19) is 
substituted into the commutator law (3.20), then a 
brief calculation shows that the commutator trans- 
formation is in fact generated by the Dirac bracket of 
the two generators of the commuted transformations. 
In the (otherwise straightforward) calculation it is 
important that the matrix ¢€», satisfies the cyclic 
commutation law 


55k tb es] gH Ej =O. (3.21) 


Because of the group-theoretical significance of the 
Dirac bracket, the Jacobi relationship, 


{{A,B},C}+{{B,C},A}+{{C,A},B} =0, 


can be inferred without any additional calculations. 

Next we come to the more difficult case of a singular 
matrix. Now we have S§ null vectors satisfying Eq. 
(3.15). If we multiply the first set of Eqs. (3.7) by one 
of these null vectors, we obtain S restrictions on the 
generating function, 


(3.22) 


Pj nU* ey =T,, p£?1nU" (ey =0. (3.23) 
But this restriction on the generating function is 
matched by a lack of determination of the transforma- 
tion itself by the generating function. Given a gener- 
ating function that satisfies the condition (3.23), we 
find in accordance with Eq. (3.7) that the transforma- 
tion quantities 6x" are thereby determined only up to 
a linear combination of null vectors. In particular it is 
conceivable that we have a nonvanishing transforma- 
tion with a zero generating function. We shall now 
proceed to determine the generating function of a com- 
mutator transformation. Given two transformations 
identified by the indices 1 and 2, respectively, we have, 
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according to Eqs. (3.7) and (3.20), for the generating 
function of the commutator the expression: 


TV n= End! = €ns (51%); 204 — nj (S2x") | 510* 
=D yin gdox?—T'o) nsd1¥*— (€ns] j— €ngs)O10 Sx! 
=P yn jbox?—T 2) nsd10*+ €45) nd 1x Sox! 
= (Py Sox? —T 9) 610+ €:j51052x") |p, 
P=Py Pori—Toy dine, rv dar, 


(3.24) 


Because of Eqs. (3.15) and (3.23), the value of I is 
not affected if we add to the two commuted transforma- 
tion laws arbitrary combinations of the S null vectors 
Us). Hence T' is uniquely determined by the two 
generators IT’; and Ip. We shall call the expression on 


the right in the last line of Eq. (3.24) the (generalized) f 


Dirac bracket. It satisfies all the properties that a com- 
mutator must satisfy, including the Jacobi relationship. 
It is properly defined only for variables I; and I’2 which 
in their own right satisfy the condition (3.23). 
Equation (3.24) leads in particular to the result 
that if one of the two generating functions I’; and I’; 
vanishes, if, in other words, one of the two transforma- 


tion laws is but a linear combination of null vectors, f) 
then the commutator will also have a vanishing gener- } 


ating function. Group-theoretically this result means 
that the set of transformations whose generating func- 
tion vanishes is not only a subgroup, but an invariant 
subgroup of the group (3.7), and that there exists a 
quotient group. Fortunately, we already possess a 
realization of the quotient group: Each coset within 
the big group (and hence each member of the quotient 
group) is characterized by exactly one dynamical 
variable satisfying the condition (3.23). Their com- 
mutators are the expressions in the last line of Eq. 
(3.24). Henceforth, we shall write: 


{A ,B} =A jmd Bx™ — By mb ax™+ Emnd AX) Bx” 


(3.25) | 


= Aj md pX™= — By mb 4X"= Emnd 4X5 Bx". 


The quantized theory must incorporate a corresponding 


operator algebra. It need not contain operators whose } 


classical analogs fail to satisfy the condition (3.23). 


4. CONNECTION WITH DIRAC’S ORIGINAL BRACKETS 


The formalism developed in Sec. 3 relieves us of the 


necessity of separating the constraints completely into | 


first-class and second-class constraints by a series of 
algebraic combinations that makes the number of 


second-class constraints as small as possible. Neverthe- | 
less, the existence of these two types of constraint may [ 
be inferred from the properties of the matrix émn. If; 


this matrix is regular, then it is possible to introduce a 
set of parameters x” such that all the parameters have 
vanishing Poisson brackets with all the constraints, and 


the latter will all be second-class constraints. The F 


existence of null vectors, on the other hand, presages 
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DIRAC BRACKET TRANSFORMATIONS IN PHASE SPACE 


the possibility of constructing first-class constraints, 
ie., expressions of the form U,.),C*. If it were possible 
to convert all the remaining second-class constraints 
into pairs of canonically conjugate coordinates, then 
our rules would provide that generators should be 
functions of those canonical coordinates that are neither 
constraints nor canonically conjugate to first-class 
constraints, and that brackets are to be formed with 
the help of these remaining coordinates only. 

The chief difference between our approach and 
Dirac’s is that Dirac permits both the first-class con- 
straints and the coordinates conjugate to them to form 
generators and to be used for the formation of brackets. 
In practice, it would be extremely difficult to carry out 
the separation and classification of constraints along 
the simple lines indicated above, and both Dirac’s 


) prescriptions and ours endeavor to define brackets with 
} a minimum of necessary: rearrangements. Ostensibly, 


the two sets of rules of procedure are sufficiently differ- 
ent so that we shall show in this section that insofar as 
second-class constraints are concerned they are equiva- 
lent. Dirac’s prescription is summarized in Eq. (2.1), 
ours in Eq. (3.25). In order to show the equivalence, 
we shall first remark that the Dirac bracket is uniquely 
determined by the two requirements (1) that the dif- 


_ ference between the Dirac and Poisson brackets be 


bilinear in the Poisson brackets of A and B with the 
second-class constraints, and (2) that the Dirac bracket 
of any A with any second-class constraint C? vanish. 
Since our bracket (3.25) assuredly satisfies the second 
requirement, it remains to prove that it also obeys the 
first one. 

To this end we shall first put Eq. (3.25) into a more 
convenient form. If we multiply Eq. (3.7) by 7’, the 
“quasi-inverse” to €mn, we are led to the expression 


6x"*= Ue) VO Ox™—™"T im. (4.1) 
The quasi-inverse® n’” to the singular matrix émn is 
defined by 


n'™éeman* =n", Cem” Ent = €kl, (4.2) 


hence 


1" €mn=5n'— iV, (4.3) 


4 where U',) and V,,“ are the null vectors of émn and 


n'", respectively. Then with the aid of Eq. (3.23), Eq. 
(3.25) can be written as 


{A,B} = +A mBinn™”. 


We shall now obtain the explicit form of 7™” in order 


(4.4) 


> to examine the relationship between the two bracket 


expressions (2.1) and (4.4). By straightforward calcu- 
lation we find, first, that 


(x™,x*) €en=5n™— (x™,C*) €an; 
(C2,x*) €sn= — (C*,C*) €bny 
’P. G. Bergmann and R. Schiller, Phys. Rev. 89, 4 (1953). 


(4.5) 
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where €,,, is short for 
(4.6) 


€an= E"\a€ure”|n- 


Next we introduce the quantity FP, which occurs in 
Eq. (2.1) and which was originally understood as the 
reciprocal of (C*,C*) (because we had assumed that 
the latter matrix was nonsingular), as the quasi-inverse® 
of (C*,C*). Dirac’s prescription leads, in the presence 
of first-class constraints, just to that quasi-inverse. We 
have then 


(x™,a")*= (x™,2") il (x™,C*) F ab (C*,x*). (4.7) 


With the help of Eqs. (4.5), we can easily verify that 
(x™,a0*)*esn=Sn™— (x™,C*)U (e)aV%e5n (4.8) 


and 
(4.9) 


ene (X",©*) *een= Enns 
It follows that n™" and (x™,x")* can differ at most by 
an expression that is bilinear in the null vectors U™,) 
of the matrix émn. This is indeed the case. A somewhat 
lengthy calculation, which we shall not reproduce here, 


yields for the quasi-inverse 7”" the expression: 
n™r= (x™,a0")*-+ U™ yO Uw), “4 ; ' 
10 
hata =— Virrage se apb 9), V (>, 


According to Eq. (4.4), we have, therefore, for two 
generators that satisfy the conditions (3.23) 


{A,B} =A m(x™,4")* Bin. (4.11) 
On the other hand, Eq. (2.1) yields 
(A,B)*=Ajm(x™,2")* Bi nA jmU™ (2) V Bip 
—AjeV2U% Bin (4.12) 


whether or not the conditions (3.23) are obeyed. If 
they are, then the two brackets (4.11) and (4.12) are 
equal. 


5. CONCLUSION 


To complete the present theory, we are planning to 
examine the group of transformations in configuration 
space most nearly corresponding to the phase space 
group developed here. It is to be assumed that so-called 
coordinate conditions in covariant theories (or gauge 
conditions in electrodynamics) will not affect the factor 
group, but only the invariant subgroup. To this extent, 
it must be possible to show the equivalence of quan- 
tization with and without such conditions. 

As for quantization, it appears now that the develop- 
ment of the factor group is a task that should be 
completed prior to quantization. To give an instance, 
the two constraints in electrodynamics are (in a system 
of units in which c=1 and which is rationalized) : 


m=0, divz+o=0, (5.1) 
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a possible choice for the parameters is, therefore: 


$,A,x*(r)=2(r) 


+f dr'(|r—r’|)— grad divz(r’). (5.2) 


This system, however, does not represent a point of 
departure for the construction of generators. There are 
two null vectors at each space point; Eq. (3.23) implies 
that the generators must be independent of ® and of 
divA. It remains, then, that generators may be con- 
structed as (otherwise arbitrary) functions of curlA 
and of curlz. With a given distribution of charge and 
current density, these are, indeed, the only variables 
that may be chosen at will throughout space at some 
particular initial time 4); thence Maxwell’s equations 
determine uniquely the values of all the field com- 
ponents. Once the Hamiltonian is formulated as a 
function of this set of variables, then the (classical or 
quantum) theory is fully determined. 

This new procedure, then, avoids one of the most 
difficult, and as far as we are aware, hitherto unsolved 
problems in the quantization of generally covariant 
field theories: to render the Hamiltonian and the con- 
straints compatible to each other by a suitable choice 
of factors. This problem is avoided and replaced by 
another one. It is to replace the original field variables 
and their canonically conjugate momentum densities, 
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which satisfy some constraints (eight in the general 
theory of relativity) by a smaller number of variables, 
the “parameters” x”, further diminished by the con- 
ditions (3.23). In Maxwell theory, for instance, the 
number of canonical variables per space point is eight, 
the number of constraints two, and the number of null 
vectors also two, so that the stripped theory contains 
only the equivalent of four canonical variables per 
space point. In the general theory of relativity we 
start with twenty canonical variables; the number of 
constraints is eight, and the number of null vectors also 
eight; we are again left with the equivalent of four 
observables per space point. 

It is fairly easy to find a number of parameters in any 
given theory, but the determination of the null vectors 
is undoubtedly very difficult. It is, however, a task to 
be carried out in the framework of the c-number theory, fF 
and, therefore, probably less difficult than the deter- 
mination of a set of compatible Hamiltonian and con- 
straint expressions in the g-number theory. Once the 
observables have been determined, then presumably 
any Hermitian combination, which in the limit ”-0 
goes over into the classical Hamiltonian represents a 
formally possible quantum theory. Then it will be 
necessary to develop new physical (rather than formal) 
criteria for the appropriate factor sequence. There are 
indications that the Hamiltonian of the general theory 
of relativity may vanish and that all the observables 
are constants of the motion. 
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Measurement and Interpretation of 
Conductance of P-Type Inversion 
Layers on Germanium* 


G. A. pEMars, H. Statz, AND L. Davis, JR. 


Ratheon Manufacturing Company, Waltham, Massachusetts 
(Received January 10, 1955) 


NVERSION layers in both n- and p-type germanium 
have previously been observed,'~* but quantitative 
measurements reported only for the -type inversion 
layers.!:? Results of similar measurements on p-type 
inversion layers are described here and explained in 


terms of a constant Fermi level at the surface (a high 
_ density of surface states). 


It is believed that the theory of oxidation,® as de- 
veloped for metals, describes correctly the situation of 
oxidized germanium surfaces. In this theory, a strong 
electric field at the germanium-germanium oxide inter- 
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Fic. 1. Energy band structure at surface. 


face is expected, arising from the negative surface 
charge. On n-type germanium this field does not end 
at the surface but it can penetrate a considerable dis- 
tance into the germanium, thus producing a space 
charge layer or even an inversion layer (Fig. 1). For a 
quantitative interpretation, the surface states which 
lie at the germanium-germanium oxide interface’ have 
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to be taken into account. These same states are con- 
sidered to be responsible for surface recombination. 

P-type inversion layers can be produced in many 
ways.‘ In this laboratory, the germanium was etched 
in CP4, washed, and dried. Exposure of the sample to 
a mixture of wet O2 and Os, followed by a dry mixture 
of O2 and O; created a stable p-type inversion layer. 
Dry Nz was also used, but the inversion layer so pro- 
duced decayed gradually over a period of several hours. 
Active oxygen seemed to be essential in obtaining an 
inversion layer. 
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Fic. 2. Steady-state channel conductance versus bias voltage. 


In Fig. 2, the measured conductance values g(V.q) of 
four different inversion layers on 8 ohm-cm n-type 
material are given. p—n— grown junction germanium 
bars, with 0.4-cm n-type regions, were used. The four 
runs were made for surfaces which had been exposed for 
different times to wet oxygen and ozone. The longer the 
exposure, the higher the conductance of the inversion 
layer. All conductance readings are normalized and the 
numbers given represent the conductance of a unit 
square of p-type skin. All values are steady state. 
For each bias voltage, it was found that it took a time 
ranging from a few seconds for the lowest curve to a 
few minutes for the highest curve of Fig. 2 to establish 
equilibrium. The explanation for the slow adjustment 
will be given in a following letter.* For the interpreta- 
tion of the conductivity values of the channel, the 
position of the quasi-Fermi level is calculated with 
respect to the middle of the band at the surface, i.e., 
¢, (Fig. 1). The total positive space charge Q inside the 
semiconductor, which results from ionized donor atoms 
and holes is also computed. This space charge must be 
compensated by electrons in surface states which lie 
at the germanium-germanium oxide interface and at 
the germanium oxide surface. The same quasi-Fermi 
level y, which describes the occupancy of the states in 
the valence band just inside the germanium will also 
describe the occupancy of the two types of surface 
states. Thus, the relation between ¢, and Q will give 
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TABLE I. Position of the quasi-Fermi level at the surface and the total charge in the surface states for various bias voltages.x 
(Steady-state case.) 














s 
S 
Run i Run 2 Run 3 Run 4 d 
No. electronic No. electronic No. electronic No. electronic 
charges/cm? charges/cm? charges/cm? charges/cm? € 
Va de (volts) X<10-10 de (volts) x<10-0 ¢s (volts) 10-1 os (volts) 10-10 ; 
0.2 0.110 4.97 0.134 6.50 0.158 9.42 0.169 11.4 
0.5 0.117 6.26 0.135 7.37 0.160 10.2 0.171 12.3 5 
1 0.119 7.75 0.137 8.70 0.162 11.5 0.173 13.6 
3 0.121 11.7 0.138 12.4 0.164 14.8 0.178 16.9 t 
5 0.122 14.7 0.138 15.2 0.165 172 0.180 19.4 S 
7 0.122 17.1 0.138 17.5 0.167 19.5 0.182 21.8 
10 0.120 20.2 0.138 20.4 0.167 22.3 0.183 24.3 V 
12 0.120 21.9 0.137 22.3 0.167 24.1 0.183 25.9 
14 0.118 23.6 0.137 23.9 0.167 25.5 0.183 27.3 
15 0.117 24.4 0.137 24.7 0.167 26.3 0.183 28.0 
16 0.137 25.5 0.167 27.0 0.183 28.7 
18 0.137 26.9 0.168 28.4 0.185 30.2 
20 0.137 28.4 0.168 29.8 0.184 31.4 
25 0.136 31.6 0.168 32.7 0.184 34.3 
45 0.167 42.9 0.183 44.0 ! 
70 0.167 52.9 








information about the total density of surface states 
(i.e., the sum of the densities of the two states). 

The computation of ¢, and Q has been carried out by 
using the mobility for holes in inversion layers as calcu- 
lated by Schrieffer.? This analysis does not make use of 
the approximations described by Brown! or Kingston." 
The results for the four runs are given in Table I. 


Kingston” has reported that the data for channels on 
p-type germanium can also be understood by assuming 
a constant value of ¢,. It is interesting to note that our 
curves, which deviate greatly from the 1/V, relation- 
ship measured by Kingston, still give approximately a 
constant ¢, value, indicating that Kingston’s ap- 
proximations are not applicable in our case. 














a 
It is seen that ¢; is essentially constant for each run. * "Ths work has boon supported in part by the U.S. Signal Corps. a 
It is uncertain whether any significance can be at- 1 W. L. Brown, Phys. Rev. 91, 518 Maen ' 
tributed to the deviation of ¢, from a constant. The  ?R.H. Kingston, Phys. Rev. 93, . 
total charge in the surface nae continues to increase in ‘Gao Bag coda eee aly gs ; 
. Christensen, Proc. Inst. Radio Engrs. 42, 1317 (1954). st 
with increasing bias voltage. If the slight increase of | °A.L.McWhorterand R. H. Kingston, Proc. Inst. Radio Engrs. 
$s for voltages approximately below 10 volts is real, i. N. Cabrens and N. F. Mott, Repts. Progr. Phys. 12, 163 SI 
then this represents a serious difficulty. From Fig. 1, (1949). : v 
it may be seen that an increase in ¢, means a decrease (1953). H. Brattain and J. Bardeen, Bell System Tech. J. 32,1 fy 
in the occupancy of the surface states. On the other hand, ®Statz, Davis, and deMars, following Letter [Phys. Rev. 98, tl 
the ceqaieement of satel neutelity gives an Sacmmnaing IR achieffer, Phys, Rev. 97, 641 (1955). The authors thank | > 
charge in the surface states. This difficulty can be Mr: Schrieffer for a preprint of this article. _ 
avoided by assuming some specular reflection of holes , ” R. H. Kingston (to be published). The authors are grateful J} v 
at the surface in Schrieffer’s calculation? Another  '* ‘Re Privilege of seeing a preprint of Dr. Kingston's paper. | b 
possible source of error is Schrieffer’s simplifying but +B. 
incorrect assumption of spherical energy surfaces. : “ 
In addition, the base resistivity used in the calculation ' 
may have been incorrect by as much as 20 percent. Structure of Surface States at the ; 
In every case, it may be said that the Fermi level is Germanium-Germanium Oxide FF 
essentially constant and the change in charge very Interface* M 
considerable, so that the total density of surface states H. Sratz, L. Davis, Jz., AND G. A. DEMARs 
will be high. It is not possible to give a numerical result Ruptnin Menhenate Cimcon, Tittan, Meiuadts SI 
for the density of states, because the Fermi level shifts (Received January 10, 1955) le 
by an amount that is smaller than the probable error li 
of this determination. However, from the measurements N the accompanying Letter, the conductance of ff) & 
described in the accompanying letter,® it may be con- I p-type inversion layers on 8 ohm-cm n-type germa- |) 0 
cluded that this high total density of states is due only njym under steady-state conditions has been discussed. ff) 
to surface states outside the germanium oxide. The [n this Letter, investigations of the nonsteady-state § 
charge in the states at the germanium-germanium oxide conductance and its interpretation in terms of surface ; 


surface does not change by such a large amount for so 
little change in the Fermi level. 


states at the germanium-germanium oxide interface are 
reported. 
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The time dependence of the conductance g is shown 
schematically (Fig. 1) when the bias voltage was 
switched from a value V; to a value V2. The time- 
dependent portion of the conductance has the form 
exp(—t/r), except when the voltage steps |Vi—V2| 
were large compared to V. 

The same p—mn—p grown junction germanium 
samples (8 ohm cm n-type) with the same surface 
treatment as in reference 1 are used. The longer the 
surface is exposed to wet O2 and Os, the higher the in- 
version layer conductance and the longer the time con- 
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V SWITCHED V SWITCHED 
FROM V, TO V2 FROM V, TO V2 
\v, >v,) (v, < v,) 


Fic. 1. Time dependence of conductance when bias voltage 
is switched. 


stant r. The time constant varied from a few seconds to 
a few minutes and also increased with bias voltage for 
a given inversion layer. 

As may be seen in Fig. 1, the conductance after 
switching to a higher bias voltage was lower than its 
steady-state value. The inversion layer contained fewer 


; holes and therefore the total charge in the surface was 


smaller than under steady-state conditions. If the 
voltage was switched to a lower value, the opposite 
was true. These observations can be understood from 
the fact that the charge in the suriace states under 
steady-state conditions continuously increased with 
increasing bias voltage. For example, when the bias 
voltage was switched to higher values, there must have 
been a transfer of electrons from the germanium to 
surface states at the germanium-germanium oxide inter- 
face and germanium oxide surface (Fig. 1, reference 1). 
From the measurements, it was concluded that the 
transfer of electrons was at least partially a slow process. 
The long time constant can be connected only with 
charge transfer to states lying at the germanium oxide 
surface. The inner states at the germanium-germanium 
oxide interface which were probably responsible for the 
surface recombination? adjusted to a new quasi-Fermi 
level in a time which was presumably of the order of the 
lifetime of the minority carriers in the sample. With the 
equipment used, changes of such a short duration could 
not be resolved. It must therefore be assumed that just 
after the voltage V2 was applied, the conductance 
reading corresponded to a situation in which the charge 
in the outer surface states was still unchanged, but the 
charge in the inner surface states was already in equi- 
librium with the bulk of the germanium. The good fit of 


THE EDITOR 541 
the data so obtained, as seen later in Fig. 3, can be 
considered as strong evidence for the validity of this 
assumption. 

The widely different time constants for the two types 
of surface states permit one to determine the density 
of the inner states separately. The measurements were 
made as follows: The bias voltage V, was set to some 
particular value for a long enough time so that the con- 
ductance of the inversion layer had reached its steady 
state value, then switched to some higher value. The 
conductance, just after switching, was observed, extra- 
polating back to zero time, if necessary. The original 
bias was then restored and after a long enough time, the 
bias voltage was again switched to some other value, 
the conductance, just after switching, being observed 
again. Many points (g,V.) were determined in this way 
until a smooth curve could be drawn through them. 
Two typical curves for two different surfaces are shown 
in Fig. 2. For high enough voltages, zero conductance, 
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Fic. 2. Nonsteady-state channel conductance versus bias voltage. 


i.e., pinch-off, can always be obtained. By switching to 
lower voltages, the range of the curves could be 
increased. 

The curves of Fig. 2 were analyzed in the same way 
as steady-state curves in reference 1. The total charge 
in the surface states and the position of the Fermi level 
with respect to the middle of the energy gap at the 
surface (@,) were computed. However, because of the 
nature of the experiment, the charge outside the germa- 
nium oxide was constant. All the variation in charge 
along such a curve will be attributed to the inner sur- 
face states only. 

In Table I, ¢, and the total charge are given for the 
two curves of Fig. 2. According to Brattain and Bardeen, 
the surface recombination centers lie far away from the 
middle of the band. Therefore, the charge at pinch-off, 
i.e., 6,0, was taken as the reference point. In Fig. 3, 
this charge difference is plotted versus ¢, for the two 
cases. The result can be easily interpreted. 

The solid curves are theoretical (Fermi distribution) 
assuming, in both cases, a single level 0.155 ev below 
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TaBLE I. Position of the quasi-Fermi level at the surface and 
the total charge in the surface states for various bias voltages 
(nonsteady-state case). 








Run A Run B 
No. 
electronic 
charges/cm? 


x<10-u 


No. 
electronic 
charges/cm? 
«10-u 


ge os 
(volts) (volts) 





0.175 
0.170 
0.162 
0.146 
0.134 
0.127 
0.115 
0.102 
0.095 
0 


0.190 
0.183 
0.175 
0.173 
0.167 
0.156 
0.143 
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the valence band. In curves A and B, the number of 
these states was N=1.18X10" cm~ and 6.9010" 
cm~ respectively. The fit was as good as could be ex- 
pected. Small ¢, values had a relatively larger experi- 
mental error because the conductances were very low 
and therefore not accurate. The number of states at the 
germanium-germanium oxide interface were so low 
that they could not have been of the Tamm* type, in 
which the number of states correspond exactly to the 
number of surface atoms (or multiples thereof). The 
states which were observed must have arisen from 
impurity atoms or crystalline defects at the surface. 
The variation of the time constant can be under- 
stood qualitatively by assuming -that the transfer of 
electrons from the semiconductor to the traps was 
hindered by the large potential wall in the oxide film. 
The electrons had to move into the conduction band of 
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Fic. 3. Charge in surface states at germanium-germanium oxide 
interface versus position of quasi-Fermi level. 
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the oxide film. The electric field in the oxide film made 
the potential wall even higher (see Fig. 1, reference 1). 
It is obvious that the greater the negative charge out- 
side the oxide and the thicker the film, the higher the 
barrier. Under steady-state conditions, the charge 
increased with increasing voltage, and the samples 
which had been exposed for a longer time to wet O» and 
Os had thicker oxide films. This model is in qualitative 
agreement with the observed time constants. 

* This work has been supported in part by the U. S. Signal Corps 

1 deMars, Statz, and Davis, preceding Letter [Phys. Rev. 98, 
539 (1955) ]. 
(1983) H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1. 

3T. Tamm, Physik. Z. Sowjetunion 1, 733 (1932). 


Spin-Lattice Relaxation Time of the Si” 
Nucleus in Pure Fused Silica 


G. R. Hotzman, Jonn H. ANDERSON, AND W. Kota 


Mellon Institute, Pittsburgh, Pennsylvania 
(Received February 21, 1955) 


HE Si® nuclei in a sample of Corning purified 
fused silica (ultraviolet quality) were observed 
to approach equilibrium magnetization exponentially 
in a field of 9.2 kilogauss at room temperature, with a 
relaxation time of 10 hours. This time is a mean of two 
measurements which differ by approximately 1 percent. 
Measurement of the relaxation time in the earth’s field 
at room temperature yielded a value of 1.3 min. An 
emission spectral analysis at Mellon Institute on a 
similar Corning sample gave 120-530 parts per million 
for the summed paramagnetic impurities. 

The measurement procedure used was to record the 
change in magnitude of the component of the macro- 
scopic magnetic moment in the plane of and coincident 
with the rotating rf field vector. This change was 
brought about by immersing the sample in the magnetic 
field for varying time intervals, and made evident using 
a Bloch crossed-coil and phase-sensitive detection 
system (a Varian spectrometer) with an rms radio- 
frequency magnetic field intensity of 1.3 gauss. The 
shape of the nuclear magnetic resonance curve was 
indicative of Bloch’s limiting case of rapid passage 
through resonance and did not change when the modu- 
lation amplitude was varied from approximately 0.05 
to 0.5 rms gauss. Points on the exponential curve used 
in determining this unusually long relaxation time 
were obtained by measuring the peak-to-peak value of 
the recorded signal. 

When the magnetic field is maintained at the reso- 
nance value and the rf field intensity is of the order of 
one gauss, the signal becomes undetectable after ap- 
proximately one minute. Signal intensity is lost con- 
siderably faster at lower rf fields. 
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An investigation of the temperature and field de- 
pendence of 7; is now being made, together with a 
study of the effect of impurities and induced color 
centers on this relaxation time. Audio-frequency spec- 
troscopy is also contemplated. 


Resistivity of Dilute Alloys* 


D. L. DEXTER 


Institute of Optics, University of Rochester, Rochester, New York 
(Received February 15, 1955) 


ILUTE substitutional alloys, such as Zn in Cu, 

have a temperature-independent component to 
their electrical resistivity which is proportional to the 
solute concentration. The attempt is usually made! to 
describe the change in resistivity per atomic percent 
addition, po, with the following parameters, 


po=a(AZ)?+b, (1) 


| where AZ is the valence difference between the host 
' material and the substitutional impurity, and where 
- aand 6 are quantities determined by properties of the 
two atoms not involving their valence difference; and 
are generally treated as being independent of position 
in a given row of the periodic table. It is sometimes 
considered that this form is made plausible by the 
existing simple treatments of the dilute alloy problem,’ 
in which are treated separately the two cases where (1) 
a valence difference exists, the scattering potential is 
taken to be a shielded Coulomb potential, and only the 
first term in Eq. (1) appears, and (2) the valence 
difference is zero, and only the second term in Eq. (1) 
occurs. In cases (1) and (2), the parameters a and 8, 
respectively, must of course be positive quantities. Then 
the argument is made that in general both effects will 
occur simultaneously, so that one should add the two 
terms. It seems to have been overlooked that even in 
the simplest case interference occurs between these two 
types of scattering, that a linear term in AZ will occur 
in general, and that in fact it may be expected to be 
sizable unless one of the other terms is also small. 

That this is the case may be seen at once from the 
procedure of calculating a resistivity change, which is 
proportional to an average of the square of the matrix 
element of the scattering potential between the initial 
and final states: 


po=CX(i| V|f)?)w. (2) 


(The averaging process involves some angular weight- 
ing factors which need not concern us here.) If the 
scattering potential V contains a term V; proportional 
to the valence difference, such as (eAZ/r) exp(—qr), 
and also another term V2 independent of AZ, deter- 
mined by inner potentials and lattice strains, the matrix 
element of V will be equal to the sum of the matrix 
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elements of V; and V2. Thus the square of the matrix 
element of V is not given by the sum of the squares of 
the two parts, as is implied by Eq. (1), but contains an 
interference term proportional to AZ which may dis- 
tinguish between atoms of higher and lower valence. 


(V)?= (Vi)?-+ (V2)?-+2(V1) (V2). (3) 


This term [the last in Eq. (3) ] has a magnitude at least 
as great as the smaller of the other two, and may have 
either sign, so that the interference term may add to or 
subtract from the resistivity. 

Averaging Eq. (3) over angles, we obtain ((V1)*)w 
and ((V2)"), which correspond to the first two terms in 
Eq. (1), plus the linear term 2((V1)(V2))4 which may 
be of either sign. [Since (Vi) and (V2) will in general 
have different angular dependences it is possible that 
the averaging process may tend to decrease the magni- 
tude of the term linear in AZ by accidental cancellation, 
but this effect may only be investigated in specific 
cases by explicit calculations of the matrix elements 
involved. ] The point made here is that Eq. (1) is not 
justified by theoretical arguments, and also that it would 
be surprising to find it capable of interpreting experi- 
mental results. 

The writer is indebted to Dr. E. I. Salkowitz for a 
stimulating conversation on this subject. 

* Research supported in part by funds from the U. S. Air Force 
under a contract monitored by Headquarters, Air Research and 
Development Command, Baltimore, Maryland. 

1J. Linde, Ann. Phys. 15, 239 (1932). : 

?.N. F. Mott and H. Jones, The Theory of the Properties of Metals 
and Alloys (Oxford University Press, London, 1936), Chap. VII. 
An extension of these calculations has been performed by D. L. 
Dexter, Phys. Rev. 87, 768 (1952). Note, however, that J. Friedel 
[Phil. Mag. 43, 153 (1952)] has shown that additional complica- 


tions sometimes arise so that these simple theories are not always 
applicable. 


Resistivity of Dilute Magnesium Alloys 


Epwarp I. SALKOvITz AND A. I. SCHINDLER 


Naval Research Laboratory, Washington, D. C. 
(Received February 15, 1955) 


INDE’S rule! states that for dilute substitutional 
alloys the increase in specific resistivity of a pure 
metal due to small alloying additions is equal to a term 
proportional to the square of the difference in valence 
of the two elements concerned, plus a second term, or 


Ap/A=ahZ?+6, (1) 


where Ap/A is the increase in specific resistivity per 
atomic percent addition, AZ is the difference in valence 
between the solute and solvent atoms, and a and 0 
are constants. For convenience we define y=Ap/A. 
In Linde’s work, the monovalent face-centered-cubic 
metals, copper, silver, and gold, were the solvents. In 
these cases, Linde found that the parameters a and b 
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TABLE I. Portion of periodic table showing incremental increase in resistivity of magnesium due to alloying elements. 








I II 


III IV 





Li 0.75X10-* Ocm/at. % 
Ag 0.75X10-* Qcm/at. % 


Cd 0.68X 10-* Xcm/at. % In 2.0X 10-* QXcm/at. % 


Al 2.0X 10-* Xcm/at. % 
Sn 5.2X10-§ Xcm/at. % 


Tl 3.2X10-§ Qem/at.%  Pb5.2K10-* Xcm/at. % 








for a given solvent did not change provided the addi- 
tions were made from a given period of the periodic 
table. A change in the period, however, changed the 
values of these parameters. 

To determine whether the rule is applicable to dilute 
alloys of divalent hexagonal metals,” resistivity meas- 
urements were made of a series of homogeneous binary 
alloys of magnesium containing lithium, silver, cad- 
mium, aluminum, indium, thallium, tin, or lead. The 
details of the experiment will be discussed in a forth- 
coming paper. 

The pertinent data have been plotted in Fig. 1 with 
the increase in the specific resistivity of magnesium 
due to alloying as the ordinate and the concentration of 
alloying element as the abscissa. All comparisons were 
made with a sample of 99.97 percent pure magnesium. 
The results may be summarized as follows: 


(a) In general, the specific resistivity increased 
linearly with alloying content. (It should be noted 
that while a straight line fits the points for smallest 
additions of tin, the values obtained for the two highest 
concentrations depart from this line. This may be due 
to the approach of the solubility limit of tin in 
magnesium.) 

(b) Solutes from Column I of the periodic table give 
a line with the smallest value of 7; solutes from Column 
IV give the largest value. 

(c) The value of y for cadmium additions is the same 
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Fic. 1. Incremental increase in resistivity (Ap) of 
magnesium as a function of composition. 


as that for silver and lithium additions. The average 
values for y are listed in Table I. 

The effect of making additions from elements of the 
fifth period (silver, cadmium, indium, and tin) may be 
considered in terms of Eq. (1), recalling that a and b are 
required to be constants for a given period. Since yca is 
found to approximately equal vag, then for Linde’s rule 
to be valid, a should equal zero. Physically this implies 
that a shielded Coulomb field has no effect upon the 
motion of the conduction electrons, which of course is 
incorrect. Similarly, since the rule does not consider the 
sign of AZ,3 Eq. (1) requires yag and ysn to be equal. 
Furthermore, Eq. (1) does not predict the empirical 
equality of yr; and yag, of ya: and yin, and of ygn 
and YPb- 

From the above analysis, Linde’s rule [Eq. (1) ] does 
not apply to dilute alloys of magnesium. Nor is it 
apparent that any simple relation may be established 
analogous to that found by Linde for alloys of the 
monovalent metals. The data for the alloys of mag- 
nesium show, however, that y depends more signifi- 
cantly upon the column of the periodic table to which 
the alloying element belongs than upon the period 
(or row). 

We wish to acknowledge helpful discussion with 
Dr. D. L. Dexter. 

1J. O. Linde, Ann. Phys. 15, 239 (1932). 


? E. I. Salkovitz and A. I. Schindler, Phys. Rev. 91, 234 (1953). 
3D. L. Dexter, preceding Letter [Phys. Rev. 98, 543 (1955) ]. 


Existence of Dirac Generating Functions* 


PETER G." BERGMANN 


Syracuse University, Syracuse, New York 
(Received February 11, 1955) 


HIS Letter is the outgrowth of a discussion with 

V. Bargmann. In a recent paper,' it was shown 

that the generators permissible in a (generalized) Dirac 
bracket must satisfy the condition 


Ths U™.)=0. (1) 


The question arises whether this requirement is self- 
consistent. More specifically, given a phase space of 2n 
dimensions and m constraints C*, of which 2n* are 
second class, will there exist exactly 2(n-++-n*—m) 
algebraically independent generators? The answer, to 
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be proven below, is that this requirement will be satis- 
fied if and only if the first-class constraints form a 
system of involutions. 

The integrability conditions for Eq. (1) on the hyper- 
surface C?= 0 are that a small loop whose tangent vector 
is everywhere a linear combination of null vectors 
U™ ,) can be closed, 


UO (2y1n U" (4) — U (01 n U(r) = Cra’ Ot). 


(2) 


In the previous paper,! it was shown that 


U(r) aa (C,,2x™), 
Uwma= Ema O*w, 


C=U (r)a C ui 
U (rya(C*,C*) =0. 
Clearly C, are the first-class constraints, (m—2n*) in 


number. If we substitute the expression (3) in (2), we 
obtain: 


(C,,"™), » in (Ca,%") — (Cia), » in (Cr,%") 
=Cre' (Cr,x™) (4) 


(3) 


as our condition of consistency. Working on the left- 
hand side, we have further: 


U" (yn U% (ey — Ua) n U(r) 
= (C,,%™), L (C.,€’) — (C,,C*)é"\a] 
ms (C.,,2*), Pi (C,,€’) ase Co Pi) 
=(C.,(C,,%™))— (Cr, (C.,4™)) = (a, (C,,C.)). (5) 


The terms (C,,C*)é’\_ and (C,,C*)é"|4 inside the square 
brackets of Eq. (5) vanish because the C, are first-class 
constraints. Condition (4) will be satisfied if and only 
if the Poisson bracket between any two first-class con- 
straints is a linear combination of first-class constraints 
(i.e., free of second-class constraints) ; in that case, the 
right-hand side of Eq. (5) will equal a linear combina- 
tion of null vectors U™(). 


* This work was supported by the Office of Naval Research. 
1 P. G. Bergmann, and I. Goldberg, Phys. Rev. 98, 531 (1955). 


Localized Photoeffect in PbS Photocells 


E. S. RITTNER AND S. FINE 
Philips Laboratories, Irvington-on-Hudson, New York 
(Received February 9, 1955) 


EVERAL years ago an ingenious experiment was 

proposed by Miiser' to determine the degree of 
localization of the photoeffect in semiconductor photo- 
cells. It consisted simply in illuminating the photocell 
with a narrow slit image of high intensity, first parallel 
and then perpendicular to and overlapping the elec- 
trodes. If the photoeffect were confined exclusively to 
the illuminated region, then for a sufficiently high 
intensity of illumination the decrease in resistance of 
the cell would be limited for the parallel orientation by 
the series resistance of the unilluminated portions, 
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TABLE I. Photocell resistance vs slit orientation and applied field. 








Ri, megohms 
Illumination || 


Observed Computed* 


Ri, megohms 
Illumina- 
tion L 


Cell 
No. 


1 ; ; : 6.90 
6.93 
6.88 
6.73 


2.32 
2.38 


Ra, 


megohms volts/cem 


72.5 
145 
290 
485 


145 
727 











® The drift of the carriers and the resistance of the illuminated region are 
neglected. In principle, the actual magnitude of this resistance can be com- 
puted from the value of Riu, if the response is uniform over the photocell. 
This is hardly the case; however, for the purposes of a rough estimate this 
procedure indicates the resistance of the illuminated strip to be about 1/12 
of the corresponding dark value for cell No.1 and about 1/5 for cell No. 2. 


whereas for the antiparallel orientation a much more 
extensive decrease would occur. On carrying out this 
experiment on a PbS layer of his own construction 
(interelectrode distance 1 cm), Miiser found sub- 
stantially the same photoresponse for both orientations 
of the slit image (width 3 mm), thus implying that the 
photocarriers produced by the light drifted surprisingly 
large distances in the field direction. 

We have repeated this experiment on two PbS photo- 
cells obtained from U. S. manufacturers and have ob- 
tained results differing from those of Miiser. It is be- 
lieved that this difference has its origin in a lower 
illumination level and/or a lower sensitivity of the cell 
studied by Miiser.? It is a consequence of Ohm’s law 
that for small resistance changes, the response for the 
two orientations of the light image should be the same. 
The cogent details of our experiment and the results 
obtained are presented below. 

The photocell was illuminated with a slit image 1 mm 
in width and of length equal to that of the electrodes. 
In order to vary the applied field over a wide range 
without introducing heating difficulties, the cell was 
placed in series with a pulsed voltage supply of low 
duty cycle. The currents were measured by varying the 
resistance of a decade box, also in series with the cell, 
until the voltage drop across the box, determined oscil- 
lographically, attained a predetermined value. In this 
manner, the dark current and photocurrent were meas- 
ured with the same field applied to the cell. 

Of the two photocells studied, cell No. 1 had an 
electrode separation of 6 mm and an electrode length 
of 11 mm; cell No. 2 had an electrode separation of 3 mm 
and an electrode length of 4.5 mm. Hence, if the photo- 
effect were localized, we would expect a maximum lower- 
ing of the resistance for the parallel orientation of the 
slit image to a value % that of the dark resistance for 
cell No. 1 and to ? of the dark value for cell No. 2. The 
data obtained are presented in Table I. Note that the 
resistance for the perpendicular orientation of the slit 
image is appreciably lower than for the parallel orienta- 
tion and that the observed resistance for the latter case 
closely approaches the computed limiting value, inde- 
pendent of the magnitude of the applied field. This 
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implies a highly localized photoeffect, i.e., a drift length 
for the photocarriers in the field direction small com- 
pared to the image width (0.1 cm). 

In the case of cell No. 2, the time constant for the 
decay of the photoresponse is stated by the manu- 
facturer to be 2X 10~ second. If it is assumed that this 
time constant represents the lifetime 7 of the free 
photocarriers, then the expected drift length w for the 
higher-field case (taking the mobility uw to be of the 
order of 1 cm?/volt sec)* would be 


w=yEr=0.15 cm, 


a distance large compared to the drift length implied 
by Table I. The most likely explanation of this dis- 
crepancy is that the time constant is very much longer 
than the free lifetime owing to the phenomenon of 
trapping‘ in these layers. The importance of trapping 
has heretofore not received recognition in theoretical 
treatments of this subject (summarized in reference 3) 
and complicates greatly the task of deriving an ade- 
quate theory. 

We are indebted to H. Miiser and to J. R. Haynes 
for helpful exchanges of correspondence relative to this 
experiment. 

1H. Miiser, Z. physik. Chem. 198, 52 (1951). 

2 Tn private correspondence Dr. Miiser has expressed his agree- 
ment with this explanation. 

3R. A. Smith, Advances in Physics 2, 321 (1953). 

4A. Rose, RCA Rev. 12, 362 (1951); J. R. Haynes and J. A. 


Hornbeck, Phys. Rev. 90, 152 (1953); H. Y. Fan, Phys. Rev. 92, 
1424 (1953); 93, 1434 (1954). 
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New Class of Ferroelectrics 


A. N. Hoipen, B. T. Matratas, W. J. MERz, AND J. P. REMEIKA 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received February 24, 1955) 


E find that guanidine aluminum sulfate hexa- 

hydrate,! (CN3H¢)Al(SO«)2-6H:0, is ferroelec- 
tric from as high a temperature as it will stand for a 
short time (about 200°C) down to the temperature of 
liquid Ne, the lowest we have employed. The material 
is trigonal, with perfect cleavage in the basal plane; 
the direction of spontaneous polarization is along the 
trigonal axis. Ferroelectricity is not usually observed 
when electrodes are applied to naturally grown faces; 
the effect can be seen when new faces are generated by 
abrasion or better by cleavage. 

At room temperature the saturation polarization is 
about 0.35 microcoulombs per sq cm, and the coercive 
force is between 1200 and 1500 volts per cm measured 
at 60 cps. These quantities increase with decreasing 
temperature. The small-signal dielectric constant is 
about 15 along the axis and about 5 perpendicular to 
the axis. Of isomorphous substances, we have so far 


THE EDITOR 

examined those in which D,O replaces H2O, in which 
Ga** and Cr*+ replace Al*+, and in which (SeO,)?- re- 
places (SO,)?~. These substances show essentially the 
same properties. Dr. S. Geller and Dr. E. A. Wood havein 
progress a determination of the crystal structure of the 
material; they inform us that the space group is 
C3»(2)—P31m, and the unit cell contains three mole- 
cules. The material bears no obvious structural relation 
to previously known ferroelectrics. 


1 F, Ferraboschi, Proc. Cambridge Phil. Soc. 14, V, 473 (1908), 


Radiation-Controlled Electroluminescence 
and Light Amplification in Phosphor Films 


D. A. Cusano 


General Electric Research Laboratory, Schenectady, New York 
(Received February 24, 1955) 


HIS is a preliminary report of a new phenomenon 
observed when voltage is applied to a layer of 

ZnS: Mn,Cl phosphor during excitation by uv or x-rays. 
The luminescent layer (about 10 microns thick) is 
deposited by vapor reaction.!2 As contrasted with the 
granular phosphor commonly used for electrolumines- 
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Fic. 1. Dependence of cell brightness and current on the average 
dc field (for constant 3650 A excitation intensity). 


cent sources, this phosphor consists of a solid structure- 
less sheet which makes unbroken contact with the 
electrodes. (See Fig. 1, upper left.) Such a cell exhibits 
negligible emission when a dc or ac potential is applied 
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to the electrodes. However, when the layer is excited 
by uv or x-rays and emits the yellow luminescence 
typical of manganese, the simultaneous effect of the 
electric field increases the brightness markedly. For dc, 
this occurs when the metal electrode of the cell is nega- 
tive. The behavior of a typical cell under constant 
3650 A excitation is shown as a function of the average 
field in Fig. 1. Increase in brightness of eightyfold has 
been observed. Equally large changes have been seen 
with x-ray excitation. Previous work on granular phos- 
phors involving x-rays and ac fields has been reported 
by Destriau.* 

For 3650A, the dependence of enhancement on 
excitation intensity is shown in Fig. 2, where the 
average field is fixed at 10° v/cm. In the given range, 
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Fic. 2. Dependence of enhancement (i.e., ratio of the brightness 
with field and uv to that with uv alone) on 3650 A excitation in- 
tensity (for fixed dc field= 105 v/cm). 


the enhancement varies inversely as the square root 
of the excitation intensity. By computing the visible 
output in relation to the incident ultraviolet, one finds 
(for low excitation intensity) as many as 10 photons of 
visible light are produced for each photon of 3650 A. 
For higher uv intensities, the photon amplification 
ratio decreases until it reaches unity in the neighbor- 
hood of 100 microwatts/cm?. In spite of the wavelength 
conversion, this represents true light amplification, in 
the sense that more radiant energy is emitted than is 
incident on the layer. 

The over-all efficiency of the light production is not 
very high if one considers the energy derived from the 
voltage source. Neglecting only the dark current, which 
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may be leakage at weak points in the layer, the luminous 
efficiency is found to be approximately 0.2 lumen/watt. 
With regard to time constants, the light emission re- 
sponds n milliseconds to changes in the dc field, pro- 
vided these changes occur above the threshold shown in 
Fig. 1. In contrast, the time constants associated with 
changes in exciting radiation increase with decreasing 
intensity, approaching two or three seconds in the 


‘ 1-microwatt/cm? region. The emission spectrum itself 


is seen to shift approximately 100 A toward shorter 
wavelength with high field (10° v/cm). 

More detailed information will be presented in a 
subsequent paper. The general phenomenon is inter- 
preted as the initiation and control of electrolumines- 
cence through the absorption of electromagnetic energy. 
Based on the theoretical work of Piper and Williams‘ on 
electroluminescence, Williams® earlier suggested the 
possibility of light-amplifying phosphors. 

1DP. A. Cusano and F. J. Studer, U. S. Patent 2 685 530. 

2F, J. Studer and D. A. Cusano, J. Opt. Soc. Am. (to be pub- 
lished). 

3G. Destriau, Electrochemical Society Meeting in Chicago, 
1954 (unpublished). M. Destriau, Compt. rend. 238, 2298 (1954). 

4W. W. Piper and F. E. Williams, Phys. Rev. 87, 151 (1952); 


Brit. J. Appl. Phys., Supplement 4, 39 (1955). 
5F. E. Williams, following Letter [Phys. Rev. 98, 547 (1955)]. 


Theoretical Basis for Light-Amplifying 
Phosphors 


Ferp E. WILLIAMS 
General Electric Research Laboratory, 
Schenectady, New York 
(Received February 24, 1955) 


HE electroluminescence of ZnS: Cu single crystals 

has been interpreted on the basis of a mechanism 
involving the creation of charge carriers in a high-field 
region where acceleration of the charge carriers to 
kinetic energies sufficient for the excitation or ionization 
of activator systems by inelastic collisions occurs. 
The charge carriers are created by field ionization of 
deep donor levels in an exhaustion layer formed at the 
cathode contact by ionization of shallow donors.! The 
series of sequential events required for electrolumines- 
cence suggested several years ago the possibility of 
control of electroluminescence by incident radiation and 
of radiation amplification in phosphors. Specifically the 
creation of charge carriers in a high-field region by 
photon absorption, rather than by field ionization of 
impurity systems, followed by acceleration and multi- 
plication in the high-field region was recognized as a 
feasible mechanism for light amplification. Amplifica- 
tion depends on sufficient local field so that either the 
charge carriers created by the incident radiation attain 
sufficient kinetic energy for the excitation by impact of 
the activator systems several times in their mean lives, 
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or the charge carriers created by the incident radiation 
form avalanches of prebreakdown magnitudes and 
excitation by impact of a number of activators per 
incident photon is attained. The charge carrier multi- 
plication is attainable with the high fields characteristic 
of electronic breakdown. Rupture may be avoided by 
the high-field region being sufficiently thin so that the 
required number of multiplications for breakdown 
cannot occur. 

The alternative electroluminescent mechanism of 
minority charge carrier injection followed by capture 
by appropriate activator systems also conceptually 
provides a method of radiation amplification in a 
phosphor.? In this case, the photons create charge 
carriers which are trapped, thereby yielding a space 
charge facilitating the transport of carriers of opposite 
sign which are subsequently captured by the activator 
systems resulting in ionization. Capture of the majority 
charge carrier then leads to photon emission, con- 
ceivably in greater quantity than the initial photon 
absorption. 

The observations of Cusano*® on thin films of 
ZnS:Mn,Cl are in accord with the impact excitation 
mechanism of radiation amplification. The energy levels 
of the Mn activator system are deep-lying, below the 
valence band of ZnS, and therefore, collision excitation 
rather than the capture of injected charge carriers must 
be involved. ZnS:Mn,Cl, in contrast with electro- 
luminescent ZnS:Cu, is relatively free of deep donors. 
The Cl coactivator introduces electron traps approxi- 
mately 0.3 ev below the conduction band. The absorp- 
tion of 3650A radiation apparently excites valence 
electrons to these states and the coactivator can thus 
behave as a donor in a high-field region. The rectifica- 
tion of the light-amplifying phosphor film is not un- 
expected. The Piper-Williams theory’ emphasized that 
a cathode barrier, probably of the exhaustion type, 
exists at the metal-semiconductor contact for electro- 
luminescent ZnS:Cu single crystals. A similar barrier 
probably exists at the metal-semiconductor contact 
of the ZnS:Mn,Cl films; and electroluminescence, 
initiated by 3650 A radiation, occurs only when the 
metal electrode is negative. The conditions at the 
ZnS—TiO, interface are less apparent. Although the 
average field through the film during light amplification 
is 105 v/cm, the field in the cathode barrier is probably 
10° v/cm. In fact, the 100A shift in the emission 
spectrum observed under these conditions of excita- 
tion can be accounted for by a field of this magnitude 
perturbing the Mn activator system essentially by the 
Stark effect. Fields of 10° to 10° v/cm are also 
indicative of the collision excitation mechanism of 
electroluminescence. 

1W. W. Piper and F. E. Williams, Phys. Rev. 87, 151 (1952); 
Brit. J. Appl. Phys., Supplement No. 4, 39 (1955). 

2 W. W. Piper and F. E. Williams, Phys. Rev. (to be published). 


*D. A. Cusano, Bull. Am. Phys. Soc. 30, No. 1, 30 (1955); 
and preceding Letter [Phys. Rev. 98, 546 (1955) ]. 
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Anomaly in the Low-Temperature 
Atomic Heat of Silver* 


P. H. Keesom anp N. PEARLMAN 
Department of Physics, Purdue University, Lafayette, Indiana 
(Received February 15, 1955) 


INCE the publication of an earlier Letter! with this 
title, Clement,” analyzing the effect of deviations of 
earlier temperature scales from the 48 scale, pointed 
out that deviations of the adopted scale from the true 
thermodynamic scale may cause apparently significant 
anomalies in calorimetric results. The recent work of 
Erickson and Roberts’ and of Keller* substantiate the 
deductions of Kistemaker* concerning deviations from 
the 48 scale, and a new scale, for convenience called the 
55 scale, seems to be established. We recalculated the 
specific heat data based on the adopted 48 scale, using 
the formula 


C55 = cas 1+-d(Tss—T55)/dT ]. 


In plotting ¢43/T versus T?, it was not possible to draw 
one straight line through the data and an anomaly 
appeared significant. However, this anomaly disap- 
pears if the 55 scale is used and one straight line is 
able to represent the data within their accuracy. Using 
least squares, we now obtain for the atomic heat of 
silver below 4°K: c=0.667+0.1707* millijoules/mole 
deg, which corresponds to a Debye parameter 4 
of 225°K. ' 

* Assisted by Signal Corps. 

1P. H. Keesom and N. Pearlman, Phys. Rev. 88, 140 (1952). 


2J. R. Clement, Phys. Rev. 93, 1420 (1954). 
3See W. E. Keller, Phys. Rev. 97, 1 (1955). 


Propagation and Plasma Oscillation in 
Semiconductors with Magnetic Fields* 


BENJAMIN LAX AND LaurA M. Rotst 
Lincoln Laboratory, Massachusetts Institute of Technology, 
Lexington, Massachusetts 
(Received February 28, 1955) 


AGNETO-IONIC theory! can be extended to 

semiconductors whose energy surfaces in the 

Brillouin zone are ellipsoidal? or warped spheres’ 

possessing cubic symmetry. With a magnetic field B 

along the [001], [110], or [111] axes, the rf conduc- 

tivity tensors for electrons in germanium and silicon 
ou 


can be written 
a2 O 
—o1 o2 O}, (1) 
3 


0 0 03 


where the z axis is along B. For the [001] and [111] 
directions o1:=¢22. The conductivity tensors, obtained 
for each of the eight or six ellipsoids in their respective 
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coordinate systems, are transformed to the coordinate 
system of Eq. (1) and added to yield the above result. 
Maxwell’s equations yield a solution for the propaga- 


tion constant I given by 
[t= (2) 


where w is the frequency of an rf field E, « is the dielec- 
tric constant, and o.rr becomes 


al|B:  cete=}(outoee)+jLo12?—}(o11—o22)" }!, (3a) 
(3b) 


— wEuot Jomorett, 


Ceff= 733, 


we (as’ outa 2a 29) mee | i(o12? +o11022) 
Oeff= ; ? 
WeE—J (ay* outas 0 22) 


alB: 





(3c) 


where @ is the unit vector along Fr. For longitudinal 
propagation, Eq. (3a), E is elliptically polarized normal 


to B and circularly polarized when o1:=022. Transverse 
propagation has two cases, (3a) corresponding to linear 
polarization with E along B and (3b) to elliptical polar- 
) ization with E1B. The effective conductivities for B 
along the [001] direction for the eight and the [111] 
| for the six ellipsoids are identical, and for a||B become 


| ous/o*= [1 (p+2) jb/ (2p+1) V+0(6+1)/39]. 4) 
| Linear polarization for a B yields 

oett/o*=[1+36?/(2p+1) /[1+ (6+2)07/3p], (5) 
where o*=ne?/m*(v+jw), m*=3myme/(2m1+m2), 
p=m;/m2, and b=eB/m2(v+jw), mi, m2 being the 
longitudinal and transverse components of the mass 
tensor, and » the collision frequency, assumed inde- 
pendent of energy. The expressions for oer: with B along 
other principal directions are more involved except for 
the linear polarization, where for the eight ellipsoids, B 
along [111] and [110] directions, the conductivities 
become, respectively, 


Toft _ [1+ (7p+2)b?/3p(2p+1)]_ 
o* [1+ (p+8)8?/9p] 
cote [1+ (p+2)8/(2p+1)] 
ot [1+ (2p+1)8/3p] * 
For the six ellipsoids with B along [110] and [001] 
axes, the conductivities become, respectively, 
oett_ [1+ (p+5)B/2(2p+1)] 
of [+ (6+1)87/2p]’ 


Ceff 


a1. (7b) 





(6a) 





(6b) 





(7a) 


o 


Setting '=0 gives equations for plasma oscillation fre- 
quencies. These become real if v is neglected, i.e., for 
“pure” samples, low temperatures, and high frequencies. 
E||B results in linear and EB in elliptical (or circular 
if ¢1:=022) polarization. The equations, identical for B 
along the [111] and [100] directions for the six and 
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eight ellipsoid models respectively, are 
wa" (p+2)u2*/3ptws" + 3wp'wr?/(2p+1) =0, 


Fol (p+2)e02?/3ptws" ] 
+ (p+2)wsw2/(2p+1)=0, 


where w,?= ne?/m*e and we=eB/me. 

Equations (8a) and (8b) describe the linear and 
circular polarizations respectively. With E||B and along 
the [100] axes, for six ellipsoids, there is no magnetic 
effect and w*=w,”. Other cases will be discussed in a 
later publication. 

The above results depend on crystal orientation and 
parameters related to energy surface curvature and 
may be utilized for investigating the shape of energy 
bands in anisotropic semiconductors at microwave 
frequencies. The approach outlined may also be appli- 
cable for analyzing the anisotropy of warped spheres.’ 
Approximate expressions of the conductivity tensor for 
the latter are being derived from Boltzmann transport 
theory by Zeiger.‘ Actual experiments require finite 
samples and depolarizing effects may have to be taken 
into account as suggested by Kittel. The conductivi- 
ties would then contain components of a depolarizing 
tensor. 


(8a) 


(8b) 


* The research in this document was supported jointly by the 
Army, Navy, and Air Force under contract with the Massachu- 
setts Institute of Technology. 

t Now at Harvard University, Cambridge, Massachusetts. 

1E. V. Appleton, U.R.S.I. Reports, Washington (1927). 

2S. Meiboom and B. Abeles, Phys. Rev. 93, 1121 (1954); Lax, 
Zeiger, Dexter, and Rosenblum, Phys. Rev. 93, 1418 (1954); 
Dexter, Lax, Kip, and Dresselhaus, Phys. Rev. 96, 222 (1954). 

3 Dexter, Zeiger, and Lax, Phys. Rev. rest 7 (1954); R.N. 
Dexter and B. Lax, Phys. Rev. 96, 223 (195 

4H. J. Zeiger (private communication). 

5. Kittel, Physica (to be published). 


Space Charge Layer Near the Surface 
of a Ferroelectric 


WERNER KANZIG 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received February 25, 1955) 


T is known that a space charge layer can exist near 
the surface of solids. In the case of a semiconductor, 
this layer arises from the trapping of electrons in the 
surface traps.'! The electric potential V between the 
surface and the bulk is about 1 volt, and the thickness 
of the layer is generally between 10~ cm and 10-6 cm. 
Hence, electric fields of the order of magnitude 104 
volts/cm to 10 volts/cm may prevail. In the case of an 
ionic conductor, the space charge layer is due to the 
fact that the surface is a source or a sink of vacancies.” 
V is again of the order of magnitude 1 volt. The thick- 
ness of the layer decreases with increasing vacancy 
concentration. Thin space charge layers (<10-> cm) 
require a vacancy concentration which exceeds 10” 
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cm. In inérinsic ionic conductors this concentration 
is generally reached only at rather elevated tempera- 
tures. In extrinsic ionic conductors, however, an im- 
purity concentration near 10'* cm- leads to the forma- 
tion of what we might call an “ionic Schottky exhaus- 
tion layer.” Its thickness lies between 10-5 and 10-* cm 
and does not depend sensitively upon the temperature.* 
Hence, fields as high as 10° volts/cm to 10° volts/cm 
may result. 

An interesting effect should arise from these space 
charge layers in the case of highly polarizable crystals, 
such as ferroelectrics above the Curie point. Fields of 
10° to 10° volts/cm induce the saturation polarization. 
The resulting piezoelectric or electrostrictive strain is 
about 1 percent and thus would be easily observable. 
[ The fact that the thickness of the layer is proportional 
to /e, where « is the static dielectric constant, should 
not prevent this effect: by inserting the dielectric con- 
stant of the saturated crystal (e~200) one obtains a 
layer which is still thin enough to justify the assump- 
tion of dielectric saturation. ] To summarize, we can 
say that a- ferroelectric semiconductor or a ferro- 
electric extrinsic ionic conductor can exhibit a surface 
layer of a thickness between 10° cm and 10-* cm where 
saturation polarization and the corresponding piezo- 
electric strain prevails. This layer does not depolarize 
if the crystal is heated above the Curie temperature of 
the bulk because the properties of the space charge 
layer do not depend sensitivity upon the temperature 
as long as the conditions for dielectric saturation are 
fulfilled. : 

There is considerable experimental evidence that 
such a layer exists in the case of ferroelectric BaTiO; 
which is known to be a semiconductor and which might 
also be an extrinsic ionic conductor to some extent. 
Diffusion measurements indicate that intrinsic ionic 
conduction is negligible in the temperature range which 
is of interest here.® X-ray and electron diffraction ex- 
periments with very small BaTiO; particles have led 
to the following conclusions®: 


1. There is a discrepancy in symmetry between a 
surface layer of a thickness of about 100A and the 
bulk. The misfit between the surface layer and the bulk 
is smaller below the Curie temperature of the bulk. 
Thus the structure of the surface layer is closer to the 
tetragonal structure of the polarized lattice than to the 
cubic structure of the unpolarized lattice. 

2. Electron diffraction experiments indicate a tetrag- 
onal strain in the surface layer which is slightly larger 
than the tetragonal strain of the bulk below the Curie 
temperature. The tetragonal surface strain does not 
vanish if the crystal is heated above the Curie tempera- 
ture of the bulk. 


It is interesting to note that in the case of ferro- 
electric KH:PO, no evidence for a polarized surface 
layer was found.’ As KH2PO, is not a semiconductor 
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and generally much purer than BaTiOs;, this supports 
the view that the observed surface strain in the case of 
BaTiO; is due to an ionic or electronic space charge 
layer. This layer may also account for the observation 
that very thin, virgin BaTiO; crystals do not show nor- 
mal dielectric hysteresis at low voltages V, though the 
apparent electric field (calculated as V/d, where d is 
the thickness of the crystal) is larger than the coercive 
field. The space charge layer has to be broken down 
before the normal dielectric hysteresis can be observed.* 

The author is indebted to J. Bardeen, R. J. Maurer, 
and F. Seitz, for illuminating discussions. 

1 John Bardeen, Phys. Rev. 71, 717 (1947). 
oak Frenkel, Kinetic Theory of Liquids (Clarendon Press, Oxford, 

3K. Lehovec, J. Chem. Phys. 21, 1223 (1953). 

4 Busch, Flury, and Merz, Helv. Phys. Acta 21, 212 (1948); S. 
Nomura and S. Sawada, J. Phys. Soc. Japan 5, 227 (1950); E. K. 
Weise and J. A. Lesk, J. Chem. Phys. 21, 801 (1953). 

5 A. Garcia-Verduch and R. Lindner, Ark. Kemi 5, 313 (1953). 

6 Anliker, Brugger, and Kanzig, Helv. Phys. Acta 27, 99 (1954). 


7 Jaccard, Kinzig, and Peter, Helv. Phys. Acta 26, 521 (1953). 
8'W. J. Merz, Phys. Rev. 76, 1221 (1949). 


Diamagnetic Resonance in Electronic 
Conductors 


R. B. DINGLE 
Department of Physics, University of Western Australia, 
Nedlands, Australia 
(Received February 4, 1955) 


N a recent Letter with the above title,! Dorfman 
points out that he had published an article in 1951 
predicting the general features of diamagnetic (“cyclo- 
tron”’) resonance in electronic conductors, which would 
therefore be prior to my detailed theoretical treatment? 
appearing in 1952. 

In order to avoid any possible misunderstandings, I 
should like to draw attention to the fact that I had 
described the effect at the 1951 International Confer- 
ence on Very Low Temperatures, and (like Dorfman) 
had emphasized that it would lead to a direct estimate 
of the effective mass of the carriers. The publications of 
such general descriptions by myself* and Dorfman‘ were 
therefore independent and essentially simultaneous. 
The detailed treatment? appearing in the Proceedings of 
the Royal Society (London) for 1952 was taken from 
my 1951 doctorate thesis.® 

1J. G. Dorfman, Phys. Rev. 96, 1704 (1954). 

2 R. B. Dingle, Proc. Roy. Soc. (London) A212, 38 (1952). 

3R. B. Dingle, Proceedings of the International Conference on 
Very Low Temperatures, edited by R. Bowers (Oxford, 1951), 
abstract on p. 165. 

4J. G. Dorfman, Doklady Akad. Nauk. S.S.S.R. 81, 765 
(1951). (Unfortunately, this volume does not appear to have 
become available in England until after the publication of my 


1952 paper.) 
eR: 4 Dingle, doctorate thesis, Cambridge University (1951), 
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Heat Capacity and Entropy of Liquid He’ 
from 0.23 to 2°K: Nuclear Alignment 
in Liquid He*}{ 
BERNARD M. ABRAHAM, DARRELL W. OSBORNE, AND 


BERNARD WEINSTOCK 
Argonne National Laboratory, Lemont, Illinois 


(Received January 26, 1955; revised manuscript received 
February 10, 1955) 


E have extended our measurements! of the heat 
capacity of liquid He* to cover the temperature 
range 0.23 to 2°K, and the results are shown in Fig. 1, 
along with the values reported by Roberts and 
Sydoriak.? The data of deVries and Daunt? have not 
been included because of their very large scatter. Also 
shown are calculated curves of Cy for an ideal Fermi- 
Dirac gas with degeneracy temperatures of 0.45°K 
(suggested by Fairbank, Ard, and Walters‘ to fit their 
susceptibility measurements) and 4.98°K (the Fermi 
temperature for He? at the liquid density). A compari- 
son of these curves with the experimental measure- 
ments® shows that the ideal Fermi-Dirac gas model is 
; unsatisfactory for liquid He’. 
The entropy of liquid He* between 0.23 and 2°K was 
calculated from the equation 


id 
S=2.52+ f Cyatd InT, 
1.5 


where the constant 2.52 cal deg~! mole“ is the entropy 
of the liquid at 1.5°K obtained from our vapor pressure 
data® and from new values of the second virial coeffi- 
cient’ and the liquid density.§ The entropy obtained in 
this way is given in Fig. 2 (curve A), together with the 
values at 1, 1.5, and 2°K calculated from the vapor 
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Fic. 1. Heat capacity of liquid He? at its saturated vapor pres- 
sure. (A) Experimental results; (B) and (C), Cy of ideal Fermi- 
Dirac gas with degeneracy temperatures of 0.45° and 4.98°K, 
respectively ; (D) estimated nonspin heat capacity; (E) estimated 
spin heat capacity (curve A minus curve D). 
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Fic. 2. Entropy of liquid He*. The circles show the entropy 
calculated from the vapor pressure. Curve A gives the entropy 
calculated from the heat capacity data and the value 2.52 cal deg 
mole“ for the entropy at 1.5°K. (B) Estimated nonspin entropy 
[from integration of curve D], Fig. 1; (C) estimated spin en- 
tropy, Sspin, [curve A minus curve B]. 


pressure. Since there is an estimated uncertainty of 
0.17 cal deg! mole in the entropy at 1.5°K, the whole 
entropy curve may have to be shifted up or down when 
an accurate measurement of the heat of vaporization is 
obtained. 

The entropy at 0.23°K is 0.86 cal deg“ mole“, a 
value significantly smaller than R 1ln2=1.38 cal deg 
mole—!, the entropy for random orientation of the 
nuclear spins. It follows, without any assumption re- 
garding other contributions to the entropy, that the 
nuclear spins in liquid He* must be appreciably ordered 
at this temperature. A similar conclusion was drawn by 
Roberts and Sydoriak? from their preliminary value of 
1.20 cal deg! mole“ for the entropy at 0.4°K. 

Fairbank, Ard, and Walters have demonstrated 
nuclear alignment in liquid He* more directly by 
measurement of the nuclear magnetic susceptibility.‘ 
In order to make a quantitative comparison between 
our results and those of Fairbank, Ard, and Walters 
we have empirically resolved the heat capacity of liquid 
He’ into two parts, one attributed to the alignment of 
the nuclear spins and the other to the remaining types 
of excitation. A striking similarity was noticed between 
the heat capacity of liquid He‘ above 2.5°K® and that 
of liquid He’ above 1.4°K, in that both heat capacities 
vary linearly with temperature and extrapolate nearly 
to zero. It seems reasonable to interpret this “high 
temperature” heat capacity as arising from excitations 
in which statistics and spin do not play an important 
role. The linear part of the heat capacity curve was 
extrapolated to 0°K (Fig. 1, curve D) and was assumed 
to represent the nonspin contribution to the heat 
capacity. The difference between this curve and the 
total heat capacity gives the spin heat capacity, which 
is plotted in Fig. 1 as curve E. The entropy was re- 
solved by integrating the nonspin heat capacity from 
0°K to obtain the nonspin contribution to the entropy 
(Fig. 2, curve B) and subtracting this from the total 
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entropy to obtain the spin contribution (Fig. 2, curve C). 
Actually the extrapolation of the nonspin heat capacity 
was not strictly linear but rather was curved below 
0.75°K so that it would pass through the origin and 
also would integrate to give R 1ln2 for the spin entropy 
at 1.4°K. 

The fraction of the spins which are not aligned was 
then calculated from the ratio Sspin/(R 1n2). These 
values were found to be in satisfactory agreement 
with the measurements of x7/C.4 


¢ This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Presented as an invited paper at the meeting of the American 
Physical Society at Chicago, Illinois, November 26, 1954. 

1 Osborne, Abraham, and Weinstock, Phys. Rev. 94, 202 (1954). 

2 T. R. Roberts and S. G. Sydoriak, Phys. Rev. 93, 1418 (1954). 

3G. deVries and J. G. Daunt, Phys. Rev. 92, 1572 (1953); 93, 
631 (1954). 

4 Fairbank, Ard, and Walters, Phys. Rev. 95, 566 (1954). 

5 Strictly speaking, the difference between Csat and Cy should 
be taken into account before making this comparison. Although 
data are not available for a precise calculation of this difference, 
the correction is in the direction of making the discrepancy even 
greater than that shown. 

6 Abraham, Osborne, and Weinstock, Phys. Rev. 80, 366 (1950). 

7 Kilpatrick, Keller, Hammel, and Metropolis, Phys. Rev. 94, 
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8 E. C. Kerr, Phys. Rev. 96, 551 (1954). 
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Effect of Oxygen Gas on the 
Photoconductivity of BaO 


M. SaKAmoTo, S. KOBAYASHI, AND S. IsHII 
Tokyo College of Science, Kagurazaka, 
Shinjuku-ku, Tokyo, Japan 
(Received February 15, 1955) 


HEN a barium-oxide coated cathode with a 
probe electrode, as shown in Fig. 1, is irradi- 

ated by ultraviolet light, a remarkably steep peak is 
observed at about 3.7 ev.! The author has proposed 
that this peak might be due to a level of surface origin, 
since it was observed only in powders and not in single 
crystals.’ To test this idea, we have observed the change 
of the photocurrents before and after the breaking of 
an oxygen ampule, which was inserted in the vacuum 
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Fic. 2. The effect of oxygen gas on the photoconductivity of BaO. 
The relative photocurrents are shown to facilitate comparison. 


tube. These observations were made especially at the 
3.7-ev peak and at the 4.2-ev hump which was thought 
to be due to the thermal dissociation of the excitons.’ 
According to the results shown in Fig. 2, the photo- 
current at 3.7 ev decreases rapidly with a time constant 
of several tens of seconds after exposure to the oxygen 
gas and finally reaches about 20 percent of the initial 
value. On the other hand, the photocurrent at 4.2 ev 
decreases slowly with a time constant of about 5 
minutes, and the final total decrease is only about 50 
percent. The author has repeated this experiment with 
argon gas, but did not find in this case such a difference 
in behavior between the 3.7-ev and 4.2-ev photo- 
currents. 

Therefore, the decay phenomena of the two currents 
are of essentially different types. As one possibility, the 
decay at 4.2 ev may be interpreted as the scattering of 
the conduction electrons by the oxygen molecules which 
diffused into pores existing between the powdered small 
crystals. The calculated value of the time constant for 
the simple model shown in Fig. 3 (Knudsen’s formula) 
was reasonable in comparison with the observed value. 
The decay at 3.7 ev may, on the other hand, be con- 
sidered as supporting the proposition of a surface level. 
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The author wishes to express his thanks to Dr. H. 
Kawamura, Dr. A. Kobayashi, and M. Tomura for 
profitable discussions. 

1H. B. DeVore and J. W. Dewdney, Phys. Rev. 83, 805 (1951). 


2M. Sakamoto, Le Vide, 52-53, 109 (1954). 
3W. W. Tyler and R. L. Sproull, Phys. Rev. 83, 548 (1951). 


X-Ray Analysis of Compressed KCl 
Powder Crystals 


J. G. KereElaxeEs* 
University of Cincinnati, Cincinnati, Ohio 


(Received December 20, 1954; revised manuscript received 
February 14, 1955) 


r view of the wide use of compressed crystals in 
infrared transmission studies and of the possible 
use of compressed crystals as the crystal phosphor in 
scintillation counting, it is important that the physical 
effects of high pressure on powder crystals be investi- 
gated. Presented here are x-ray diffraction patterns of 
compressed potassium chloride powder crystals. 

The compressed crystal samples were obtained as fol- 
lows. About 0.1 gram of 60-80 micron grain-size KCl pow- 
der was placed on the surface of an oil-hardened chrome- 
nickel alloy die. After sealing, the die and powcer 
containing compartment was evacuated until approxi- 
mately 10-* mm Hg pressure was attained. The powder 
samples were subjected to pressures ranging from 5000 
lb/in.2 to 200000 Ib/in.2 The resulting samples were 
in the form of hardened disks of } inch in diameter 
and from 13-18 mils thick. 

Samples compressed at pressures of 5000, 10000, 
20000, 30000, 40 000, 50000, 100000, 150000, and 
200 000 Ib/in.?, respectively, are shown in Fig. 1. 
The general appearance of the compressed samples 
ranged from a white disk to a completely translucent 
disk at around 125 000 lb/in.? This phenomenon is not 
new and has been reported elsewhere.'” 


Fic. 1. KCl samples compressed at pressures of 5000, 10 000, 
20000, 30000, 40000, 50000, 100000, 150000, and 200000 
lb/in.2, respectively. 
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Fic. 2. X-ray diffraction patterns of compressed KC] samples. 
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The compressed samples were then analyzed by the 
usual x-ray diffraction transmission methods using a 
North American Phillips Unit, Mo target tube oper- 
ated at 50 kvp and 18 ma, zirconium filter, and a sample- 
to-film distance of 4.95 cm. The surface of the com- 
pressed samples was placed perpendicular to the un- 
deviated x-ray beam. 

The x-ray diffraction patterns of powdered KCl and 
of the compressed KCl samples are shown in Fig. 2. 
The powder sample gives a spotty pattern, indicating 
large grain size (60-80 microns). The patterns for the 
samples compressed at 5000 lb/in.? and 10000 lb/in 
show fewer spots, indicating a decrease in grain size. 
The remaining patterns show that with additional 
pressure the rings become sharp and indicate a grain 
size of less than 5X10-* mm. 

Theoretically, as grain size continues to decrease to 
below 2X10~ mm, the rings in the pattern begin to 
lose their sharpness and show signs of broadening, 
because such crystals lack the necessary resolving 
power to produce sharp rings. 

Since this broadening of the rings was not evident to 
the eye, the patterns were further investigated with a 
microphotometer. The intensity films for the 50 000- 
lb/in.2 and 200 000-lb/in.? diffraction patterns super- 
imposed on each other, thus denoting no appreciable 
line broadening. Sproull® states that between 5X 10% 
mm and 2X10~ mm the x-ray pattern is insensitive 
to grain size. Therefore when a sample yields a sharp- 
ring pattern, one can only say that its grain size lies 
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within this range. The grain size of samples compressed 
from 10000 to 200000 lb/in.? appears to lie between 
5X10- and 2X10~ mm. 

The finding that the respective Debye rings in the 
diffraction patterns remained the same distance from 
the undeviated x-ray beam for all of the compressed 
samples, indicated no change in crystal lattice struc- 
ture as a result of the applied pressure. It appears that 
although these translucent compressed crystal samples 
resembled in appearance single crystals, they retained 
x-ray diffraction patterns characteristic of powder 
crystals. It may be that crystals prepared in this way 
can be used as phosphors in scintillation counters. 

* Now at the Army Medical Research Laboratory, Fort Knox, 
Kentucky. 

1J. G. Kereiakes, dissertation, University of Cincinnati, 1950 
(unpublished). 

2M. A. Ford and G. R. Wilkinson, J. Sci. Instr. 31, 338 (1954). 


3W. T. Sproull, X-Rays in Practice (McGraw-Hill Book Com- 
pany, Inc., New York, 1946), p. 440. 


Infrared Absorption of Liquid 
and Solid Hydrogen* 


ELIzABETH J. ALLIN, W. F. J. HARef anp R. E. MacDonatpt 


McLennan Laboratory, University of Toronto, Toronto, Canada 
(Received February 28, 1955) 


HE fundamental vibrational absorption of hydro- 
gen, induced by intermolecular forces, has been 
studied over a wide range of gas pressures and at tem- 
peratures down to 80°K.'~ The resolution of the com- 
ponents of the band improves greatly as the tempera- 
ture is lowered; for this reason, as well as to ascertain 
the effect of crystal structure on induced absorption, 
the investigation has been extended to liquid and solid 
hydrogen. 

A fused quartz absorption cell, giving a path length 
of 8.4 mm, was suspended in a cryostat of special design. 
Temperatures in the range 10-22°K were maintained 
constant to +0.1°K by controlling the boiling of liquid 
helium below the cell with a heating coil, and were 
measured by the vapor pressure of the hydrogen in the 
cell. A Perkin-Elmer 12B spectrometer with a LiF 
prism and a PbS detector was used. Figure 1 shows the 
fundamental absorption of liquid normal hydrogen at 
18°K and of the solid at 11°K, along with the absorp- 
tion of the compressed gas at 298°K with approxi- 
mately the same density. ~ 

Several features of the absorption of the compressed 
gas are now well established. The Qg component [not 
well resolved under the experimental conditions of 
Fig. 1(a)] and various rotational lines with AJ=+2, 
of which S(O) and S(1) are the most prominent, have 
frequencies near those calculated for the free molecule 
at all gas densities; the intensity of these components 
is believed to arise chiefly from the quadrupole inter- 
actions between the absorbing molecule and the sur- 
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Fic. 1. The fundamental infrared absorption of hydrogen in- 
duced by intermolecular forces for (a) the compressed gas at a 
density of 1014 Amagat units, (b) the liquid at 817 Amagat, and 
(c) the solid at 972 Amagat. 


rounding molecules.’ The maxima Qp and Qp, on the 
other hand, change markedly with the density and the 
temperature; their separations from the band origin 
increase with increasing density and temperature, and 
the intensity of Qp diminishes rapidly as the tempera- 
ture is lowered. These components of the Q branch 
probably originate in close collisions in the region of 
overlap forces, and the relative kinetic energy of the 
surrounding molecules can apparently participate in the 
absorption process.’ 

In the spectrum of the solid, the sharp lines Qo, 
S(0), and S(1) in Fig. 1(c), can be ascribed to the 
quadrupole field effect. Confirmation of this view has 
been furnished by preliminary experiments on pure 
parahydrogen in which the disappearance of Qo, in 
accordance with the vanishing of the matrix element for 
the transition J=0 to J’=0,' has been established. 
Certain minor maxima can be identified from their 
frequencies as the double rotational transitions 25(0), 
S(0)+5(1), and 2S(1); in parahydrogen 2S5(0) ap- 
pears alone, as a sharp line with medium intensity. 
The weak maximum, S’’(1), belongs to the S(1) group, 
but its origin is not clear. 

The higher-frequency components of the S lines, 
labelled S’(0) and S’(1) in Fig. 1(c), have contours 
very similar to Qe and are accordingly ascribed to 
overlap forces. The interaction with the kinetic energy 
of the surrounding molecules in the gas must here be- 
come an interaction with the vibrational energy of the 
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crystal lattice. The splitting off of the components, 
S'(0) and S’(1), is first noticeable at about 20°K and is 
more or less complete at 15°K; there is no change ob- 
served on passing the solidification point at 14°K, 
and very little on lowering the temperature to 4.2°K, 
the boiling point of liquid helium. If the characteristic 
appearance of the spectrum of the solid is due to the 
participation of the lattice modes in the absorption, it 
is clear that the crystalline structure persists locally 
into the liquid state several degrees above the fusion 
point. 

Induced infrared absorption is caused by the asym- 
metric distortion of the absorbing molecule by inter- 
molecular forces. In crystalline hydrogen asymmetric 
distortion can be produced both by the random orienta- 
tions of the freely rotating molecules and by the vibra- 
tional motion of the crystal lattice. The experimental 
results indicate that the first type of distortion occurs 
for quadrupole interactions, and that both types are 
operative for overlap interactions. 

The authors are indebted to Professor H. L. Welsh, 
Professor M. F. Crawford, Professor K. R. Atkins, 
and Professor A. C. Hollis Hallett for valuable dis- 
cussions. 

* This research was supported by a grant from the National 
Research Council of Canada. 

{ Holder of a research fellowship of the National Research 
Council of Canada. 

t Holder of a scholarship of the Research Council of Ontario. 
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Canonical Invariance in Lagrangian 
Quantum Mechanics 


W. K. Burton 
Department of Natural Philosophy, University of Glasgow, 
Glasgow, Scotland 


(Received January 17, 1955; revised manuscript received 
February 9, 1955) 


UGENHOLTZ,' in a recent Letter to the Editor, 
has criticized Schwinger’s® variational formalism 
in quantum mechanics by attempting to show that it is 
possible, by means of a unitary transformation on the 
dynamical variables, to add terms to the Lagrange 
function which are not in the form of time derivatives. 
He gives as an example L’”’ = —43(q’g+4q*) which arises 
from U=exp(3ig*) and concludes that the new La- 
grange function L’=L+L” is ‘essentially different’ 
from the old one L. 
This is not the case; the condition for canonical 
invariance is that the variation of the added term? 
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rather than the added term itself should be a time 
derivative. If we evaluate 6L” we find 


bL” = —4 (6qq4-+gqg+-4°84-+84q?-+-45qq-+495q) 


d d 
= — (g9+49)5g+—(q?) -5g——(q5q) 
dt dt 


2%. 
— g _ (-3¢), 


where we have used the commutativity of g with all its 
coefficients. Thus the new Lagrange function is equiva- 
lent to the old one. 

The effect of making a general unitary transforma- 
tion, not explicitly dependent on the time, can be seen 
as follows. First, every unitary transformation U can 
be written 


U=exp(iG), (2) 


where G is Hermitian. Secondly, a unitary transforma- 
tion of the dynamical variables at a time intermediate 
between the initial and final times has no effect on the 
transformation function: 


(ay't1| a2"’te) 


= f (ay'th|a't)da’(a’t|ae!te), ti >t>te 


ig f (a'ts| U() |a"#)da'(a't| U-2(0) Jas") 


= (cry'ty | a2"’te). 
This shows that (2) induces 
(c4y'ty | ov2!"t2)—>(ay't| U-! (th) U (te) | xe"’te). (4) 


Since the only change is at the times #4; and f., 
Schwinger’s operator form of Hamilton’s principle is 
left unaffected. Thus if an admissible variation be made, 
the contribution to the variation of the transformation 
function arising from U is 


—i(ay't| ‘Of. (t:) L6G (41) —6G (te) |U (te) | ar2”te). 


But the same effect would be produced if we added 
—(d/dt)bG to 6L, since fdt(d/dt)iG=6G(t:) —8G (te). 
Hence U induces 


6L—5L— (d/dt)6G. (5) 


Hugenholtz’s final point that c-number variations 
do not transform into c-number variations under arbi- 
trary unitary transformations does not seem relevant. 
The point is more whether admissible variations trans- 
form into admissible variations. In all the cases which 
have been studied so far,” it can be seen that a variation 
consisting of the sum of two nonvanishing parts, one 
of which commutes and the other of which anticom- 
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mutes with the unvaried quantities, is an admissible 
variation. The commuting part produces no effect in 
Fermi systems, and the anticommuting part produces 
no effect in Bose systems. The full extent of the class of 
admissible variations is not yet known. 


1N. M. Hugenholtz, Phys. Rev. 96, 1158 (1954). 
2 J. Schwinger, Phys. Rev. 91, 713 (1953). 


Possibility of a Nuclear Radiation Detector 
by Means of Electroluminescent 
Phosphors 


W. Low 


Department of Physics, The Hebrew University, Jerusalem, Israel 
(Received February 24, 1955) 


VER since Rutherford used scintillations of phos- 
phorescent screens to count alpha particles, the 
scintillation counter has been used with great advantage 
as a nuclear radiation detector. Recently, in particu- 
lar,!? the combination of a photomultiplier with a 
phosphor like activated sodium iodide has served as a 
very efficient detector of a, 8, and y rays. 

This note is to point out that the light output of 
scintillation counters using electroluminescent phos- 
phors could possibly be increased by subjecting the 
phosphor to strong electric fields. (Strong electric fields 
have been used successfully with crystal counters like 
CdS and diamond.*) The application of dc or ac voltages 
of the order of 10° v/cm on certain powdered phosphors 
increases the luminescent brightness of ultraviolet- 
excited phosphors.4* The increase of the brightness is 
a function of the applied voltage. Furthermore, the 
sudden application of an electric field or of light excita- 
tion (when the phosphor is subjected to the field) re- 
sults in strong light flashes; this is called the Gudden- 
Pohl effect.” The electrons in the conduction band of a 
phosphor subject to high local fields are probably ac- 
celerated to energies which may cause further ionization, 
thus resulting in electron multiplication with perhaps 
local avalanche formation.*® This process probably 
occurs only near the cathode? and is analogous to the 
processes found in glow gas discharges. 

If an ionizing particle enters a phosphor which is 
subjected to very strong electric fields close to electrical 
breakdown, it will create local ionization and perhaps 
local avalanches along its path. These electrons on 
recombination will emit light flashes which can be 
amplified and recorded with a photomultiplier arrange- 
ment. Such a counter could possibly be made propor- 
tional by biasing the phosphor with different voltages. 

We would like to suggest another possibility for the 
use of proper electroluminescent phosphors. Such 
phosphors show a threshold voltage above which light 
is emitted even without any external excitation. When 
the applied voltage increases, the light output also 
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increases. The threshold voltage is considerably changed 
by irradiation with ultraviolet light, i.e., by the promo- 
tion of electrons into the conduction band. In such a 
case a momentary flash is observed. An ionizing particle 
may also give rise to a pulse of light from an electro- 
luminescent phosphor. 

1H. Kallmann, Natur. u. Tech. (July, 1947). 

2 R. Hofstadter, Phys. Rev. 75, 796 (1949). 

3 R. Hofstadter, Proc. Inst. Radio Engrs. 38, 726 (1950). 

4 Low, Steinberger, and Braun, J. Opt. Soc. Am. 44, 504 (1954), 

5G. Destriau, Electrochemical Society Meeting, May, 1954 
(unpublished). 

6 Alexander, Low, and Steinberger (to be published). Observa- 
tions have been made on ultraviolet-excited phosphors subjected 
to strong electric fields. 

7B. Gudden and R. Pohl, Z. Physik 17, 334 (1923). 

®D. Curie, J. phys. radium 13, 317 (1953). 

® W. W. Piper and F. E. Williams, Phys. Rev. 81, 151 (1952). 


Cyclotron and Spin Resonance in 
Indium Antimonide 


G. DressEtHaus, A. F. Kip, C. Kitret, anp G. WAGONER 
Department of Physics, University of California, Berkeley, California 
(Received February 7, 1955) 


YCLOTRON resonance has been observed in a 
single crystal of indium antimonide at a frequency 

near 24 000 Mc/sec, using a light modulation technique 
with injected carriers, as described in our earlier pub- 
lications.! One resonance line observed at low field 
strengths corresponds to an effective mass m*= (0.013 
+0.001)m, and the resonance appears to be isotropic 
under rotation in a (100) plane, to within the experi- 
mental error. A recorder tracing of a typical run is 
shown in Fig. 1. We infer from the isotropic mass that 
the resonance is associated with conduction electrons. 
Pearson and Tanenbaum? have made magnetoresistance 
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Fic. 1. Power absorption (relative scale) vs static magnetic 
field intensity, at a frequency of 23 975 Mc/sec. The origin for the 
vertical axis is somewhat uncertain. The low-field peak is asso- 
ciated with electrons, while the higher-field peak is probably 
associated with holes. The electronic effective mass was obtained 
from the average of the peak positions of a number of runs. No 
correction has been made for the effect of the width of the low- 
field line on the resonance condition, but an estimate suggests 
that the true effective mass may be about 3 percent higher than 
the apparent value; this is within the experimental error. 
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measurements on #-InSb which suggest strongly that 
the conduction band edge is spherical, while the work 
of Hatton and Rollin® suggests that the valence band is 
more complicated. Mobility and degeneracy studies by 
various workers had suggested a light effective mass for 
electrons in InSb, but not quite as light as we find at 
the band edge. The specimen giving the line shown in the 
figure is p-type with acceptor concentration estimated to 
be less than 5X10" cm-*. At 4°K the resonance can 
barely be resolved, but at 2.2°K the line is clearly 
resolved, with a relaxation time of approximately 
1X10-" sec. An n-type specimen with Vg~10" cm-, 
Na~10"-10" cm, gave at 2.2°K a relaxation time 
of about 0.7 10-" sec. 

We have made preliminary observations on two 
resonance lines with heavier masses, m*~0.18m and 
m*>1.2m; the lines are somewhat anisotropic, and we 
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suggest tentatively that they may be associated with 
holes. The study of these lines is continuing. 

An electron spin resonance line has also been ob- 
served in both crystals at a g value of 2.11+0.03. 

We are particularly indebted to H. J. Hrostowski 
of the Bell Telephone Laboratories for the provision of 
the InSb crystals. The high purity of these crystals 
made possible the work reported here. We are indebted 
also to R. C. Fletcher and C. Herring for assistance and 
information. This work has been supported in part by 
the Office of Naval Research and the U. S. Signal 
Corps. 

1A. F. Kip, Physica (to be published); Dresselhaus, Kip, and 
Kittel, Phys. Rev. 98, 368 (1955). 

2G. L. Pearson and M. Tanenbaum, Phys. Rev. 90, 153 (1953). 


3J. Hatton and B. V. Rollin, Proc. Phys. Soc. (London) A67, 
385 (1954). 


NUMBER 2 APRIL 15, 1955 


Proceedings of the American Physical Society 


MINUTES OF THE SEVENTH ANNUAL GASEOUS ELECTRONICS CONFERENCE (HELD UNDER THE JOINT 
SPONSORSHIP OF THE DIVISION OF ELECTRON Puysics, AMERICAN PHYSICAL SOCIETY, AND THE COLLEGE 
OF ENGINEERING, NEW YorK UNIVERSITY) AT NEW York, NEw York, ON OCTOBER 14-16, 1954 


HE Seventh Annual Conference on Gaseous 
Electronics was held in Vanderbilt Hall on 
the Washington Square Campus of New York 
University on October 14, 15, and 16, 1954. 
There were 244 registrants. A symposium of three 
invited papers consisted of ‘‘Mechanism of Uniform 
Field Breakdown,” by F. Llewellyn Jones, Univer- 
sity Collete of Swansea; ‘‘Formative Time Lags of 
Uniform Field Breakdown,” by L. H. Fisher, New 
York University; and “Secondary Processes and 
the Mechanisms of Spark Breakdown,” by L. B. 
Loeb, University of California, Berkeley. A fourth 
invited paper, “Effect of Electrons on Spectral 
Lines Emitted in a Discharge,’’ was by H. Margenau 
of Yale University. Abstracts of some of the 
contributed papers are printed hereunder. 

The banquet of the Conference was held on 
Friday evening, October 15. T. E. Allibone (Assoc- 
iated Electrical Industries of Great Britain) and 
W. Finkelnburg (Siemens-Schuckert Werke, Erlan- 
gen, Germany) were the after-dinner speakers, and 
the theme of each was the state of Gaseous Elec- 
tronics research in his country. 

The Conference Committee for the coming year 
consists of W. P. Allis (Chairman), J. D. Cobine, 
L. H. Fisher, H. Margenau, A. V. Phelps, and 
D. J. Rose. 

LEon H. FIsHER For the Conference Committee 


Al. Negative Ion Formation Using Monoenergetic Elec- 
trons. W. M. Hickam AND R. E. Fox. Westinghouse Research 
Laboratories.—Ion formation involving electron attachment 


at low energies was investigated with monoenergetic electrons 
as obtained by the retarding potential difference (RPD) 
method.! Initial studies with this method reveal that electron 
attachment in some cases may occur only over an extremely 
narrow energy range. For such cases it becomes increasingly 
important that monoenergetic electrons be used in order to 
obtain the true excitation curve. For example, in the case of 
the formation of SF.~, the large cross section is found to occur 
only for electrons whose energy is less than 0.1 ev. The 
dissociative attachment process which yields SF;~ also has a 
maximum cross section for electron energies of less than 
0.1 ev. In this case, however, the negative ion formation as a 
function of electron energy decreases more slowly, going to 
zero at about 2 ev. The use of monoenergetic electrons can 
account for the wide differences between these results and 
those previously obtained? for SF. It will be demonstrated 
how the extremely narrow capture process can yield informa- 
tion concerning the behavior of the electron beam at these 
low energies. 


1 Fox, Hickam, Kjeldaas, and Grove, Phys. Rev. 84, 859 (1951). 
2A. G. Ahearn and N. B. Hannay, J. Chem. Phys. 21, 119 (1953). 


A2. Rotational Excitation by Slow Electrons.* E. GEryuoy 
AND S. STEIN, University of Pittsburgh and Westinghouse 
Research Laboratories.—Theoretical cross sections have been 
developed for the rotational excitation of homonuclear 
molecules by slow electrons,! and the results applied to 
calculation of the fractional energy loss per collision A. In 
Ne, at energies below the vibrational threshold, theoretical 
losses are approximately twice experimental? but many times 
larger than 2m/M. In Hz the theoretical losses are not more 
than 2.5 (2m/M), and, except at the lowest energies studied 
(v 0.1 ev), are significantly smaller than observed.? It would 
be desirable to have more direct experimental evidence of 
rotational excitation. For this reason we have calculated \ 
at 77°K in pure para-hydrogen and in the equilibrium mixture 
of ortho- and para-hydrogen. At electron energies ~0.075 ev, 
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the two \’s should differ by about 50 percent. Similarly, 
because of the altered rotational distribution, \ for deuterium 
differs from \ for He. Such differences, if observed, could 
hardly be accounted for on any other basis than rotational 
excitation. 

* This research was supported in part by the U. S. Air Force. 

1 Stein, Gerjuoy, and Holstein, Phys. Rev. 93, 934 (1954). 


2R. W. Crompton and D. J. Sutton, Proc. Roy. Soc. (London) A215, 
467 (1952). 


A3. Redetermination of the Ionization Coefficient n for 
Hydrogen. D. J. Rose, Bell Telephone Laboratories.—Measure- 
ments of the ionization coefficient for hydrogen have been 
reported by Ayers (1923) and Hale (1938). These data are 
inconsistent. The experiment has therefore been repeated, 
using the best available vacuum technique. The hydrogen was 
prepared either from spectroscopically pure one-liter flasks, 
or from the decomposition of uranium hydride which was 
prepared in vacuum from the pure gas and reactor grade 
uranium. The plane parallel electrodes were 5-cm disks of 
molybdenum, and could be adjusted to pre-set separations 
within 10 microns error. Values of the ionization coefficient 
n were obtained in the range 20<E/p<1000 volts/emXmm 
Hg. 


A4. Studies of Anode Pre-Breakdown Phenomena in 
Thyratrons. SEYMOUR GOLDBERG, Edgerton, Germeshausen & 
Grier, Inc.—The transfer of gaseous conduction from a region 
containing a plasma to a space which is separated from this 
by a system of apertures and baffles and which contains an 
anode has been investigated. The dc anode voltage-anode 
current characteristics of the system have been obtained and 
indicate that the anode behaves much the same as a Langmuir 
probe, permitting the evaluation of electron temperature and 
space potential. Reasonable values for these parameters are 
obtained. It is found that when the potential is raised above 
that of the plasma, the current increases beyond the saturation 
value, probably due to an expanding*electron sheath about 
the probe. As the potential is raised further, considerable 
ionization is apparent in the anode space and a plasma-like 
boundary is observed to protrude through the apertures 
partitioning the regions. The effect of ionization in the anode 
region is to increase potentials in the connecting space, which 
further expands the electron sheath. At some critical current 
to the anode this boundary abruptly increases and breakdown 
occurs. 


A5. Diffusion of Ions and Electrons in an Electric Field. 
Rosert N. VARNEY, Washington University—The partial 
differential equation for diffusion has been set up to include a 
drift velocity term and has then been solved explicitly by 
standard Fourier integral procedures. The results are then 
applied to three ionic problems. The first is the diffusion of 
an ion avalanche cloud opposite to the field against an anode 
surface. The second is the analysis of the approach of a 
positive ion avalanche to a collecting cathode under the 
influence of both drift and diffusion. The third is the analysis 
of back-diffusion of electrons after escape from a cathode to 
the cathode surface. In all cases, a variable of controlling 
significance is the function vx/D, where 1 is the drift velocity, 
D the diffusion coefficient, and x a distance of travel. The 
function vx/D shows diffusion effects to be negligible if it is 
appreciably less than unity. 


A6. Ionization Accompanying the Long-Lived Nitrogen 
Afterglow.* W. B. KUNKEL AND A. L. GARDNER, University of 
California, Berkeley.—Extensive electron density measure- 
ments have been carried out in active nitrogen by means of 
the microwave method. It was found that the electron density 
depends strongly on the amount of contamination in the 
nitrogen, being highest for an admixture of 0.1 percent to 
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0.2 percent of oxygen and reaching a maximum at a time of 
the order of 100 milliseconds after the discharge excitation, 
in striking agreement with the emission of the visible spectrum. 
It is concluded that the oxygen, being totally dissociated in 
the discharge, does not attach electrons but serves to form 
nitric oxide which has a sufficiently low ionization potential to 
be ionized by the active particles. Since electron removal by 
ambipolar diffusion and recombination is rapid, two-body 
ionizing collisions are required to maintain the high free 
electron density level, (~10® cm=*). Metastable nitrogen 
molecules of 9.6 ev, presumably in a singlet state, must 
therefore be continually formed out of the parent ground state 
atoms. It seems possible that the metastables are also needed 
as intermediate states in the afterglow reaction and that the 
presence of the electrons is essential for the multiplicity 
change required for the light emission as suggested by Nicholls.! 


* Work supported by Wright Air Development Center. 
1R. W. Nicholls, J. Chem. Phys. 20, 1040 (1952). 


A7. Diffusion and Volume Loss Coefficients of Helium 
Metastable Atoms and Molecules. A. V. PHELPS, Westing- 
house Research Laboratories.—Diffusion and volume destruc- 
tion coefficients have been determined for the metastable 
states of the helium atom,! 2!S and 23S, and molecule, 2° 2, 
from measurements of the lifetimes of these metastables in 
very pure helium. The product of the diffusion coefficient 
and the neutral atom density for each of the metastable 
states is 1.5310" (cm?/sec) (atom/cc) at 300°K to within 
the respective experimental errors. The volume loss for the 
2'S metastables is linear with the helium pressure and sug- 
gests destruction by collision induced radiation with an 
average cross section of 4X10-* cm? at 300°K. The triplet 
metastable atoms are destroyed in three-body collisions! 
with a combination coefficient of 2.5 10-%4 cc?/atom?-sec at 
300°K. It has not been possible to observe a loss of molecular 
metastables which increases with helium pressure because of 
destruction in collisions with slow electrons or other meta- 
stables. These high-pressure experiments show that the natural 
lifetime of the molecular metastables is at least 0.05 second 
and that the volume destruction is at least one hundred 
times smaller than that for the atomic metastables. 


1A. V. Phelps and J. P. Molnar, Phys. Rev. 82, 1202 (1953). 


A8. The Effect of Temperature on the Lifetime of Meta- 
stable Mercury Molecules. C. G. MAITLAND AND A. O. Mc- 
CousBrEy, Westinghouse Research Laboratories—The band 
radiation from mercury vapor in an afterglow excited by the 
2537 A resonance line has been accounted for in terms of 
metastable mercury molecules Hg2(30z).! These molecules are 
destroyed by spontaneous radiation, three-body collisions, 
and upon diffusing to the walls. In the present work, the effect 
of temperature on these processes has been measured. The 
experimental method consists of measuring the decay time of 
the afterglow over a range of mercury vapor densities at 
several constant vapor temperatures. As the vapor tempera- 
ture is varied from 380°K to 580°K, the results obtained are 
as follows: (1) the spontaneous radiation lifetime is found to 
decrease from 63 milliseconds to 19 milliseconds; (2) the 
diffusion coefficient? follows a 7? variation within the experi- 
mental error (+4 percent); (3) the three-body collision 
induced radiation rate, C=29X10-*? (atoms/cc)~ sec“, is 
unchanged. 


1A. O. McCoubrey, Phys. Rev. 93, 1249 (1954). 
2A. O. McCoubrey and C. G. Matland, Phys. Rev. 96, 832(A) (1954). 


Bl. Concerning Oscillations of a Plasma with a Skew 
Velocity Distribution Transverse to a Static Magnetic Field.* 
J. E. Drummonp Anp L. Witcox, Sylvania Electric Products, 
Inc.—The present paper extends the analysis of plasma 
oscillations in a magnetic field developed by E. P. Gross.! 
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Assuming an isotropic steady state electron velocity distribu- 
tion, Gross found gaps in the spectrum of possible traveling 
waves at integral multiples of the cyclotron frequency for 
electrons. The effect of a skewed steady velocity distribution 
on the dispersion relation has been studied and it is found that 
traveling wave solutions may exist at these ‘‘gap frequencies.” 
A condition has been derived for traveling wave solutions in 
terms of parameters of the distribution function. It is pointed 
out that a small constant transverse electric field may be 
included in Gross’ analysis and is equivalent in first approxi- 
mation to the case treated. 


* Work carried out under U. S. Signal Corps Contract. 
1E, P. Gross, Phys. Rev. 82, 232 (1951). 


B2. Plasma Fluctuations in Crossed Electric and Magnetic 
Fields. HUGH W. BATTEN, University of Michigan.—An experi- 
mental study of the spontaneous, high-intensity electric 
fluctuations associated with a gas discharge in a magnetic 
field was undertaken. Probes were introduced into the plasma 
region of an especially designed gas diode, and the voltages 
on the probes were observed. Data were taken to cross- 
correlate the electric fluctuations on two neighboring probes 
in the discharge. These fluctuations on the two probes were 
similar except that those on the “downstream” probe were 
delayed in time with respect to those on the ‘‘upstream”’ 
probe. Interpreting this delay as the time of propagation 
from one probe to the other, the velocity and direction of 
propagation could be determined. The results show that the 
fluctuations are hundreds of volts in amplitude, propagate 
approximately in the direction of electron drift, and have a 
speed somewhat less than the Lorentz drift velocity. There is 
experimental evidence to suggest that these fluctuations grow 
as they propagate. 


B3. Instantaneous Probe Measurements of Traveling 
Striations in an Argon Glow Discharge.* N. L. OLEson, 
U. S. Naval Postgraduate School.—Further measurements 
have been made of the instantaneous probe currents obtained 
from the positive column of an Argon glow discharge in 
which moving striations are present. Simultaneously, the 
light from the neighborhood of the probe is scanned by a 
photomultiplier and probe current, and light intensity are 
presented on the screen of a dual beam oscilloscope. The 
discharge tube has a diameter of 2 centimeters and observations 
have been made with pressures from one-half millimeter to 
twelve millimeters and currents from 20 to 40 milliamperes. 
The probe currents are characterized by sharp spikes where 
the current becomes electronic for a very short interval. 
The location of these spikes with respect to maximum light 
intensity depends upon probe position, gas pressure, and 
current. As the probe is made more positive with respect to 
the anode, broader electron current peaks appear and the 
average current to the probe becomes electronic. 


* Supported by the Office of Naval Research. 


B5. Some Aspects of Plasma Resonance.* K. S. W. 
Cuampiont AND S. C. Brown, M.I.T.—The impedance (p) 
to high-frequency electromagnetic waves of any region of a 
plasma, divided by the wavelength, (p/d) is plotted as a 
function of nd? (where n is the electron density) and pd 
(where p is the pressure). The resulting surface is of particular 
interest in the vicinity of plasma resonance and is important 
for two reasons. One is that it gives a plot of the impedance 
any plasma presents to the transmission of microwaves. It not 
only confirms the measurements of Goldstein! and Makinson 
of the microwave impedance of dc plasma, but also indicates 
immediately the range over which plasma resonance properties 
can be used as a ‘‘microwave probe” to measure electron 
densities. Experimentally this technique of density measure- 
ment has been used with high-frequency discharges for the 
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first time. The second reason for the importance of the 
impedance plot is that it enables the properties of microwave 
discharges to be predicted. In particular, more extensive 
calculations have been made which enable the appearance of 
any microwave discharge to be predicted quantitatively, 
provided its diameter exceeds four times its height. 

* This work was supported in part by the Signal Corps, the Office of 
Scientific Research, Air Research and Development Command, and the 
Office of Naval Research. 


t Now at Tufts College. 
1L,. Goldstein and N. L. Cohen, Elec. Commun. 28, No. 4, 305 (1951). 


B6. Microwave Study of Positive Ion Collection by Probes. 
GEORGE J. SCHULZ* AND SANBORN C. Brown, M.I.T.—The 
positive ion saturation region of Langmuir probes may be a 
convenient tool for measuring positive ion densities in a 
plasma when the probe does not exhibit a sharp electron 
saturation (e.g., at higher pressure). The theory of the 
positive ion saturation region is modified to include the 
drift current of positive ions at the edge of the sheath, Ja=ne 
X(kT/M)* where Ja is the directed current density at the 
sheath edge, k is Boltzmann’s constant, T_ is the electron 
temperature, 7 is the electron or positive ion density, M is 
the mass of the ion, and e is the electronic charge. This 
modification explains the large positive ion saturation currents 
at low pressure reported by many authors.! The current 
collected by a cylindrical probe is determined not only by 
Ja, but also by the collection efficiency of the probe. When no 
collisions occur in the sheath, ions describe orbital motions 
around the probe. When approximately one collision occurs 
on the average, most ions will lose energy and become trapped 
in the sheath and eventually reach the probe. The theory is 
equally applicable to single probes and to double probes.? 
These considerations were confirmed by taking probe curves 
with single and double probes in a microwave gas discharge 
and using microwave methods for an independent measure- 
ment of electron density. 


*Now at Westinghouse Research Laboratories, East Pittsburgh, 


Pennsylvania. 
. M. Howe, J. Appl. Phys. 24, 881 hag 
: E. O. Johnson and L. Malter, Phys. Rev. 80, 


, 58 (1950). 

B7. Cumulative Ionization Processes in the Helium Posi- 
tive Column. L. S. Frost AND A. V. PHELPS, Westinghouse 
Research Laboratories.—Preliminary measurements of impor- 
tant parameters of a helium positive column have been 
made in order to investigate cumulative ionization. Electron 
density is measured by microwave techniques, the density 
of singlet and triplet He metastable atoms by optical absorp- 
tion, and the axial electric field and the average electron 
energy by fine wire probes. The total ionization rate is 
calculated by the diffusion loss equation. The rate of direct 
ionization of normal He atoms by high-energy electrons is 
calculated from published microwave breakdown data for 
He,! assuming negligible electron-electron interaction. The 
difference between the rates of total and direct ionization is 
the rate of cumulative ionization. This is compared with the 
ionization rate due to ionizing collisions between pairs of 
triplet metastable atoms,? calculated using the cross section 
obtained from afterglow studies. Results of this comparison 
together with evidence on the relative importance of other 
possible cumulative ionization processes will be presented. 


1F,. H. Reder and S. C. Brown, Phys. Der 95, 885 (1954). 
2M. A. Biondi, Phys. Rev. 88, 660 (1953). 


Cl. Effect of Mean Free Path Variation on High-Frequency 
Breakdown. I. A. MACLENNAN AND A. D. MAcDONALD, 
Dalhousie University.—The effect of the electron mean free 
path on the high-frequency breakdown field of gases is 
investigated in a neon-argon mixture. The mixture is 
predominately neon, the argon being added so that excited 
neon atoms may collide with argon atoms to produce 
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ionization (Penning effect). Assuming that electrons are 
produced by field ionization, and lost by diffusion, the 
Boltzmann transport equation is solved approximately for 
various elastic collision cross sections, Q. The theory shows 
that the variation in Q for low-energy electrons considerably 
changes the breakdown condition, and suggests that informa- 
tion about the elastic collision cross section in some gases 
might be obtained from the breakdown measurements. 


C2. Departure from Paschen’s Law of Breakdown in Gases. 
W. S. BoyLe anp P. Kistiuk, Bell Telephone Laboratories.— 
The failure of Paschen’s law of electrical breakdown in gases 
at both high pressures and extremely small electrode 
separations is explained by a single breakdown mechanism. 
The breakdown field in these two regions is sufficiently great 
to draw measurable field emission currents from the cathode, 
which produces a relatively small number of ions. The space- 
charge field of these ions is great enough to increase appreciably 
the field emission current even when the ratio of ion current to 
electron current is less than one percent. As more ionic 
space charge is produced each ion becomes more effective in 
enhancing the electron current until the breakdown condition 
is attained. An expression is derived for the yield of electrons 
per positive ion as a function of the applied field. This depend- 
ence is shown to be in agreement with experimental breakdown 
voltages at high pressure. It is also shown that the conditions 
leading to breakdowns at extremely short distances are 
appropriate for the same processes to take place, thus 
explaining breakdowns below the ‘minimum sparking 
potential.” 


C3. Electrical Breakdown in High Vacuum. P. KIsLIuK, 
W. S. BoyLE, AND L. H. GERMER, Bell Telephone Laboratories. 
—Currents preceding breakdown have been measured between 
closely spaced tungsten electrodes in high vacuum. It is 
found that field emission currents sufficient to evaporate anode 
metal flow before breakdown. These currents follow the 
Fowler-Nordheim equation when field magnification due to 
surface irregularities on the cathode is taken into account. 
The field magnification is a function of distance at electrode 
separations less than 4X 10-4 cm. Explanation of the observed 
breakdown at low voltage and small spacing requires an 
unusually high yield of electrons at the cathode per ion formed 
in the gap. Furthermore there is no measurable direct enhance- 
ment of the current by ionization even at higher voltages. 
The high electron yield must therefore exist over the entire 
observed range of breakdown voltages. This high yield is 
satisfactorily accounted for by the increase in field emission 
due to the positive ion space charge, which in turn increases 
the positive ion current density until there is breakdown. 
Breakdown occurs when the field-emission current is increased 
by only 65 percent. This condition is reached with the ion 
current density much smaller than the electron current density. 


C4. Sparking Potential and Molecular Structure of Hydro- 
carbon Gases. R. W. Crowe aAnp J. C. Devins, General 
Electric Research Laboratory—In order to calculate the 
Townsend a for a gas from the energy distribution of conduct- 
ing electrons, one must have information about certain 
physical properties of the gas molecules, such as their cross 
sections for elastic scattering and energy dependence of their 
cross sections for excitation and ionization. Although such 
information is rarely available for molecular gases, a semi- 
empirical expression for a may be developed by the intro- 
duction of appropriate approximations in the theoretical 
treatment. For example, if the total inelastic (excitation +ioni- 
zation) cross section can be approximated by o=a0(e—@¢), 
where « is the excitation threshold, then it is possible to 
show from the derivations of Smit! that a should be of the form, 


a/P=A (E/P) exp[ —K (008)*(e;—)4(P/E)], 
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where @ is the elastic cross section of the molecule, and «; js 
its ionization energy. The purpose of this investigation was 
to determine the influence of small variations in molecular 
structure upon the composite cross section (¢09)#. This was 
accomplished by measuring the sparking potentials of a 
large number of hydrocarbon gases as functions of Pé and 
comparing the results with the expression derived from a 
combination of the above equation with the Townsend 
criterion for breakdown. A simple correlation between 
(¢o9)# and the number of the various chemical bonds in the 
hydrocarbon molecule was found. An attempt is made to 
interpret such a correlation in terms of electronic structure, 


1J. A. Smit, Physica 3, 543 (1936). 


C5. Breakdown Processes in Nitrogen, Oxygen, and Mix- 
tures.* Etsa L. Huser, University of California, Berkeley.— 
The studies of corona mechanisms in coaxial cylindrical 
geometry with central anode using a particle triggering, 
initiated by Colli and Facchini and by Lauer in inert gases, 
have been extended to pure nitrogen, pure oxygen, and 
mixtures of these gases. In pure nitrogen, from 25 to 600 mm 
pressure, the predominant mechanism is secondary liberation 
of electrons from the cathode by positive ion impact, with 
vi varying between 1.4X10-* and 0.6X10-%, The ion is the 
N,* observed by Varney. Addition of the order of 1 percent of 
oxygen reduces 7; by a factor of 4 and gives a weak photo- 


electric yp at the cathode, both effects resulting in part from FF 


action of oxygen on the cathode. Photoionization im the gas 
also appears and with 5 percent oxygen the self-sustaining 
corona consists to a large extent of Geiger counter like pulses 
propagating along the wire. With the use of transverse and 
longitudinal @ particle trajectories relative to the axis, the 
velocity of propagation of the discharge down the wire 
has been measured for various pressures in air, and for 
constant pressure and potential as a function of oxygen 
concentration. Velocities ranged between 108 and 107 cm/sec. 
In pure oxygen above 200 mm pressure, the absorption of 
photoionizing radiation is so intense that instead of spreading 
along the wire, the discharge propagates outward in the form 
of radial streamers. 


* This work was supported at various stages by both the Office of Naval 
Research and the National Science Foundation. 


C6. Measurement of the Current During the Formative 
Time Lag of Sparks in Uniform Fields in Air.* H. W. BANDEL, 
University of California, Berkeley.—The current in a parallel 
plane gap during the long formative time lags of sparks in 
air has been measured from 10-* amp (a few usec after 
application of the voltage) up to 10-* amp (just before 
breakdown), for time lags between 10 and 100 usec. Calcula- 
tions for the increase of e/4 due to field distortion by positive 
ions are in good agreement with an observed rapid increase 
of current shortly before breakdown. The Townsend discharge 
is shown to be spread over the whole electrode surface in 
contrast to the filamentary nature of the final spark. The 
photosensitivity of the cathode surface has been found to 
decrease following collection of positive ions. The conditioning 
of the electrodes observed by Fisher and Bederson is believed 
to be due to such a decrease in yp. Some gain has been made 
toward a theoretical solution for the buildup of the Townsend 
discharge. Working with an integral equation and taking 
due care with integration limits, has established the range of 
validity of the existing solution and yielded another approxi- 
mate solution; from these, exact solutions for the limiting 
cases of only one y are obtained. There is over-all agreement 
between theory and experiment within limits of error except 
for an observed delay in the initial current rise. To explain 
this requires the consideration of mechanisms involving 
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creation and transmission of active photons, which could 
cause a delay of the order of an electron crossing time. 


* Work supported by Office of Naval Research, National Science Founda- 
tion, and Research Corporation. 


C7. Investigation of Buildup Processes in an Argon Dis- 
charge. M. MENES, Westinghouse Research Laboratories.— 
Formative time lag studies indicate that the spark breakdown 
of atmospheric pressure argon is preceded by a Townsend 
buildup involving a delayed photon gamma ‘mechanism.! 
Such a delayed photon emission has been found in argon 
counter discharges, and has been attributed to a long-lived 
molecular state.2 The present experiment was intended to 
investigate further the processes active in the uniform field 
breakdown of argon. The experiment consists in recording 
oscillographically the buildup of current and of the light 
emission in a gap after application of voltage to the gap. 
The observed current buildup is exponential except for the 
final stage. The results have been analyzed on the basis of a 
delayed photon emission as proposed by Colli; they are in 
fair agreement with Colli’s data at atmospheric pressure, 
but deviate appreciably at lower pressures. The cause of this 
discrepancy is not known and further experimental work is 
in progress. The final stages of the buildup appear to be 
controlled by space-charge field distortion, but no streamer 
mechanism, such as described for air, has been found in argon. 


1G. A. Kachikas and L. H. Fisher, Phys. Rev. 91, 775 (1953). 
2L. Colli, Phys. Rev. 95, 892 (1954). 


El. Ejection of Electrons from Contaminated Metals by 


) Positive Ions.—HomeEr D. HacstruM, Bell Telephone Labora- 
_ tories—The studies of electron ejection by noble gas ions 


from metals which are either atomically clean or have a 
monolayer of gas upon them have been extended to con- 
taminated metal surfaces. The ions used were He* and Net. 
The metal targets, tungsten and molybdenum, were studied 
in four conditions: (1) as put into the experimental tube; 
(2) after heating to ‘‘baking temperatures’”’; (3) after heating 
to 1330°K ; and (4) atomically clean. Measurements were made 
of total electron yield y; for ions of kinetic energy 10 to 
1000 ev and of ejected electron energy distributions at 40 and 
1000 ev. The results for the target in conditions (1) and (2) 
(which we call contaminated) are much the same. As judged 
from the electron ejection measurements, the target in 
condition (3) looks much like one covered with a monolayer 
of nitrogen. Whereas +; is always less than 0.3 and roughly 
independent of ion energy for a clean surface, for a con- 
taminated surface it depends strongly on ion energy and may 
teach values approaching unity for 1000 ev ions. Electrons 
ejected from the contaminated surface are slower than those 
ejected from a clean surface. It is evident that ordinary 
baking cleans the surface of a metal very little and that much 
of the published work on electron ejection by ions was carried 
out with contaminated surfaces. 


E2. Measurements and Collision Theory of High Vacuum 
Sputtering. FRANK KEYWELL, Bell Telephone Laboratories.— 
A Philips Ionization Gauge discharge has served as an ion 
source to measure absolute sputtering ratios due to ions in 
the energy range 400-6100 volts for the gas-metal combina- 
tions: Ag—Kr, Ag—A, Ag—Ne, Ag—He, Cu—Kr, Cu—A, 
Pb—A, Pb—He. The data has been interpreted by use of 
classical hard collision theory as described by Seitz. This 
leads to a sputtering ratio formula which is fitted to the data 
by means of an absorption parameter, a, introduced to take 
into account the effect of recoil atoms being displaced away 
from the surface or being stopped before reaching the surface. 
Since the phenomenon of sputtering is a process of momentum 
transfer, it should be possible to recognize an effect on the 
sputtering ratio due to ions which rebound from the surface 
on the first collision. The data from this experiment has been 


AMERICAN PHYSICAL SOCIETY 





561 





treated by an “equivalent ion shift,’’ which displaces the 
various curves from their relative positions to positions 
which correspond to equal average momentum transfer at 
the first collision. This tends to merge the data but there is 
some scant evidence that the ion rebound effect causes the 
shifted curves for the light ions to be low. The effect could 
be given a better test by means of sputtering measurements 
at threshold energy or energy ~15 kv on a gas-metal combina- 
tion such as Cu— Kr, Cu—A, having about the same average 
energy transfer per collision but a metal atom of mass inter- 
mediate to the gaseous ions. 


1F, Seitz, Disc. Faraday Soc. 271 (1949). 


F1. Absorption of Radiation in the Vacuum Ultraviolet by 
N Atoms Produced in a Discharge Plasma in Nitrogen.* 
A. W. EHLER AND G. L. WEISSLER, University of Southern 
California.—Absorption of electromagnetic radiation [in the 
vacuum ultraviolet region of the spectrum by a Phillips 
Ionization Gauge (PIG) type discharge plasma in Ne] was 
investigated. Light from a spark discharge source followed 
a path through the PIG plasma and was analyzed by means 
of a vacuum spectrograph. Two photographic plate exposures 
were made of the source emission spectrum: one with the 
PIG discharge ‘‘on” and the other with the discharge ‘‘off.”’ 
With the densitometer traces of these two exposures the 
composite absorption cross section of the PIG plasma was 
determined between 800 A and 400 A, and found to be about 
17 X 10-8 cm?. Then the absorption cross sections and relative 
concentrations of the various plasma constituents were 
considered in the light of available information in the literature. 
Evidence was presented which indicates that the significant 
absorbing component in these measurements was atomic 
nitrogen. The absorption cross section of atomic nitrogen as 
found by this analysis agrees well within the error limit of 
this experiment with the theoretical value calculated by 
Bates.! 

* Sponsored by the Geophysics Research Directorate of the Air Force 
Cambridge Research Center. 


D. R. Bates and M. J. Seaton, Monthly Notices Roy Astron. Soc. 109, 
698 (1949). 


F2. Photoionization Cross Sections of CO2, A, H2, and H:0.* 
N. WAINFAN, W. C. WALKER, AND G. L. WEISSLER, University 
of Southern California.—The photoionization cross sections of 
several gases were determined in the wavelength range from 
473 A to 1100 A.! Simultaneous measurements of the total 
absorption cross sections and ionization efficiencies were made 
in order to compute these ionization cross sections. The total 
absorption cross sections obtained are in agreement with 
those reported previously. In addition, the position of the 
ionization onset in each case agrees with the value of the 
first ionization limit obtained by other methods. For CO:, 
the photoionization cross sections were found to fluctuate 
rapidly in the region from the ionization limit to 690 A. This 
fluctuation is presumably due to the presence of strong 
molecular absorption bands known to fall in this region. 
At wavelengths below 690 A, the cross sections of CO: are 
between 30X10-8 and 40X10- cm*. The ionization cross 
sections of A in the region from the ionization onset to 473 A 
were found to be between 10107 cm? and 251078 cm?, 
A value of 1710-8 cm? was obtained at 770 A, that is, just 
beyond the onset. This value is somewhat lower than the 
theoretical estimate for argon made by Dalgarno of 30 X 10-8 
cm?, A preliminary study of H. in the region near the ionization 
limit yielded ionization cross sections of the order of 8X 1078 
cm?, which verifies the estimate of the magnitude of the 
ionization continuum made by Lee and Weissler.? For H:O 
vapor, preliminary results give ionization cross sections 
ranging from about 5X 10-8 cm? near the ionization limit to 
20X 10-8 cm? at about 650 A. At present, work is in progress 
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on these and other gases as well as on various problems 
associated with the mechanism of photoionization. 


* The aid of the Office of Naval Research i . gratefully acknowledged. 
1 Wainfan, Walker, and Weissler (to be published). 

2H. Sun (priv: ate communication, 1954). 

3 Po Lee and G. L. Weissler, Astrophys. J. 115 —_ 1952). 

4 ve Johnn, and Vodar, Compt. rend. 237 (19 


53). 
A. Dalgarno, Proc. Phys. Soc. (London) 60, 392, 663-667 (1953). 


F4. Further Results on the Photoelectric Yields of Metals 
in the Vacuum Ultraviolet.* W. C. WALKER, N. WAINFAN, 
AND G. L. WEISSLER, University of Southern California.—The 
absolute photoelectric yields of several metals subjected to 
various surface treatments were measured in the wavelength 
region from 1400 to 473 A using techniques previously de- 
scribed.! Photocathodes of Ni and Cu were studied: (1) in 
the untreated state, (2) after being heated in vacuum, (3) 
after being heated in an atmosphere of oxygen at reduced 
pressures, (4) after being heated in He, and (5) while heated 
red hot in vacuum. Hot samples of Pt and Au were also 
investigated. For each metal tested, the yields from the hot 
sample were found to be a factor of two lower than those 
obtained from the same sample at room temperature and a 
pressure of 5X10-5 mm of Hg. It was also found that at 
wavelengths longer than about 1000 A the photoyields of 
each of the metals decreases rapidly. In the case of Ni, 
oxygen treatment resulted in an increased yield due to the 
formation of oxides which could subsequently be removed by 
heating in hydrogen. The photoyields of copper were found 
to be insensitive to oxygen treatment and only slightly 
affected by moderate heating in hydrogen. Both these facts 
indicate that for copper, the results should be considered 
characteristic of a copper oxide rather than a metallic copper 
surface. Further work is now in progress on problems concern- 
ing the energy distribution of the photoelectrons and the 
effect of oxide formation on the yields of some other metals. 

* The aid of the Office “ Ordnance Research, Department of the Army, 


is gratefully acknowledged. 
1 Wainfan, Walker, and Weissler, J. Appt. Phys. 24, 1318-1321 (1953). 


F5. Motion and Spectrum of Arc Cathode Spot in a Mag- 
netic Field. R. M. St. Joun* anv J. G. Winans, University 
of Wisconsin.—The velocity of the cathode spot of a mercury 
arc in a transverse magnetic field! has been measured for 
magnetic field strengths between 0 and 20 700 oersteds. The 
approximate doubling of retrograde velocity at about 11 000 
to 15 000 oersteds was followed by an additional rapid rise of 
velocity at about 15 000 oersteds. Spectra of the arc showed 
Hg 11 and Hg m1 lines at the stronger magnetic fields. Radia- 
tion from the cathode spot showed mercury lines and a 
continuous spectrum which is especially intense at the lines. 
Some Hg lines are broadened asymmetrically and others 
symmetrically. The cathode spot radiation appears to come 
from excited gas outside the cathode surface. An arc mechan- 
ism previously proposed! is extended to explain the rapid 
velocity rises with increasing magnetic field strength by 
associating them with Hgtt and Hg*** ions. 


= ag at University of Oklahom: 
1R. M. St. John and J. G. sono Phys. Rev. 94, 1097 (1954). 


F6. Anchored Mercury Arc Cathode Spot. Cartes G. 
SmitH, Raytheon Manufacturing Company.—A mercury arc 
was anchored to a polished molybdenum cylinder (axis 
vertical, diameter 2 cm) projecting about 3 mm above the 
liquid. A vertical magnetic field interacted with the arc 
current at the molybdenum surface where the electrons came 
out radially. This impelled the arc spot around in the retro- 
grade direction with a speed in these studies of about 120 
meters per second. The racing spot, a horizontal line located 
on the molybdenum near the mercury was observed by a 
probe and oscillographic method and found to be fifteen mm 
long, more or less. It was most intense at the leading edge, 
falling off exponentially to the rear, An increase in arc current 
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compressed the spot making the length less, the head more 
intense and the current density decrement along the length 
greater. A stronger magnetic field acted similarly. The speed 
limiting factor for the retrograde motion is evidently at the 
very front edge of the elongated racing spot. The arc current 
density here was about four hundred amperes per sq cm. 


F7. Properties of a de Arc in a Magnetic Field. L. P. 
Winsor, Rensselaer Polytechnic Institute, AnD T. H. Lez, 
General Electric Company.—An experimental study has been 
made of the motion of a direct current arc between plane 
parallel electrodes when subjected to a perpendicular magnetic 
field. Arc currents up to 100 amperes in fields up to 200 gauss 
have been investigated. In the lower current range, the cathode 
spot advances uniformly in the proper direction at the same 
rate as the column. The velocity increases nonlinearly with 
an increase in either the current or the field intensity, and is 
essentially independent of the electrode material. Except at 
the lowest currents, the anode spot tends to lag behind the 
column and advances in discrete steps in a similar manner to 
that observed by others for a moving anode. When the 
current is increased beyond certain limits, the cathode spot 
also tends to lag behind the column and advance in similar 
discrete steps. The average velocity is reduced appreciably 
from that observed for the first mode. The transition current 
is found to increase with an increase in field strength and to be 
dependent on the cathode material. The results have been 
correlated by photographs of the arc, the anode and cathode 
tracks, and cathode-ray oscillograms of the arc voltage. Anode 
current densities in the range between 10000 and 100 000 
amperes per square centimeter have been measured. 


F8. Electric Field Measurements in Glow Discharges by 
Electron Beam Probe Techniques.* RoGER W. WARREN, 
University of California, Berkeley.—Electric field measure- 
ments have been made in the cathode fall region of glow 
discharges in He, Ar, Ne, He, and air. In most cases, the 
absolute values of the fields have been determined within a 
few percent. The measuring technique, a null method using 
an electron beam or a probe, permits high accuracy, high 
sensitivity, and continuous measurement and _ recording 
traversing a whole discharge within minutes. Fields in the 
positive column and fields in striations of a few volts/cm can 
also be faithfully recorded. Simultaneous recording of wall 
potentials and luminosity along the discharge as well as some 
spectroscopic studies have been made. The measurements 
indicate that at high pressures greater than mm Hg, the 
current carriers in the cathode fall region are entirely positive 
ions moving from the negative glow to the cathode with a 
velocity proportional to (X/p)+. At lower pressures, complica- 
tions occur. 


* This work was supported at various stages by the Office of Naval 
Research. 


F9. Very High Temperature Arcs. WOLFGANG FINKELN- 
BURG, Siemens-Schuckert Research Laboratories.—Spectroscopic 
methods used for measuring temperatures in the range from 
4000 to 50 000°K are discussed, and evidence is stated for the 
belief that, within the present limits of accuracy of measure- 
ment, thermal equilibrium exists between electrons, atoms, 
and ions in arcs at atmospheric pressure. As an example of 
high-temperature arcs, a 500-ampere arc in atmospheric 
pressure argon or nitrogen is described in which temperatures 
up to 30000°K have been measured by G. Busz and the 
author. A detailed paper on this arc, which in addition to its 
high temperature and complete ionization in its axis is 
characterized by an operating voltage of as low as 8 volts, is 
to be published in volume 138 of the Zeitschrift fiir Physik. 


G2. Wide-Range Electronic Tuning of Microwave Cavities 
in Gas Atmospheres, FRANK R, ARAMS AND Hans K. JENNY, 
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Radio Corporation of America.—Methods for electronically 
tuning microwave cavities using the principles of space- 
charge tuning and of spiral beam electronic tuning in the 
presence of a low-pressure gas are described. Very wide 
tuning ranges have been measured. One cavity was tuned 
over a frequency range from 3280 to 4350 Mc, and from 3280 
to 2540 Mc, or +30 percent. These values are compared to 
some measurements made in vacuum. Another was tuned 
over a range from 9170 to 10 800 Mc, or 18 percent. These 
values are compared to some measurements made in vacuum. 
A semiquantitative theory for electronic tuning in gas 
atmospheres is presented. Limitations of the method are 
given. Some microwave gas breakdown measurements are 
described. 


G4. Influence of Space Charge on the Potential Distribu- 
tion in Mass Spectrometer Ion Sources. W. M. BRUBAKER, 
Consolidated Engineering Corporation.—The role of space 
charge as a factor influencing the potentials and gradients in 
a mass spectrometer ion source of the electron bombardment 
type is calculated. Planar equipotential surfaces are assumed, 
and the analysis then beconies that of a plane parallel positive 
ion diode. The ‘‘cathode’’ of the ion diode is either emission- 
limited or space-charge-limited. The analysis considers the 
charge of the electrons in the ionizing sheet and the charge of 
the positive ions in the diode. At a critical gas pressure the 
influences of the positive and negative charges on the potential 
of the ionizing region are equal and opposite for small ionizing 
current. This concept leads to a pressure normalization in 
terms of the critical pressure. When this is done, sets of 
universal curves can be made for specific source geometries. 
Each set of curves gives the potentials and gradients in the 
source uniquely as a function of the normalized gas pressure 
and the ratio of the ionizing electron current density to the 
repeller voltage. A knowledge of the potential of the ionizing 
region is essential in appearance potential studies. Experi- 
mental data confirm the predictions of the theory. 


G5. Studies of Active Nitrogen in Rare Gases. CARL 
Kenty, General Electric Company.—A Tesla spark between a 
flat W electrode and a W point 13 mm distant in 0.1 mm 
Nz+200 mm A produces a blue flame having (a) an initial 
speed away from the flat electrode of 150 cm sec” resulting 
from rebounding neutralized ions, (b) a concentration of 
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sputtered W atoms of 2X10" cm=%, (c) an ion concentration 
of 107—5X10° cm=, and (d) a concentration of Nz and N 
metastables >10'2 cm-*. The spectrum consists of low energy 
(mostly <3.7 V) W arc lines and the N:2 2d positive bands, 
C3r .(vo=11 V)—B*zx,. With Ta electrodes, Ta 5212.8 (2.37 
V) is strong showing that N(2D) metastables (2.37 V) are 
present. N2(C%r,) may be excited by a collision of N(?D) 
with N2(w) at about 8.6 V. The flame excites Na and (weakly) 
Hg but not Ba II. A 60~, 20 ma discharge in 0.1 mm N2+200 
mm He, Ne, A, or Kr produces a 5-sec orange afterglow (AG) 
due mainly to »v,(8.9 V) and v4(8.2 V) of N2(B*z,), excited 
probably by the N:2 metastables w and/or a’ through collisions 
(possible with slow electrons, following Nicholls). The AG 
excites Na, Hg, Cd, Zn, Tl, Mg, and Ba II. With Xe+Nz2 no 
orange AG exists because the necessary carriers lose their 
energy to Xe (8.28 V); the Xe continua are emitted. Ba II 
4550 (7.9 V) is strong showing a carrier is present of energy 
>7.9 V and <8.28 V, probably N2(a’), placed tentatively by 
Gaydon at 8 V. 


G6. Afterglow of Solid Nitrogen. Herpert P. Brorpa, 
National Bureau of Standards.—Products from discharges 
through nitrogen have been condensed on surfaces at 4.2°K.! 
During condensation the solid material emits a yellow-green 
glow with occasional flashes of blue. After the supply of 
nitrogen is stopped and the discharge removed, a green glow 
continues for several minutes. Spectra of these glows have 
been obtained between 3100 and 9000 A with a Hilger E-2 
spectrograph with glass optics and a Hilger f/4 spectrograph 
with quartz optics. These spectra show that the radiation is 
the same as that obtained from the bombardment by electrons 
of solid Nz. It is possible that the glow is related to the 
formation of a solid lattice of molecular and atomic nitrogen. 
Evidence supporting this suggestion, obtained from discharges 
with other molecules, will be given. The preliminary experi- 
ments have been made with relatively simple apparatus in 
which nitrogen gas from commercial cylinders has been 
excited in a glass with an electrodeless discharge (2450 
megacycles) at pressures of a few mm. Products from the 
discharge are pumped rapidly and continuously from the 
discharge region to a vessel immersed in liquid helium. 


1H. P. Broida and J. R. Pellam, Phys. Rev. (to be published). 
2L. Vegard, Nature 113, 716 (1924). 
3 McClennan, Ireton, and Thompson, Nature 118, 408 (1926). 
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